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Thanks to all the professors 
contributingto this synthesis area!!
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Types of synthesis ς
from behavioral to 
structural
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Variable (A,B,C,D,Y) are 
assigned to registers

MUX is needed

Logic gates 
can have 
various sizes 
for strengths
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Need to find equ. cells from library 
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Sum of products



a * c

a + (b * c) = (a + b) * (a + c)

b * c



Product of    1  0  1





These two 
functions 
are same
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Binary-Decision Diagram (BDD) Principles
ÅRestriction resulting in the positiveand negativecofactorsof 

a Boolean function:

Åf = x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3

fx1 = x2 x3 + x2 x3 + x2 x3

fx1 = x2 x3 + x2 x3 + x2 x3

ÅShannon expansion(already known to Boole) states:

ÅA complete expansion can be obtained by successively 
applying Shannon expansion on all variables of a function 
ǳƴǘƛƭ ŜƛǘƘŜǊ ƻŦ ǘƘŜ Ŏƻƴǎǘŀƴǘ ŦǳƴŎǘƛƻƴǎ ΩлΩ ƻǊ ΩмΩ ŀǊŜ ǊŜŀŎƘŜŘΦ

Restriction
means the 
substitution of 
a constant 
value for one of 
the variables





CҐ ŀōΩҌŀΩō

F= a

F= ab



https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf
About BDD (46 pages)

https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf
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Example Ordered Binary-Decision Diagram (OBDD)

ÅThe complete Shannon expansion can be visualized as a tree (solid
lines correspond to the positive cofactors and dashedlines to 
negative cofactors).

f = x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3 + x1 x2 x3

From its truth table (or logic function) 
and a variable ordering, we get this 
tree; then, we reduce it
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Reduction Example



Logic Synthesis (by Gary Hachtel, Fabio Somenzi)
(page 245)

As we shall see, BDDs have two 
remarkableproperties. 

First, they are canonical, so if you 
correctly build the BDDsfor two circuits, 
the two circuits are equivalentif and only 
if the BDDsare identical. This has led to 
significant breakthroughsin circuit 
optimization, testing, and equivalence 
checking. 

Second, BDDs are amazingly effective at 
representingcombinatoriallylarge sets

https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf
About BDD (46 pages)

{Ґ ȄмΩ·н Ҍ ȄмΩȄнΩȄоΩ ҌȄмȄнΩ

https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf


How to Build The BDD? An Example 

Å.55{ Ŏŀƴ ōŜ ōǳƛƭǘ ŦǊƻƳ ǊŜŎǳǊǎƛǾŜ ǳǎŜ ƻŦ .ƻƻƭŜΩǎ ŜȄǇŀƴǎƛƻƴ ǘƘŜƻǊŜƳ

under the variable ordering:

the cofactors of with 
respect to b: 

cofactors of and 
with respect to c:

d

1

a
T

T

Logic Synthesis (by Gary Hachtel, Fabio Somenzi) (page 249, Section 6.1.3)



Reduction 







Ordering Is Important



Variable ordering matters

a<b<c<d a<d<b<c b<c<a<d



https://davidkebo.com/cudd?fbclid=IwAR15HjgUfWraRYOhKfB
9kn09k8cTWKAiVVsoABZ46TFalEEfRiAq0AC5X6o

Good CUDD tutorial (worthwhile)

https://davidkebo.com/cudd?fbclid=IwAR15HjgUfWraRYOhKfB9kn09k8cTWKAiVVsoABZ46TFalEEfRiAq0AC5X6o


















To find an ordering that 
results in the smallest 
ROBDD, unfortunately, 
this is an intractable 
problem (the problem 
is co-NP-complete to be 
precise







Size Reduction Of An OBDD To ROBDD 





Project

ÅBringing up CUDD and play around a few Boolean equations



Only 3 variables 
can be 1



Currently 4 
product terms. 
Can we do 
better? (finding 
minimal cover)













Quine-McCluskey 
Algorithm:
- Get all prime implicants
- Find minimal cover of all 

minterms
- Construct covering 

matrix
- Detecting essential 

columns, row and 
column dominance 



It has one cube less which gives a cost of 6(due to 3 product terms with 2 variables). 
The existence of two solutions shows that an irredundant prime cover is not 
necessarily a globally optimalsolution. 



A combinatorial optimization problem



S1=x1+x2+x6
S2=x1+x4+x5+x6
S3=x2+x3+x5
S4=x2+x4+x6

C3=1
C6=3
Optimal cost = 4

C1=2
C2=3
C1+C2=5
C3=1

(page 221 (233 of pdf))Product of sums



K3 is essential, since s4 has only 1.
Take K3 out (since it is a must) 
Ą s4 and s6 are covered

S2 is covered by 
K1, K2; both 
covers s3
(row dominance)

Column dominance

Page 236 (pdf)







Quine-McCluskey Exercises

https://www.tutorialspoint.com/digital_circuits/digital_circuits_quine_mccluskey_tabular_method.htm

https://atozmath.com/example/KMap.aspx?he=e&q=quine

https://www.youtube.com/watch?v=l1jgq0R5EwQ

http://www.cs.columbia.edu/~cs6861/handouts/quine-mccluskey-handout.pdf

(Worthwhile. This one is better. We are using this.)

