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Outline

e Course contents
— Logic synthesis basics
— Boolean Logic
— Logic optimization
— Technology mapping
— Timing & Power optimization

— High-level synthesis basics LOGIC SYNTHESIS
— Data flow skip VERIFICATION ALGORITHMS

— Scheduling/allocation/assignment _
¢ Readings

— Chapter 11, 12
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Gajski and Kuhn's Y Chart
Behavioral / Architectural \ Structural

(ForTsingHuaJniversity only)

Algorithmic

Physical Partitions

Physical/Geometry

Types of synthesis
from behavioral to
structural



Type of Synthesis

’__—_

- ~

BEHAVIORAL DOMAIN.Lystem synthesis STRUCTURAL DOMAIN
Systems N

Algorithms W
\ -
T AN Gates, flip-flops, etc.

Register transfers
Logic
Transfer functions Transistors
circuit $ynthesis
Transistor layout

® Cell layout
® Module layout

® Floor plans
® Physical partitions
PHYSICAL DOMAIN

Adapted from: Prof Y -W. Chana's slides



Logic Synthesis & Verification

¢ Logic synthesis programs transform Boolean

expressions or register-transfer level (RTL) description
(in Verilog/VHDL/C) into logic gate networks (netlist) in a
particular library.
— Three different tasks

=« two-level combinational synthesis

= Multilevel combinational synthesis

= sequential synthesis
— Optimization goals: minimize area, delay, and power, etc

¢ Verification: Checks the equivalence of a specification
and an implementation.

r—-r————""—"—"—""—""—"—"—"———— ]
.. I . I
original logic optimized technology o
RTL —> | optimization " mapping —:—- Dgi’lg:llﬁed
| . . |
o _Dgewmhests )
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HDL Synthesis

HDL Synthesis = Domain Translation + Optimization

Logic gates
Domain Optimization Can have.
Variable (A,B,C,D,Y) are translation (area, timing, power...) various sizes
: : for strengths
assigned to registers - / 9
--\VVHDL [N erilog %D‘
If (A="1") then if (A==1) N
Y <=C+D; Y=C+D:; ]
elseif (B='1") then else if (B==1) ] >
Y<=C or D:; Y=C|D; @ ~A
else Y<=C; else Y = C; —»
endif
A RTL | o,
Behavioralgximain synthesis ﬁﬁ :%
MUX is needed Structural domain

Adapted from: Prof. ¥ -W. Chang's slides 5



Typical Domain Translation Flow

* Translate original HDL code into 3-address format

e Conduct special element inferences before
combinational circuit generation

e Conduct special element inferences process by
process (local view)

- ~
| inational Initial
3-address Special Element Com&;r;itiltona Structure
Code Inferences : '
Netlist
) Generation | )




Domain Translation

Consistent with data
manipulation functions

Combinational
Circuit
Generation

X=yopZz

Input HDL 3-address
Description Code

Initial
Structural ||I
Netlist

optimization
(area, timing ...)

Special Element
Inferences

Consistent with special semantics



Functional Unit Allocation

¢ 3-address code
— X=yop zin general form
— Function unit op with inputs y and z and output x

c —
x=c+d+e; t=c+d; " d — ®_ ¢
if(a==Db) x= e-f; x=t+e; t
y=X; § = (a::b); ~ e ’,,f“@_ X X —
if(s) x= e-f; S
N L, a —
"' "‘ \\\ b f@_ s X o
3-address code y=X ., AN
“ \\\
~§‘; . '\\‘ e *-—-,_,__@ X ;‘
PN — -
"* f .,-"""‘ ‘r*

Implicit multiplexer “s

T sEEEEEEEEEEEEEEEEES
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Combinational Circuit Generation

¢ Functional unit allocation
_ Straightforward mapping with 3-address code

¢ |Interconnection binding
— Using control/data flow analysis



Interconnection Binding

* Need the dependency information among
functional units
— Using control/data flow analysis

— A traditional technique used in compiler design for a
variety of code optimizations

— Statically analyze and compute the set of assignments
reaching a particular point in a program




Technology Mapping Problem

Technology Mapping Problem

process
begin
wait until rising edge (CLOCK) ;
if (SRST='0') then

DOUT1 <= *0';

else
DOUT]1 <= DIN]1 nand DINZ:
L= T T TTS end if;
logic synthesis DOUT2 <= SRST and (DIN1 mnand DINZ);
. ! end process;
DINA “% .':.'."-...E' ...... l
oz L /
SRS ‘-.. '
SRST e
4
, ———
- -~
DOUTA DouT
FD1 FD1
o O DIN2 |
DIN1 _} ™\
DIN2 ™| —pouTz SRST [ DOUT2
I—_../ ED1 FD1
SRST
CLOCK

technology mapping Need to find equ. cells from library
12

Unit 1



Synthesize Logic to Implement equations

Flip-flops

Combinational
Logic

inputs outputs

o [ o o |
|y gy gy
| Iy NN gy N gy

Describe using Boolean equations



Logic Optimization

e Technology-independent optimization
— Works on Boolean expression equivalent.
— Estimates size based on # of literals.

