Elasticity

7. Problem of Saint-VVenant

Extension, Pure Bending and Torsion

To analysis of the behavior of elastic beams bounded by a cylindrical
surface (which is termed lateral surface of the beam) and by a pair of planes
normal to the lateral surface.

If one accepts the principle of Saint-Venant and considers a beam whose
length is large in comparison with the linear dimensions of its cross section,
then the actual distribution of stresses over the ends has no appreciable
influence on the character of the solution in portions of the beam sufficiently
far removed from the ends.

Thus, our problem can be solved by the principle of superposition of the
four elementary problems

1. extension of the cylinder by longitudinal forces applied at the end

2. Bending of the cylinder by couples whose moments are lie in the
planes of the bases of the cylinder

3. Torsion of the cylinder by couples whose moments are normal to the
bases of the cylinder

4. Flexure of the cylinder by transverse force applied at one end of the
cylinder

Our general plan of attack upon the four elementary problems listed

above is that of the Saint-VVenant semi-inverse method of solution.

Consider a beam of length | bounded by a cylindrical surface



Elasticity

D : domain of the cylinder
B. : lateral boundary
R : cross section (not necessary simple connected)

C : contour of R

assume no body force fi=0
boundary condition on B, : Ti=0

on X3=0, | : g3 = O3i*

Ti=0 on B. means

011 COS (€1, Nj)) + g12C0S (62, Ni) = 0
021 COS (€1, Nj) + g2 C0S (62, Ni) = 0

031 COS (€1, Nj)) + g3 C0S (62, Ni)) = 0

on end faces

§rosdA = L end loading
S rRX 053 dA = My bending
S R X1 033 dA = - M, bending

§ R (X1 032 - X2 031) A = Mz torsion

where L;, M; are net resultant force and moment due to og3*

four cases are considered

(A) Ls=L, Li=L,=Mi=0 pure extension

(B) M;=M, M1=M;3;=L;=0 pure bending

(C) Ms=M, M1=M,=L;=0 pure torsion

(D) Li=L, L,=L:=Mi=0 bending due to transverse load
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(A) Pure extension (with fi = 0) Ls = L others = 0
try solution o3 = L1TA
others = 0

clearly satisfy all the boundary conditions and the equation of
equilibrium

by stress-strain relation

es = L/EA en = e» = -vL/EA

other e¢; = 0
by strain-displacement relation

uy = -vLxy/EA + C;
Uu = -vyLx:/EA + G,
U3=LX3/EA+C3

Ci are rigid body displacements
all field equations (5.1), (5.2”), (5.3) are satisfied

(A’) Beam stretched by its own weight (body force must be considered)
f1=f2=0 f3=-ng3

where p is the density of the beam.

the stress acting on each section
of the beam are produced by the
weight of the lower part of the beam,
we shall

suppose that the stresses are distributed uniformly

try o3 = pgXs other ai; = 0



(5.27) is satisfied

then €ss = pgXs/E = Uss
en = €2 =-vpgXs/E = U1 =
2€1 = U2+ Uy =0
2€3 = Uz3+Us1 =0
2€3 = Uys+Us =0
from (1) us = pgxP?/2E + az(X, X2)
from (5) U3 = - a3
from (6) Uz3 = - 03,2
Ui = -Xzdsn + ai(Xy, X2)
Uz = -Xs a2 + a2(Xy, X2)
from (2) -Xsazn t a1 = -vpQgXs/E
then azn = vpQglE
a1 = 0
from (3) as2 = vpQglE
az2 = 0
from (4) -2X3az21 + 01,0 + 01,0 = 0
then az,o1 = 0
1,2 + a1, = 0
8) — ar = a1(X2)
(10) — az = az(X1)
(12) — a1,2 (X2) + az2(X) = 0
then a1, = - a1, = @ = constant

g1 = aXo+h

Uz,2
(4)
()
(6)

(@)

(b)
(©)

(7)
(8)

(9)
(10)

(11)
(12)

Elasticity

1)
(2,3)



Elasticity

o = -axi+cC

(7) and (9)