https://zh.wikipedia.org/zh-
tw/%E5%A5%8E%E5%9B%A0%EF%BC%8D%E9%BA%A6%E5%85%8B%E6%8B%89%E6%96%AF%E5%9F%BA%E7%AE%97%E6%B3%95

https://www.youtube.com/watch?v=6JzBPVr7yCM(by Prof. )

https://www.tutorialspoint.com/digital_circuits/digital_circuits_quine_mccluskey_tabular_method.htm
https://atozmath.com/example/KMap.aspx?he=e&q=quine
https://www.youtube.com/watch?v=l1jgq0R5EwQ
http://www.cs.columbia.edu/~cs6861/handouts/quine-mccluskey-handout.pdf
https://zh.wikipedia.org/zh-tw/%E5%A5%8E%E5%9B%A0%EF%BC%8D%E9%BA%A6%E5%85%8B%E6%8B%89%E6%96%AF%E5%9F%BA%E7%AE%97%E6%B3%95
https://www.youtube.com/watch?v=6JzBPVr7yCM


: essential (looking for a row with only one X; 
Then, that column (prime implicant) is needed.

Column dominance

From Prof. bƻǿƛŎƪΩǎhandout

0000
0100

1011

1101

CҐ!Ω/Ω5Ω+ ACD+./Ω5



Any prime implicant which contains row 2 also contains row 3.
Any prime implicant which contains row 7 also contains row 3.
Row 3 row dominates.
The reverseof column dominance: we cross out the dominating 
(larger) row. (As long as we cover row 2, we cover 3)
Every product which covers row-2 also covers row-3. If some 
product covers row-2, row-3 is guaranteed to be covered.
After crossing out row-3, row-1 dominates row-5.

0011



F=!Ω5+!Ω/



F(A, B, C, D) = ʅm(0, 2, 5, 6, 7, 8, 10, 12, 13, 14, 15)

Step 1: Generate 
Prime Implicants

distinguished row

/ƻƭǳƳƴΥ .Ω5ΩΣ .5 ŀǊŜ essential prime implicant;
Then, cross out the rows with X in these two columns 

о мΩǎ



(ii) Row Dominance:
Row 14 dominates both row 6 and row 12.
row 14 can be crossed out

Such columns are said to co-dominate each other.
dominated column is crossed out.

the minimum-cost solution consists 
of the primary and secondary 
essential prime implicants



ÅWelcome to go through example #2, #3

ÅPondering how this kind of algorithms is implemented?
ÅGitHub has some programs 



More Examples
ÅWelcome to go through example #2, #3

ÅGenerateprime implicants

No primary essentialprime 
implicants, i.e., no row of 
single minterm. Each row is 
covered by at least 2 products. 
No column dominance.



Row 2 dominates 3
Row 4 dominates 5
6 dominates 7,
8 dominates 9, 
10 dominates 11
12 dominates 13

Remove dominating rows



tǊƻŘǳŎǘ !Ω5Ω ƛǎ ŀ 
secondary 
essential prime 
implicant; it is 
removed from 
the table



The remaining covering problem is called a 
cyclic covering problem. A solution can be 
obtained using one of two methods: (i) tŜǘǊƛŎƪΩǎ
method or (ii) the branching method. 



Quick Overview Of tŜǘǊƛŎƪΩǎMethod

ÅTo cover row-3, we need (P1+P2)

ÅTo cover row-7, we need (P1+P3)

ÅThe covering requirements can be captured 
by the Boolean equation:

Using Boolean expression

ÅǇмҐ!Ω/Σ  ǇнҐ.Ω/Σ ǇоҐ!Ω.Σ ǇпҐ./ΩΣ ǇрҐ!.ΩΣ ǇсҐ!/Ω 

ÅBoolean variable P1is true, when prime implicant 
p1 (lower-case p1) is included in the solution.

ÅP1is called Boolean proposition (true/false). P1=1 
ƳŜŀƴǎ άL ǎŜƭŜŎǘ ǇǊƛƳŜ ƛƳǇƭƛŎŀƴǘ Ǉм ƛƴ ǘƘŜ ŎƻǾŜǊΦέ



ÅLooking for the product terms with minimum # of P variables

ÅThere are: P1P4P5 and P2P3P6

ÅBoth solutions have a minimal number of prime implicants, so either 
Ŏŀƴ ōŜ ǳǎŜŘΤ ǘƘŜƴΣ ŀŘŘ ŜǎǎŜƴǘƛŀƭ ƻƴŜ !Ω5Ω ǘƻ ƎŜǘ

ǇмҐ!Ω/Σ  ǇнҐ.Ω/Σ ǇоҐ!Ω.Σ ǇпҐ./ΩΣ ǇрҐ!.ΩΣ ǇсҐ!/Ω 



https://github.com/classabbya
mp/espresso-logic

A modern (2017) 
compilablere-host of 
the Espresso heuristic 
logic minimizer.
The original source code 
comes from theUniversity 

of California, Berkeley.

https://github.com/classabbyamp/espresso-logic
https://en.wikipedia.org/wiki/Espresso_heuristic_logic_minimizer
https://embedded.eecs.berkeley.edu/pubs/downloads/espresso/index.htm