— Uses don't-cares, common factor extraction (factorization), etc.
to optimize logic.

— Uses simple delay models.

e Technology-dependent optimization: technology
mapping/library binding
— Maps Boolean expressions into a particular cell library.

— May perform some optimizations in addition to simple mapping.
— Uses more accurate delay models based on cell structures.

—( original logic optimized technology | | Tt
RTL | optimization mapping —:—- Dgitrucnulﬁed

| logic synthesis

Adapted from: Prof. ¥ -W. Chang’s slides



Two-Level Logic Optimization

e [wo-level logic representations
— Sum-of-product form
— Product-of-sum form

e Two-level logic optimization
— Key technique in logic optimization

— Many efficient algorithms to find a near minimal representation
in a practical amount of time

— In commercial use for several years
— Minimization criteria: number of product terms

e Example: F=XYZ + XYZ + XYZ + XYZ+XYYZ

1 1

F=XY +YZ



Multi-Level Logic Optimization

e Translate a combinational circuit to meet performance
or area constraints

_ Two-level minimization
_ Common factors or kernel extraction
— Common expression resubsitution

¢ |n commercial use for several years
e Example:

f1 = abcd + abce J:a__bfa +abed + fl =c (a+x)+ acx
ac+cdf + abede + abedf ) 2= gx o
f2 = bdg + bdfg + bdg + bdeg x=d(b+f)+d(b+e)



Boolean Functions

e B={0,1}, Y={0,1,D}
e A Boolean function f. B — Y"
— F=X, X, ¥ X, X3+ X, X5+ X, X, + X, X5+ X, X, Sum of products
* |[nput variables: x4, X, ...
* The value of the output partitions B into three sets

— the on-set
— the off-set
_ the dc-set (don't-care set)

Adapted from: Prof. Y -W. Chang’s slides 7



Boolean algebra such as:
at(b*c)=(a+b)*(a+c)

a-b=a+b a+b=a-b
(a+b)-¢c=a*c+ b*c a-b+c=((a—+c) (b+rc)
a-c—zza a+(_1=a (11.4)
g=ad—= "0’ at+a="1"'
gy 7 ¢ =7Q" a4 '0" =a
@+l =4 s o ol e — B



Minterms and Cubes

e A minterm is a product of all input variables or their
negations.

— A minterm corresponds to a single point in B™.

e A cube is a product of the input variables or their
negations.

_ The fewer the number of variables in the product, the
bigger the space covered by the cube.

XX

Productof 1 0 1

Adapted from: Prof. Y -W. Chang’s slides



Implicant and Cover

e An implicant is a cube whose points are either in the
on-set or the dc-set.

e A prime implicant is an implicant that is not included In
any other implicant.

¢ A set of prime implicants that together cover all points
In the on-set (and some or all points of the dc-set) is
called a prime cover.

e A prime cover is Iredundant when none of its prime
Implicants can be removed from the cover.

¢ An irredundant prime cover is minimal when the cover
has the minimal number of prime implicants.

Adapted from: Prof. Y_.-W. Chang's slides



Cover Examples

® f=X; X3+ Xy X3+ X; X5

® f=X; X, + X, X3+ Xg X3

These two
functions
are same

Adapted from: Prof. Y -W. Chang'’s slides 10



Canonical Forms

e A canonical form of a Boolean function is a unique
representation of the function.

— |t can be used for verification purposes.

e The truth table or the sum of minterms are canonical
forms

— They grow exponentially with the number of input variables.
e An irredundant prime cover is not a canonical form.
* Reduced ordered binary decision diagram (ROBDD):

a canonical form that is interesting from a practical point
of view.

Adapted from: Prof. Y -W. Chang's slides 11



Binary Decision Diagram (BDD)

e BDD was proposed by R.E. Bryant in 1986

— “Graph-Based Algorithms for Boolean Function Manipulation®,
IEEE TC, Vol. C-35, Aug. 1986.

e BDD is a Directed Acyclic Graph (DAG) used to
represent a Boolean function f: Bm—>B"

e Each non-terminal node is a decision node associated
with an input variable with two branches: 0-branch and
1-branch

e There are two terminal nodes: O-terminal and 1-terminal
e Example: i

f ‘




BinaryDecision Diagram (BDD) Principles

ARestrictionresulting in thepositive and negative cofactorsof

Restriction a Boolean function:

means the f = flx 1y ‘)
substitution of L: — 1 - Vit m

a constant i f(.:-x.l e Xy 00X s X gy)

value for one of A XX—ZXE'I'X_LX2X3+X_LX2X3+X_LX2X3+X_LX2X3+X_LX2X3

the variables
=% X3+ % X3+ % X3

le =% X3t % X3+ % X
AShannon expansiofalready known to Boole) states:

AA complete expansion can be obtained by successively
applying Shannon expansion on all variables of a function
Unit3 dzy G Af SAUKSNL2T GKS O2yaidly




Shannon Expansion

* F(Xq, ...y X)) = xi.in + X . FI

X

Shannon expansion with many
variables

* F(X, VY, Z, W)=
Xy ny + X'y FJ.,(,y + XY’ ny’ + X'y’ Fx,y,



Figure 6.5: BDDs for typical functions.