YPY (%24 %2) + (e, Xa)
2E

with S = f,2 = 0

as

form (11) P1 =0

ﬁ(Xl, Xz) —a'xg+h’x,+c¢’

i.e. as = M(x12+x22) +axi+h xa+c’
2E

from (a) (b) and (c), we can get

14 ,
Uy = - ng1X3-aX3+aX2+b

E

vpg
E

U = - XoX3 - b’X3 - axXy + C

Us = p—g(x32+vx12+vx22) +a'xi+th x+c’
2E

the linear part represents rigid body motion
if we set u =0 at (0,01

and prevent the possibility of rotations at (0, O, I)

e Wi = é&ijkUk,j = 0
U210 - U2 = 0
Us1 - Uz = 0
U23 - Us2 = 0

these six conditions enable us to eliminate six constants

l.e. a=b=c=a =b =¢ =0
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we have
ul - _Lgxl X3
E
U = - V,Dg X2 X3
E
Us = p—g(X32+VX12+VX22- |2)
2 E
on Xz axis
Us = r9 (%% - 1?)
2E
at x3=0
Us = -pglP/2E = -WI/2EA
same as in strength of materials
(B) Pure Bending M, = M others = 0

let x1, X2 be principal axes of inertia

try g = -Mx/I others = 0

where | = §rx:?dA isthe moment of area of the section

the stress components satisfy the equilibrium equation and boundary

conditions, then the strain components are

ez = -Mx./E|I e = e» = vyMx/EI

7-6



e = €3 =€3 =20

U1,1=VMX1/E| (l)

Uze = VM X /E (2)

U3,3=-MX1/E| (3)

Uy + Uy = 0 4)

U,z + Usn = 0 (5)

Uzas + Us2 = 0 (6)

from (3) Us = -MXxixs/EI1 + Uso(Xl, Xz)

(5) (6) — Ui,z = M X3 [EI - U03,1 (7)
u2’3 = - u0312 (8)

(7) (8) —> u = M X32 [2E1I - U03,1 X3 + Ulo(Xl, Xz)
U = -U%; X3 + Uzo(Xl, X2)

(l) g Ut = -U%10 X3 + U%t = vM X /E

(2) — Uz = -U%22X3 + U%,2 = vM X /E

these two equations are held for all xs, then
U = U%2 =0 (a)

U01,1 = VMX1/E|
U%,:2 = vyMx./E I
U10 = VMX12/2E| + fl(Xz)

Ul = v MxiXxo /E 1 + fo(X1)

Elasticity

then u; = MX32/2E| - U03,1X3 + VMX12/2E| + fl(Xz)



Elasticity

U, = -UO3,2X3 + yMXi X /EIl + fz(Xl)

from (4)
-2U03,12X3 + fl,z + yMx/EI + fz,l =0
it is true for all xs, then

U03,12 =0 (b)
VMX/EL + fip + 5, =0

let f,,1 = -a then VMX/EIL + i = a
f,=-ax1+Db

fi=-yMX?/2El + ax, + a

from (a) and (b), us’ is linear function of x; and x.

then UgozﬁX1+VX2+C
thus U = M X2+ vX2-v X2 /2El + ax: - Bxs+ a
U = yMXi X lEIl - axs - Y X3+ b
Us = -MXiXs/El + fxg + pyXo+ C

in order to uniquely determine ui, assume

u =20 Uns = Uzs = Upp = 0 at (0,0,0)
p=y=0

then a=hbh=c=ua

the solution can be written in the form

U1=M(X32+VX12-VX22)/2E|
U = vMxi X /EI
U3=-MX1X3/E|
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along the centroid axis (x: = X, = 0)

U1=MX32/2E| Uo U3=0

solution from strength of materials

A = MX32/2E| = Ul(0,0,Xg)
slope = 0 = Ui,s = M/ E

(C) Torsion
Consider a circular cylinder, of length I, with one of its bases fixed in the
X1-X2 plane, while the other base (x; = I) is acted upon by a couple whose

moment lies along the x; axis

onB,, Ti=0 ouNi + 0N =0
onh + gxph, =0

onh + gpn; =0

on x3=I SrosdA =0 SrodA =0 SrowdA =0
SrRX052dA = M= 0
SrX10dA = M= 0
SrR(X1032-X%X031)dA = Mg= M