Reduced Ordered BDDs

Introduced by Randal E. Bryant in mid-80s

— |EEE Transactions on Computers 1986 paper is one of
the most highly cited papers in EECS

Useful data structure to represent Boolean
functions

— Applications in logic synthesis, verification,
program analysis, Al planning,

Commonly known simply as BDDs

— Lee [1959] and Akers [1978] also presented BDDs, but
not ROBDDs

Many variants of BDDs have also proved useful
Links to coding theory (trellises), etc.

https://people.eecs.berkeley. edu/~ssesh|a/219c/Iectures/BlnaereC|S|onDlaqrams pdf
About BDD (46 pages)



https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf

BDDs from Truth Tables

| e

Trtrth Table

oo Oo | PP =

o O =

Binary Decision Tree
Binary Decision Diagram (BDD)

Ordered Binary Decision Diagram (OBDD)

Reduced Ordered Binary Decision Diagram
(ROBDD, simply called BDD)

10
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e e i el el Hh



Example Ordered BinaBecision Diagram (OBDD)

AThe complete Shannon expansion can be visualizedras &olid
lines correspond to theositive cofactoranddashediines to

negative cofactors From its truth table (or logic function)

anda variable orderingwe get this
tree; then, we reduce it

F= X, X5 Xg + Xy Xo Xg + Xy Xo Xg+ Xq Xo Xg + Xq Xo Xg + Xq X5 Xg

Unit 3 f=X1 X X5+ Xy Xy X3+ X1 X5 X3+ X X5 X5+ Xy X5 X3+ X1 X5 X3



Reduction Core Operators

+ ldentify Redundancies Just two of them!
1. Restrict(Function F, variable v, constant k)
* 3 Rules: + Shannon cofactor of F w.r.t. v=k
1. Merge equivalent leaves
2. Merge isomorphic nodes 2. ITE(Function |, Function T, Function E)

3. Eliminate redundant tests - “if-then-else” operator




Reduction Example

Unit 3 31



Logic Synthesis (by Gafgichte] FabioSomen?)i

(page 245) 6.1. Representing Logic Functions with BDDs 2
As we shall se&8D» have two S(x) = S(xy, %5 %3)
remarkableproperties. S(x) = S(xpy%2,%s)

First, they arecanonical so if you
correctly build theBDDdor two circuits,
the two circuits areequivalentif and only 1
If the BDDsareidentical This has led to
significantoreakthroughsn circuit

optimization, testing, and equivalence | o
Checking. Figure 6.1: A MUX circuit and the corresponding BDD.

AA AA 1 0

{I' EMQ-H b EMQEHQE.
Second, BDDs are amazingly effective at
representingcombinatoriallylarge sets

https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf
About BDD (46 pages)



https://people.eecs.berkeley.edu/~sseshia/219c/lectures/BinaryDecisionDiagrams.pdf

Logic Synthesis (by Gatsichte] FabioSomendi(page 249, Section 6.1.3)

How to Build The BDD? An Example

A.55{ OFly 0S 0dAfd FTNRY NBOdzNEA OGS

the cofactors of with cofactors of and
; p respect tob: with respect toc: f
f:ﬂbﬂ'l"bd"l‘ﬂd» fb:ac_'_c!d - —(fﬁ)c:fbc:a
under the variable ordering: -3
b<c<d<a. fo =d+cd. _ Joe =4
\ B fb'c — d
L fb!cf — d f be' = fb'C = fb'c'




! Reduction
PO
(<) (©)
s E T E
o d d d
-
T E T E T ‘E T E
a a
i l l
T = X E ] [o 1]|o 1]]o

~-

Figure 6.9: Non-reduced BDD. Figure 6.10: Two isomorphic subgraphs.



Figure 6.11: Merging two isomorphic subgraphs. Figure 6.12: Elimination of a redundant node.



f=abc+bd+cd
under the variable ordering:

b<c<d<a.

Figure 6.8: Final BDD.



Ordering Is Important
f=ab+cd+ef




Second, let us consider the following function, given in SOP form:

f=abc+b'd+d.

Variable ordering matters

A BDD for this function is given in Figure 6.2. If we want to know the value of f for a

f

Figure 6.2: A binary decision diagram. Figure 6.3: Another BDD.

a<d<b<c

1

Figure 6.4: An optimal BDD.



Some BDD packages

« CUDD - from Colorado University, Fabio
Somenzi's group

— Front-ends to CUDD in various languages
iIncluding Perl and Python

 BuDDy — from IT Univ. of Copenhagen

https://davidkebo.com/cudd?fbclid=IwAR15H|jqgUfWraRYOhKfB
9kn09k8cTWKAIVVsoABZ46TFalEEfRIAQOAC5X60

Good CUDD tutorial (worthwhile)



https://davidkebo.com/cudd?fbclid=IwAR15HjgUfWraRYOhKfB9kn09k8cTWKAiVVsoABZ46TFalEEfRiAq0AC5X6o

Example: Odd Parity Function

2 o> o @
d=) >o—
Edge labels
along a root-
leaf path form
an assignment /
toa,b,c,d
AN
l u BDDB@DD

Binary Decision Tree

1



Reduction Merge Isomorphic Nodes
& Redived

N
/ / \b

S"mys Saume cown

heve

* |dentify Redundancies

* 3 Rules:

1. Merge equivalent leaves

2. Merge isomorphic nodes

3. Eliminate redundant tests

Merge Equivalent Leaves Eliminate Redundant Tests



Example of Rule 3

f

Eliminate Redundant Tests










Final ROBDD for Odd Parity Function

In-|

hth%@ﬁWmhﬁ\

_ . nodes
Example: Odd Parity Function

b3 ) > 0 (&)
a3 i
,@
Edge labels g
along a root-

leaf path form
an assignment

toa,b,c,d % @ @ \
<21l 1 @DBDQBﬁJ

Binary Decision Tree

20



What can BDDs be used for?

* Uniquely representing a Boolean function
— And a Boolean function can represent sets

« Symbolic simulation of a combinational (or
sequential) circuit

* Equivalence checking and verification
— Satisfiability (SAT) solving

* Finding / counting all solutions to a SAT
(combinatorial) problem

* Operations on “quantified” Boolean
formulas

22



(RO)BDDs are canonical

» Theorem (R. Bryant): If G, G are
ROBDD’s of a Boolean function f with k

inputs, using same variable ordering, then
G and G’ are identical.



Sensitivity to Ordering

« Given a function with n inputs, one input ordering
may require exponential # vertices in ROBDD, while

other may be linear in size.

« Example: f =X, X, + X3 X, + Xz Xg

Xy <X, < X3 <X, <Xg < Xg

Xq < X4 < Xg <X, < Xz < Xg

To find an ordering that
results in the smallest
ROBDD, unfortunately,
this is an intractable
problem (the problem
IS caNRcomplete to be
precise

24



Constructing BDDs in Practice

+ Strategy: Define how to perform basic
Boolean operations

* Build a few core operators and define
everything else in terms of those

Advantage:
* Less programming work

- Easier to add new operators later by writing “wrappers” Core O perato s

Just two of them!

1. Restrict(Function F, variable v, constant k)
« Shannon cofactor of F w.r.t. v=k

2. ITE(Function I, Function T, Function E)
» “if-then-else” operator



ITE

 Just like:
— “if then else” in a programming language
— A mux in hardware

* ITE(I(X), T(x), E(X))
— If I(x) then T(x) else E(x)

T(x) —— 1
— ITE(l(x), T(x), E(x))

E(x)— 0

|

I(x)

The ITE Function

ITE( [(X), T(X), E(X))

IX) . T(x) + I'(X). E(x)

6.1. Representing Logic Functions with BDDs

[ 1

S(I) - “xlrx'bxfi)

X Xy X3 X4 Xg

Figure 6.1: A MUX circuit and the corresponding BDD.

How do we implement ITE?

 Divide and conquer!

« Use Shannon cofactoring...

« Recall: Operator of cofactors is Cofactor of
operators...



Size Reduction Of An OBDD To ROBDD

1. Replace all leaf vertices v with identical ¢ (v) by a single vertex and redirect all
edges incident to the original vertices to this single vertex.

2. Process all vertices from bottom to top. If two vertices u and v are found for which

¢(u) = ¢(v), n(u) = n(v) and A(u) = A(v), remove v and redirect to u all edges
originally incident to v.

3. If edges v exist for which n(v) = A(v), remove v and redirect to n(v) all edges
originally incident to v.



ROBDDs and Satisfiability

e A Boolean function is satisfiable if an assignment to its
variables exists for which the function becomes ‘1’

e Any Boolean function whose ROBDD is unequal to ‘0’ is
satisfiable.

e Suppose that choosing a Boolean variable x; to be ‘1’
costs ¢;.. Then, the m|n|mum -cost SatISfIablllty_
problem asks to minimize: ?

(X))
;=l
where u(x;) =1 when x; =1 and u(x;) = 0 when x;= 0.
e Solving minimum-cost satisfiability amounts to
computing the shortest path in an ROBDD, which can
be solved in linear time.
— Weights: w(v, n (v)) = ¢, w(v, 4 (v)) =0, variable x; = ¢(v).