Elasticity

first assume R is circular : suppose that circular cross sections remain
plane and circular after twist (will check later), and each section rotates
rigidly relative to xs = 0, through an angle proportional to its distance from

the end section

after twist
Xim = X1 + U
X2 = Xo + U

X3° = X3 — U3=0

S . angle of twist

let a be the constant of proportionality between f and xs; (angle of

twist per unit length)

then f = axs

thus U =X’ - X1 = pcos(@+p) -pcosb
= X (cosf-1) - xpsinp

U = X" - Xp = psSin(@+p) -psind
= X (cos f-1) - xgsinp

us =0
for u;i small — p small, cosf~1 sinf=p

then Ui = =X ff = -a X2 X3

U, = Xlﬁ = 0 X1 X3

us = 0
en = €x = ex =0 ek = 0
e = 2 (U2+Uz1) = 2(-aXs+-axs) =0

€3 = -Yax €xn = YLax;
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gij = ZILL e + /léij kK
on = 0xn =g =0 o2 =0

g13 = 2/1813 = -auX

2 It €23

023 a i X1

equation of equilibrium is identically satisfied

boundary conditions
on B. ou = 0»n =0 =0

the last two equations are identically satisfied

the first one is

on + gn;, =0

l.e. XoNy + X1n, = 0 onC
n, = cos @
n, = sin @
X, = asinf
Xy = acos @
XoNy + X1n, =0 Is satisfied
onR SrostdA = -au §rXxdA = 0 [x2isa centroidal axis]
similarly for SrondA =0

and SRO'ggdA = SRO'33X1dA = SRO'33X2dA =0

M = SR(X10'32'X20'31) dA
= a,LtSR(X12+X22)dA =aulo

where |, is the polar moment of inertia
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S0 we have a= M/ulo

on X3 = constant (plane) Ti = agjin; ni=(0,0,1)
then N =T; = gnj = gshi+toxsnN+toxn; =0
T; is a stress vector lie on the plane

l.e. S=T-N=T

S = [S] = (01" + 027"

plal(x?+x)"= wlal p

p M|/ lo] p
IM|p/ 1o

then Smax OCCUrs at p = a
if we try the same solution for noncircular cross section, we find that
oy + 0N # 0

this equation is not satisfied, so the solution is not correct.

For noncircular cross section

assume Ui = -a X2 X3
U = a X1X3
Us = a ¢(X1, Xz)

¢(X1, X2) # 0 means plane is not remain plane

¢(x1, X2) is called the warping function
by strain-displacement and constitutive relations

€11 = €» = ez = e =0

on = 0x» = 0 =0 =0
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au (¢11'X2)
2,Lt €23 = 03 = au (¢,2+X1)

and 2 U €3 013

equation of equilibrium

on,a + g2 =0

au (¢,11 + ¢,22) =0 inR

I.e. ¢ must be a harmonic functionin R

on B. the last two equations are identically satisfied

the first one becomes

onh + gphn, =0 onC
(P-X)ny + (f2*+x)n, =0 on C
i.e. d ¢ /dn = ¢;1 n, + ¢,2 N = XoN1 - X1 N2 onC

nNn=ne +nNe

n, = dx,/dS n, = -dx./dS
n = (dx2/dS) e: - (dx./dS) e,

t has the same direction as dS

t = (dx./dS) es + (dxo/dS) e;
note that dS-n =20

G = dant + dponNa = XoNg - X1 N, onC
X2 (dXx2 / dS) + X; (dxy / dS)

2
id—(x12+x22) _ 1.d{)

2 dS 2 dS

onC

thus, the problem of determining the warping function ¢(xi, X2) is a
special case of the second boundary value problem of Potential Theory, it is

called Neumann’s problem : given a function ¢ that is harmonic in a given

7-13



Elasticity

region and whose normal derivative is prescribed on the boundary of the

region. i.e.

b,
Pin

0 inR [1=1,2]
Yad (p?)/dS onC

the integral of the normal derivative over the entire boundary is
®c¢,nd3 = ®c¢,inid3 = ®R¢,iidA
o §c[d(p?)/dS]dS = Y2 §cd(p?)