Adapted from: Prof. Y -W. Chang’s slides 23



Project

ABringing up CUDD and play around a few Boolean equations



Applications to Combinatorial Optimization

e Zero-one integer linear programming can be
formulated as a minimum-cost satisfiability problem.

e Consider the (standard form) constraint: x, + X, + x; +  Only 3 variables
X4 = 3. can be 1

e |t can be written as:

(x, X,) (x, X,) (.rl X

— The first 6 sums in the product: at least 3 of the 4
variables are 1.

— The last sum: at least one of the variables is O.

e Many combinatorial optimization problems can also be
directly formulated in terms of the satisfiability problem.

Adapted from: Prof. Y.-W. Chang's slides 24



Use of ROBDD for Two-Level Logic Implementation

¢ \Ve have learned ROBDD is a compact and canonical
representation of Boolean functions

=>» Can we directly use the BDD representation of a
Boolean function for two-level logic implementation?

e Consider this example ---

Enumerate the cubes:
X1'X2> + x1’x2x3° + x1x2’x3 + x1x2

Currently 4
product terms.
Can we do
better? (finding
minimal cover)

Adapted from: Prof. Y -W. Chang's slides 25



A Heuristic Based on ROBDDs

e “Isop” (Irredundant Sum of Products) proposed by
Minato

Note: cubes in BDD are irredundant, but they are NOT prime
Implicant

For logic optimization: need to collect irredundant prime
implicants = irredundant prime cover

Recursive call: f =x"fy + x f; + f

where f, c f,., f, cf,, f,c (f, 0 1))

and f,, f;, fy are irredundant prime cover

Can expanded to incomplete specified function

(Details not covered here. Please refer to Section 11.3.2)
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1.

2.

Logic Synthesis in Practice

Specify the logic-level behavioral description of the
circuit in some hardware-description language.

Extract from this description the Boolean expressions
related to the logic and represent them in some
suitable internal form.

. Manipulate these expressions to obtain an optimized

(two-level or multilevel) representation.

. Perform technology mapping, a mapping from the

abstract optimized representation to a netlist of cells
from a library.



Two-Level Logic Synthesis

¢ Any Boolean function can be realized in two levels:
AND-OR (sum of products), NAND-NAND, efc.

¢ Direct implementation of two-level logic using PLASs
(programmable logic arrays) is not as popular as in the
nMOS days.

¢ Classic problems, solved e.g. by Karnaugh maps [1953]
or the Quine-McCluskey algorithm [1956].

— Basic idea: Boolean law x+x’=1 allows for grouping
XXX, X =X,
¢ Popular cost function: the number of literals in the sum
of products expression.

¢ The goal is to find a minimal irredundant prime cover.

Adapted from: Prof. ¥ -W. Chang’s slides 13



Two-Level Logic Optimization

® Two-level logic representations: Sum-of-product form,
product-of-sum form, NAND-NAND, NOR-NOR

® Two-level logic optimization
— Key technique in logic optimization

— Many efficient algorithms to find a near minimal representation in a
practical amount of time

— |In commercial use for several years
— Minimization criteria: number of product terms

e Example:

F = 212y23 + 212023 + 21To23 + T1Tox3 + 12023 = F =29 +
13-

¢ Methods/CAD tools: The Quine-McCluskey method
(exponential-time exact algorithm), Espresso (heuristics)

Adapted from: Prof. Y.-W. Chang's slides 14



Cover Examples

® f=X; X3+ Xy X3+ X;X5

® F=Xy X+ Xy X3+ Xq X3 Quine-McCluskey

Algorithm:

- Get all prime implicants

- Findminimal coverof all
minterms

- Construct covering
matrix

- Detecting essential
columns, row and
column dominance

Adapted from: Prof. Y -W. Chang's slides 10



Optimality in Two-Level Logic Synthesis

XQ :
X2 B
"

X1

>
N

N
ﬁ-ﬁ-}-ﬂ-x_g—l—xl-xz\—{-xl-xg / fl_'E—i‘Xz-ﬁ-l—xl-n

\
A local and.a global minimum
\

It has one cube less which givesost of 6\(d\ue to 3 product terms with 2 variables)
The existence of two solutions shows thatieledundant prime cover is not

necessarily a globally optimsdlution. .



Set Covering A combinatorial optimization problem

e GivenasetS={s,,...,s, tand aset K={K,, ... K}
where each K;(1 < j<n)Is a subset of §, find a subset
I of K such that the union of the elements 1" covers §.

e The cost of a cover is the sum of the costs Cj of the
elements KJ, of I.

* Multiple cost functions are possible. E.g., ¢;= 1 or
¢ = |K|.
® The problem is NP-complete for most cost functions.

Adapted from: Prof. Y_-W. Chang's slides 15



Product of sums Covering Matrix (page 221 (233 of pdf))

Ky Ky K3 K4 K5 Kg

o I = {K,,K,} is the optimal 371

stT1 1Jo]lo o117 _ C6=3
|1 ool 1 1|1 sclutionwhenc=IKj. Optimal cost = 4
ss| o 1t |tlo 1]o * For solution I' = {K,,K,,K3},
K, is redundant. Cl=2
s LO 1 |o] 1 o0]1] 3 Cos
C1+C2=5

Ss1=x14x2+xg *® A covering problem can be formulated as a satisfiability C3=1
S2=x1+x4+x5+x6 problem by associating variables x; with the sets K;: (x,

SSTXZEEHEXS o+ Xy + Xg) ¢ (X F Xy X5+ Xg) * (Xp + Xz X5) ¢ (Xp+ Xy +
S4=x2+x4+x6 X )
6 .

® This type of covering is called unate.

¢ A binate covering problem has an expression where
complemented variables are allowed.

Adapted from: Prof. ¥ -W_Chang’s slides 16



Example Simplification Rules in Covering Page 236 (pdf)

| K; K, Ks
LGSR SIS S Ki Ko Ki Ks KK B K g1 o0 1]

51 1 0 P 1 1 s1 [ 1 0 1 17 =1 1 £ I 1 57 1 1 0

2|1 1 0 0 o g | 1 1 o of 2! V19 O «lo0 1 1

53 1 1 0 1 0 s—H 1 1 Q 55 . L . ! 57 1 0 1

wfe—e-—i-—eo-o] sl o 1T 1 1| L' ©° L& 1l 5

S5 0 L b 1 i s7 L1 0 0 L] J

T e O < _ Ks dominates K,

ss L1 0 b 0o 1] S, dominates s;

. : Column dominance
K, Is essential

K3 isessential since s4 has only 152 is covered by
Take K3 out (since itis a must) K1, K2;both

A s4 and s6 are covered covers s3
(row dominance



The Quine-McCluskey Algorithm

e Calculate all prime implicants (of the union of the on-set
and dc-set).

¢ Find the minimal cover of all minterms in the on-set by
prime implicants.

e Construct the covering matrix.

e Simplify the covering matrix by detecting essential
columns, row and column dominance.

e \What is left is the cyclic core of the covering matrix.

— The covering problem can then be solved by a branch-
and-bound algorithm.

¢ Other methods do not first enumerate all prime
implicants; they use an implicit representation by
means of ROBDDs.

Adapted from: Prof. Y -W. Chang's slides 18



The Quine-McCluskey Algorithm

* Fa, b,c,d)=2,2,3,7,9, 11,13) + 241, 10, 15)

e Step 1: Group minterms to find prime implicants by applying
Xy +xy'=Xx.

e Step 2: Select a minimum set of prime implicants (minimum
# of literals) to implement the original function.

e Exponential-time exact algorithm, huge amounts of memory!

Step 1-1 Step 1-2 Step 1-3 Step 2

1 0001 v=»(1,3) 00-1 v|=>(1,3,9,11) -0-1 primeimp. |2 3 7 9 11 13
2 0010 Vv ; —001 v (2,3,10,11) 01—

30011 v/ 2,3 001-v /(3.7.1L15) —I11 (1,3,9, 11) i 4

9 1001 v (2,10) 010Vv / (9,11,13,151—1 *(2,3, 10, 11) C

10 1010v (37D 0-11v *(3,7, 11, 15) e

7 o111 v (3.11) —011v (9, 11,13, 15) | T %4 b
11 1011 v~ (9,11) 10-1 i
13 1101 Vv ©9,13) 1-01v * essential prime implicant
511y (10,11) 101— v F=bc+cd+ad

(7,15) —111v
(11,15) 1-11 v
(13,15) 11-1 v

Adapted from: Prof. Y -W. Chang’s slides 19



QuineMcCluskey Exercises

http://www.cs.columbia.edu/~cs6861/handouts/quinemccluskeyhandout.pdf
(Worthwhile. This one is better. We are using this.)

https://www.tutorialspoint.com/digital circuits/digital circuits gquine mccluskey tabular method.htm

https://atozmath.com/example/KMap.aspx?he=e&q=quine

https://www.voutube.com/watch?szJzBPVr?vC(\h)y Prof. )
https://www.youtube.com/watch?v=I11jgqOR5EwWQ

https://zh.wikipedia.org/zh
tw/%E5%A5%8E%ES5%9B%A0%EF%BC%8D%EQY%BAY%AG6Y%ES5%85%8B%EG6%8B%89%E6%96%AF%ES5%9F%BAYE7%AE%97%E6%B3%



https://www.tutorialspoint.com/digital_circuits/digital_circuits_quine_mccluskey_tabular_method.htm
https://atozmath.com/example/KMap.aspx?he=e&q=quine
https://www.youtube.com/watch?v=l1jgq0R5EwQ
http://www.cs.columbia.edu/~cs6861/handouts/quine-mccluskey-handout.pdf
https://zh.wikipedia.org/zh-tw/%E5%A5%8E%E5%9B%A0%EF%BC%8D%E9%BA%A6%E5%85%8B%E6%8B%89%E6%96%AF%E5%9F%BA%E7%AE%97%E6%B3%95
https://www.youtube.com/watch?v=6JzBPVr7yCM