=0 [exact differential]

SO We can expect that ¢ exists

on X3 = |, we have
SroadA = au §r(d-x)dA
= au §r(Pa- X+ X1 i) dA
= au §r{[X (h1 - X)]1 + [X1 (¢,2 + X1)] .2} dA

= au §rVii dA
= au & cvinidS
= audcX(P-X2) N+ X1 (P2 + X1) N2] S
ZaudcXi(dn-Xoni+x1n)dS =0 [O0. K]
similarly  §rondA =0 [0. K]
and M= {r (X1 032 - X2 0'31) dA

= au §r[X (P2 +X1) - X2 (¢, - X2)] A

define K, the torsional stiffness by

K= uirX(d2+Xs)-X (A1 -X)] dA
then a=M/K
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Theorem : The solution of the torsional problem subjected to the boundary

conditions is

Ul = -aX2X3

U = a X1 X3

Us = a ¢(Xq, X2)

ou = 02 =01 =01 =0

on = au (h,1-X)

g2 = apu (¢ +X)

where di =0 inR [i=1,2]
¢n = 2d(p?)/dS onC
[Neumann Problem]
and a=M/K angle of twist per unit length

where K = M S R [X1 (¢,2 + Xl) - X2 (¢,1 - Xz)] dA

Note : the torsion problem has been reduced to solving the Neumann

Problem

Conjugate Warping function (X1, X2)
iIf a harmonic function f(z) is analytic in R, and f = ¢ + i w, where ¢ and

yw are real harmonics and obey Cauchy-Remain condition

¢ = we and @ = -y,

then y is called harmonic conjugate to ¢

onC: O = o + PNy
=y, (dx2/dS) + (-w,1) (- dx. / dS)
= yobh + yily
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= dy/dS = 15d(x?+x?)/dS

thus we have wii = 0 inR

w = Y% (X2 + X% + constant onC

[note that the constant may set to zero, because it does not affect ajj]
this is the problem of Dirichlet, the solution of this problem is unique

and we have

ap (W2 - %)
au (- Vi1 + Xl)

031

032

Prandtl introduced a function W(xi, X2) such that
P(xu X)) = wlxy, X)) - V2 (% +X°)

it is called Prandtl stress function

then we have Vi = -2 inR
Y =0 onC

solve for W(xi, X2) and obtain

on = au 'l
03 — -a,Lt‘Ij,l

also the stress vector T = 061 + 06

and lz| = (0'312 + 0'322)1/2

=au (\PalZ + ‘11,22)]/2

Theorem : |z attain its maximum on C
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proof see pp. 117-118 on Sokolnikoff which shows
|[VWP| attains its maximum on C by the property of subharmonic
functions

and 1] = © = (03® + 032°)" = |a| u VY|

also attains its maximum on C

Theorem: |7| = g1 €1+ o3 €, isdirected along the line ¥ = constant

let ¥ = constant
d¥ = ‘P,ldxl + lP,dez =0

or dXz/dX1 = -T,lllP,z = 0'32/0'31

t = dxie; + dxe e

and T = ga161 + 0326

T/t i.e. T directed along the line W = constant
Theorem : K=2u {r¥YdA
proof K= pu§r®+X+X¢2-% ¢,)dA

= u S r(X®+ X2 - X w1 - X2 r,0) dA
= 1§ [ (X - wo) + % (%2 -p,2)] dA
¥ =y - Y5 (X% + XP)
Yi=y1-Xs
Yo = w2 - X

K = -,uSR(Xl‘P,l+X2‘I’,2)dA

= ',USR(Xi\P),idA +,USR2\PdA
= -pu $cxi¥nidS + 2u §rVPdA
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= ZﬂSR\PdA

Methods of Solutions

1. Numerical method -- optimization
2. Inverse method
3. Direct method

4. Approximate method -- membrane analogy

1. Optimization Approach

Consider the functional
IP) = SreididA - 2 §cg(s)d(s)dS

where g(s) is known
is there a function ¢ € C, that minimizes J(¢)

take a variation of J(¢)
0J = Sr2(0¢)ididA -2 §cg(s)d ¢(s)dS
for a minimum J(¢), 6J = 0 forall ¢ ¢