From Profb 2 & A l@ahdOud

0100 essential O . essential (looking for a row with only one X;
0000 Then, that column (prime implicant) is needed.
\\\\ AB
\00 \01 " 10 1101 A'dD A'BC’ |[BC'D\ ABD  A(QD
: : 1 13,1 11)15
ol /1] o | o L (04) (45 [(513) )| (13.15) (11)15)
/ . 0 [ \
essential )

1 1 [ X
o o D | | ] X
& : : N
L I k;;j’::izg\ = \\\/// X *

N\
0] 0 0 0 0 1011

Column dominance

Karnaugh map with set of prime implicants:

illustrating "column dominance" C rl I Q#AQBFQ/ Q5




AB

00 01 10
00 A 0 0
01 @;R B
CD m
I EIEENE
0011 <~
10 M/ 0

Karnaugh map with set of prime implicants:
illustrating "row dominance"

no essential
prime implicants

Any prime implicant which contains row 2 also contains row
Any prime implicant which contains row 7 also contains row

Row 3 row dominates.

A'B C'D AD A'C
(1,2,3) (1,5) (1,3,5,7) (2.3,7)
X X X
2| X X
% X X
5 X X
7 X X

Thereverseof column dominancewe cross out the dominatin:

(larger) row. (As long as we cover row 2, we cover 3)

Every product which covers ro\® also covers rowB. If some
product covers row2, row-3 is guaranteed to be covered.

After crossing out rovd, row-1 dominates rowb.



A'B C'D [AD A'C
(1,2,3) (1,5) [(1.3,5,7) |(2.3.7)
1|( X

X | x
X X
——

F=1 Q5 Q/



F(A, B, C, Dym(0, 2, 5, 6, 7, 8, 10, 12, 13, 14, 15) (O distinguished row

I§t'ep 1; Gel_nerate Step 2: Construct Prime Implicant Table.
rnme mplcant:5
HD' D BD B AD' AB
é}'olgg*g%l\/ (gc;f)umgofé v (O(j;oéuﬁl)gl H{)O (0,28,10) (2,(510,14) (5,7,11'3,15) (6,7,12,15) (8,10,12,14) (12,13,14,15)
3 = 1430, YT 0 (v )
2 0010 v  (0,8) -000 y/ (082510 —0-6— | T .
8 1000 /  (26) 0-10 v (2,6,10,14)  -10 @)
5 0101 +/ (2,10) -010 +/ (2;16:6714)——10 6 X X
6 0110 v/  (810) 10-0 /  (810,12,14) 1-0 _, X X
10 1010 \/ (8312) 1-00 \/ ( 1Sy LY, B o A% X
121100 v/ (5,7) 01-1 / (5,7,13,15) -1-1 18 . X X
13 1101 \/ (657) 011- \/ (6,7,14,15) -11- 13 X X
14 41110 v (614) -110 TRy, X X X X
15 | 1111 (10,14) 1-10 4/ (12,13,14,15) 11— 5 X X X
(12,13) 110- v/  (¥2:34:13; =
6 MO (12,14) 11-0 /
(1(?7)3 A \\j | 2€ dzYYY .eQ®r@id prim&impliddd
(14’15) 111- +/ Then,cross outthe rows with Xin these two columns



(i) Row Dominance

_ (iii) Column Dominance
Row 14 dominates both row 6 and row 12.

row 14 can be crossed out D’ BC AD’ AB
(2,6,10,14) (6,7,14,15) (8,10,12,14) (12,13,14,15)
CD’ BC AD AB 6 X X
(2,6,10,14) (6,7,14,15) (8,10,12,14) (12,13,14,15) 12 X X
6 X X
12 X X Such columns are said to-dominate each other.
14 X X X X dominated column is crossed out.

Iteration #2.

(i) Remove Secondary Essential Prime Implicants

the minimumcost solution consists

CD' (xx AD' (xx :

(2’6’131131) (8’10_.1(2,1)4) of the primary and secondary
(0)6 X essential prime implicants
(0)12 X

F=BD +BD+ CD’' + AD'

** indicates a secondary essential prime implicant

o indicates a distinguished row



AWelcome to go through example #2, #3
Example #2:

F(A Ba O D) — Em(oa 2 31 41 5 61 7:' 81 91 101 11 ]-2:' 13)
Example #3: Don’t-Cares (Roth example, pp. 163-4).