2 SR(¢,i5¢),idA -2 SR¢,ii5¢dA -2 @cg(5)5¢(3)ds =0
Sr(dido@)idA = §chidodndS = §chndddS

then, we have

2 8c(@n-09)04dS - 2 SriodpdA =0

forall 0 ¢
le. d,ii =0 inR
$n =g onC (a)

this is called external condition, i.e. necessary condition for minimum

J(#)
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we now show that is ¢ satisfies (a), then J(¢4) is an absolute minimum

let ¢  satisfies (a)

¢.  beany other function € C,

Ad = I(¢2) - )
= § R (@2 P2ri - Prsi Pr,i) AA - 2 § ¢ g (¢ -¢h1) AS

let  Ad = do-th

then AJ = §r[(Pui+ Ad,) (Pri+ Ad,) - dri il AA-2 §cg AP dS
2 SroningidA + S r(Ad),i(A¢),dA-2 §cgApdS
2 §r(fri A),idA - 2 § & du,i Ad dA

+ Sr(Ag)i (A4),idA-2 §cgngdS
=2 SchnAgdS - 2 §cgagdS + §r(ad)(ad),dA
= {r(Ad),i (Ah),idA = O

so for the torsion problem, the warping function ¢(x;, x2) is the one that

minimizes the function

SrpididA - 2 §cdh(Xoni-Xxiny)dS

2. Inverse Method

Consider a complex function

f(z) = i(c®2+ kY
where z = X1 +iX ¢,k are constants
then f(z) = i[c®(x®- %2 +2icCxix2+ Kk
and Re{f} = ¢ = -2cxix harmonic
Im{f} = v = ¢®(x°®-x?) + Kk harmonic conjugate
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does this exist a closed contour C so that
Vv o= 1 (X12 - X22) onC

let w = c?(X2-x2) + Kk = 2 (X2 - x9) onC

ie. (- x? + (L+c)x? = K

¢ < ellipse, closed curve
¢ > hyperbolic, not a closed curve
=0 circular, closed curve, special case
take a = L b = L
(2 - c?)” (2 - c?)”
or S @ = &b
2 (a* +b?) a’+b’
then the contour C is
C: X, K g
' a’ 0
2 2
¢ = a—-b X1 Xo
a’+b?
. azfr—b2 [2(a® - b7) (u? - %) +&* b7]

and ¥ = v - 1/2(X12'|'X22)
2 _h2 2 2
___ a b (xl L X - 1)
a2 + p? a2 b2

then the stresses are

a’ X2
a’+Db?
b2 X1

o = pua¥e =-2ua

o = -uaW¥a =2ua

7-20



onC

and the torsional stiffness is

Elasticity

:_i(bZSRxlsz+aZSRX22dA'a2bZSRdA)
a2+b2
= 2L (@b -nabil4-nalbil4)
a2+b2
_ 2uak’
a2+b2
M=Ka
_ M(a*+b?)
muadh?
_ 2MX2
031 — - ————
rabd
_ 2MX1
O3 = —————
rach
S:(0'312+0322)1/2:i(a4x22+b4xlz)l/2
nadhd

b2xz2 + ax? = a2b?

(a4 X22 + b4 )(12)1/2 — [az (az b2 _ b2 X12) + b4 X12]1/2

let

— [a4 b? - (az b? - b4) X12 ]'/2
= ab[a?-(1- b?/a? x?”

e2 = 1-b%*/a? > 0for b < a

2M

S = (az - e? x;2 )"
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ma’h?
then Sy occursat x; =0

i.e. Spx = 2M/7mab?

for circular cross-section a=>ot
M _ Ma _ Ma
Smax - - -
a2 a2 lo
2 _Rhe
¢ = a—b X1 X2

Uz = a¢(X1, XZ) = M

X1 X2

nuadh
ifa>hb for xi1x; >0 us > 0
X1 X < 0 us < 0

and us =0 on X; and X, axes

Consider a Complex Function

f(2)

i(cZ®+k)

C(%2-3Xi2X2) + i[c (X -3 X1 %% +K]

then ¢ = ¢ (x®-3 X2 x2)

v = C(X13-3X1X22)+k

on boundary w = Y5 (X2 + X20)

C (X13 -3 X1 X22) +k = % ()(12 + X22)



Elasticity
set c=-a/6 and k = % a?
then the above equation becomes
(Xi-a)(x1-v 3x+2a)(x1+yv/ 3x2+2a) =0

the boundary of the region

Is a equilateral triangle

¢ = (x*-3x’%X)/6a

w = -(X*-3xix%)/6a+%a’

and ¥ =y - YL (X2+X%H)

= -(X13-3X1X22)/68.+2/38.2- 1/2(X12'|'X22)

then the stresses are

g3 = ,ua‘I’,z = ,u(l(X1X2/a-X2)
= _La()(l_a)x2
a

o2 = -pa¥y = L5 (2 +2ax-xd)
2a

atxy = a gy = 0

O3 = K1 (3 a2 - X22)

2a
and max o = 3aual2 at x,=0
along x.=0
O3 = -ﬂ(x12+2ax1)

2a

K=2u §r¥dA
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TR 0 e ) GA
=u@Ba)/15,/3 =3ule/5

where |, = 3/ 3a* isthe polar moment of inertia of the triangle

M=Ka
a = M _ 15/3M
K © @3 a)
and (0-32)max = Tmax = 3 aﬂ a / 2 = w
2(3a)}
Us = a ¢(Xi, X2) = -aa(X®-3x°X%) /6
= -a(,lX2(X22-3X12)/6
Consider a pair of harmonic functions
Xy _ K
Xlz + XZZ
in polar coordinate X1=TrC0S 0 X, =rsin @
construct a harmonic function v, such that
w=akn-bP— ) 4 1.
X12 + X22 2
2
= a(rcos@-bcﬂ) + ibz
r 2
w = Yo (X?+ X2 = Yar? onC
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the boundary of the section is

a(rcos@ - b’cosf/r) +%b? = YAr?
or r’-b>-2a(r’-b*)cosf/r =0

(r’-b*) (1-2acosf/r) =0
the boundary is made up of two circles

r=~>o center at O

r=a center at (a, 0)

¥ = v o- 1/2(X12'|'X22)

= a(a-bi— )+ g2 L+ xd)
X1 + X5? 2 2
—_ _ 2 X1'2X2
Ggl—ﬂa\P,z—lLta[ab—-Xz]

(X12 + XZZ)Z

walab?(2sin6cosb)/r? - rsinb]

Xi? - Xo?
o = -ua¥, = -pualatab? =22 - x]
(X12+X22)2

= -uala+ab?(cos?0-sin?6)/r* - rcos 6]

on boundary r =2acost

on = pualab?(2sinfcosb)/4a’cos’l - 2acosfsinf]

= ua(b®-4a?cos*f)sinf/2acos

g2 = -uafa+ab’(cos®d-sin?0)/4a*cos’ - 2acos?b]

wal[8a*cos*d -4a?cos?d -b?(cos260-1)]/4acos?

S = (ou® + 03)"

at € =0 gy = 0
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ox = na(8a’-4a%-b?/4a
=ua(da*-b?)/4a
fora > Db 0 = @aa

same as circular cross section

on boundary r==~nb
g = na(2acosf-b)sing

g = -ua(2acosfd-b)cosb

S = (03® + 0u9)”= ua(2acosf-h)

fOI' 1920 S=Smax=lua(2a'b)

if a>b Smax = 2na @

twice greater then circular cross section

with w(x1, X2) known, ¢(xi, x;) can be obtained, and the displacement

us(X1, X2) can be calculated.

3. Direct Method

for a member of rectangular cross section under twisting moment

Vig =0 inR (a)
G = X2 N1 = Xi My onC (b)
or Vw =0 inR (@)
v o= 1/2(X12‘|'X22) onC (b’)

from (b) on x; =+*a

y = Y2 (a8 + %) W, =1

7-26
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on X ==b

w = Y2 (X’ +b? wau =1

it will be supposed that b = a and that the xs-axis passes through O

the boundary conditions are complicated, so introduce a function (X, X2)

such that
f(X), %)) = wyu + 1 = -y +1
then f2o = - W2
fin = w221
fiu + fo = fi =0 (c)

f is also harmonic, and the boundary conditions for f(xi, x2) is

f(x, x2) = 0 on x; = ta
f(X1, X2) = 2 on x, = b (d)

assume f(xy, xz) in the form

f(X1, X2) = X(X1) Y(X2)

vZf — O Xn N Yn _ 0
X Y

or Xn _ Yn _ k2
X Y

Acoskx; + Bsinkx;

we have  X(X1)

Y(x2) = A’coshkx, + B’sinhk x.