F(A,B,C,D) =Ym(2,3,7,9,11,13) + ©d(1, 10, 15)

APondering how this kind of algorithmsiisplemented?
AGitHub has some programs



More Examples

AWelcome to go through example #2, #3
Example #£2:

F(A,B,C,D) =>m(0,2,3,4,5,6,7,8,9,10,11,12,13)

AGenerateprime implicants
Step 2: Construct Prime Implicant Table.

A'D" B'D C'D' AC BC AB BC AB A(C
0 X X X
2] X X X X No primaryessentialprime
3 X X L .
4 x < v x implicants, i.e.no row of
5 X X singleminterm. Each row is
f; X § i covered by at least 2 products.
g X X ¥ X No column dominance.
9 X X
10 X X X
11 X X
12 X X X
13 X X




(ii) Row Dominance

A'D" B'D C'D AC BC AB BC' AB AC'
0 X X X B 3 Row 2 dominates 3
2 X X A A Row 4 dominates 5
3 . . X X . . 6 dominates 7,
4 75 X 7% 8 dominates 9,
2 . . § X 10 dominates 11
O 7T X X 12 dominates 13
7 X X
-  S— XX -
; X - Remove dominating rows
+5 i . >
11 X X
12 X x -
13 X X




(iii) Column Dominance

A'D" BlD C'p AC BC AB BC' AB' AC
o X X %
3 X X
5 X X
7 X X
9 X X
11 X X
13 X X

(i) Remove Secondary Essential Prime Implicants

(AD'(xx)] AC B'C AB BC' AB AC

()0 X

3 l J X X

5 X X

7 X X

9 X X
1 X X

13 X X

** indicates a secondary essential prime implicant

o indicates a distinguished row

t N2 RdzO
secondary
essential prime
Implicant; it is
removed from
the table



(ii) Row Dominance Step 4: Solve Prime Implicant Table.

No further row dominance is possible. A'C B'C A'B BC' AB AC’
3| X X
(iii) Column Dominance 2 X X
7 X X
No further column dominance is possible. 9 X X
11 X X
13 X X

The remaining covering problem is called a

cyclic coveringproblem. A solution can be

obtained using one of two methods){ Si N&A O] Q&
method or (ii) the branching method.



Quick Overview Qf S (I N\letbdd Q &

Step 4: Solve Prime Implicant Table. US”‘]g B()Olean expreSSion

A'C B'C A'B BC(C

AC’

3
5
7
9
11
13

X

X

X

A
A-
A

ALImT ! Q/ X

LIHT . Q/ Y Llorl !

ABoolean variabl®1is true, when prime implican
pl (lowercase pl) is included in the solution.

AP1is calledBoolean propositiorftrue/false). P1=]

YSI yva

To cover rowB3, we need P1+P2
‘0 cover row/, we needP1+P3J
The covering requirements can be captured

L aSf SO0 LINAYS

by the Boolean equation p = (P, + P.)(P; + Py)(Pi + P3)(Ps + Ps)(P2 + P5)(Ps + Ps)



P=(Pi+ P)(P3s+ Py)(PL+ P3)(Ps + Fs) (P2 + Ps)( Py + Fs)

P = P\PyPs + PIP3P5Ps + Py P3Py Ps + PoP3Ps g
+P1 PPy Fs + Py Py P3P + Po P3Py P + Py P3Py

ALooking for the product terms witminimum # of Pvariables
AThere are: BP,P; and BP;P; LIMT'I Q/ LHT . @Y . LIoASLIQlpT /1 Q QF
ABoth solutions have a minimal number of prime implicants, so either
Oy 0S dzaSRT UKSYZX |IRR SaaSyualf
F=AD +HA'C+ BC"+ AB’
F=AD +BC+AB+ AC’



Heuristic Optimization

e Generation of all prime implicants is impractical

— # of prime implicants for a function with n variables is
exponential

¢ Finding an exact minimum cover is NP-hard

e Heuristic method: avoid generation of all prime implicants

e Procedure

— A minterm of the ON set Iis selected and expanded until it
becomes a prime implicant

— The prime implicant is put in the final cover, and all
minterms covered by this prime implicant are removed

— lterated until all minterms of the ON set are covered
e “Espresso” developed by UC Berkeley
— The kernel of modern synthesis tools

Adapted from: Prof. Y -W. Chang's slides

20

https://github.com/classabbya
mp/espressaogic

A modern (2017)
compilablere-host of

the Espresso heuristic
logic minimizer

The original source code

comes from theuniversity
of California, Berkeley



https://github.com/classabbyamp/espresso-logic
https://en.wikipedia.org/wiki/Espresso_heuristic_logic_minimizer
https://embedded.eecs.berkeley.edu/pubs/downloads/espresso/index.htm

lllustration of Espresso

—_——

Adapted from: Prof. Y. -W. Chang’s slides
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