"." the solution must satisfy the boundary conditions, so we reject the odd

functions, i.e. sink x; and sinh k x,
f(x1, X2) = Ccos k x; cosh k x;

on X3 = ta
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f(x1, x) = Ccoska coshkx, = 0

coska =10 [. coshkx, # 0]
then ka = [2n+1)n]/2 n=201,--
or ky,=[2n+1)x]/2a eigenvalues
f(x1, X2) = Z:Cn cos kn X1 cosh ki X, eigen-functions

to determine C,, use the remaining boundary conditionson x, = +b

(X1, X2) §0 Cn cos kn X1 cosh k, b

EO Cncoskyxy cosh[(2n+1)nb]/2a

multiple cosh [(2m + 1) zxi] /2 a in both side and integrate term by

term
§ 2Cy coSkmXx1 COSKyXedXe = { m=n
N m=n
§ 2 cosknXidxs = aCncoshknb
_("8a a Cncoshknb
n(2m+1)
. - (18 1
n(2m+1) coshknb
then the solution of (X, X2) is
f(x1, X2) = 8 ZOO (1)’ cosh knXo Ko X1

n "% 2n+1) coshk,b
wa = f(X, %) - 1

Wa = -X1 t § (X1, X2) dx
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then o3 = ,ua(—l//,l + Xl)
= wal2x - §f(Xy, X2) dxi]

16 a 5 -1)" cosh kq Xz

n "% (2n+1)> coshk,b

the constant of the integral must satisfy o3 = 0 on x; = =D

=,u(,l[2X1 - Sinknxl]

and on = pua(ya + X)

_16aua 5 (-1)" sinh kn X,

m? =0 (2n+1) coshk,b

cos Kk, X1

which satisfy g3 = 0 on x; = +a

it is also seen that g3z = 0 when x, = 0, while the shear g3 has a
maximum at the midpoint of the longer side is equal to
8 ) (_1)n

Tmax=0-32| =Za,ua[1- Z SeChknb]
(a.0) 72 "=% (2n+ 1)

the series converge so rapidly

fora=0>b

Tmax = 28U a{l——8[sech£ + 3 1—sech (2n+1)7z]}
n? 2 "0 (2n+1)? 2

hence, for practical calculations, the value of 7mi can be assumed to be

given by the formula
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Tmax = 2a,ua(l-8—2 SeCh

T 2a

ﬂ)

and the twisting moment

b a
M = S_b S_a (X1 032 - X2 oz1) dXq dX2

wa (2b) (28 __64ua(2a) . xb
3 ° 2a

and the warping function ¢(x, X2) can be found

d(X1, X2) = X1 Xp - ) (-1)" sinh kn X»

"=0 (2n+1)®* coshk,b

sin k, X1

the displacement us is given by a ¢(xi, X2), the contour lines for the case

b = a are shown as follows

4. Membrane analogy
consider a thin homogeneous membrane under a uniform tension T per

unit length, if p is the pressure per unit area of the membrane
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equation of equilibrium for the membrane

Usn + Us,z = -p/ T inR

us = 0 onC

for torsional problem, we have

LP,ii =-2 inR
Y =0 onC
and o = ua¥
o = -ua'
if we let us = (p/2T) ¥

then two problems has the same form

and O3 = U Q Y, = M a (p/2T) Us,2
-uaWa = -ua(p/2T) Uz,

032
where us,, and us,. are the slope of the membrane
M=2ua § SPdA = ua(p/T) § §usdA

where § § us dA is the volume between the membrane and the x:;-x.

plane

for the same a

(Tmax)c - (Slope)c

(Tmax)nc (Slope)nc
M. _ (V)
(M)nc (V)ne
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l.e. foragiven a, M and 7mx for circular cross section are exactly

known, then M and zme for noncircular cross section can be found.



