Elasticity

4. Constitutive Equation (Infinitesimal)

Definition : Regular Stresses and Displacements
aij(Xi, t), ui(xi, t) are regular in D (region) and B (boundary) for0 = t =
oo if
gje Ci  w.r.tx

u € C w.r.t. x; and C, w.r.t. t

Definition : Power P (the rate of work done)
P =

where u; =

Definition : Kinetic Energy K

Postulate : There exists an internal energy function & and an internal energy

density e related by

e= e : energy density per unit volume
Postulate : Energy Balance
K+ &=

where L is the rate of loss of energy in a non mechanical manner, such as

heat transfer, chemical reaction, etc.
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Definition : Elastic Material

an elastic material is one of which L =0 (no energy loss)

Theorem : Given an continuous elastic medium in D + B, with density p(xi),
having body force fi(xi) and surface traction Ti(xi) applied, and undergoing a

motion ui(x;, t), with associated stress aij(x;, t). Let i; and u; be regular, then

e =
or P =
proof {eTiUdA =
L.Ji,j = éij + Cz.)ij and a jj C(.)ij =0
gijj = p Ui - f (eg. of motion, p U; is inertia term)
SeTi L]i dA =
P =
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Theorem : Given the condition same as the above theorem, then

e = e (e and ogij = el ej

proof o gD*) =

where D* is any subset of the region D

since D* is arbitrary, thus

[ ]
gij €jj =

or ogjdey = [exact differential]

Note : this relation is usually used to define an elastic material,

since it is independent of regularity of D

Generalized Hooke’ s Law
when an elastic medium is maintained at a fixed temperature, there is a

one-to-one analytic relation between stress tensor ¢j; and strain tensor e;;
le. aij = fij (i, Xi)

and that o;; vanish when all strain e;; are zero, i.e. initial unstrained state is

unstressed

Definition : Homogeneous
A medium is said to be homogeneous if fij does not depend explicitly on

location x;
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i.e. oy = fi (&)

Definition : Isotropic Medium

A material is isotropic if fj are invariant under rotation at each location x;.

e gij =
g’ = [rotation]
or fij = fij’ but gij * g’ ij
€.d. o1 = Een and cu=Een
but o1 * 0 11 or e = €' 11

Isotropic means same relation between gjj and ejj

If the function f;; are expanded in the series in e;; and only the linear terms

retained in the expansions

agij —

the coefficients Ci may be vary from point to point

for homogeneous medium, Cjq are independent of the position of the

point

for isotropic medium, Cjjq are the components of an isotropic tensor

Theorem : For a linear medium

Cijkl = Cjikl = Cijlk

proof (a) g = and gji =
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(oij - oji) =

for arbitrary ey

Cijkl = Cjikl
(b) Cijkl =
sym. w.r.tkand I skew-sym.
Cij € =
thus Ciw = Ciji

for an arbitrary strain tensor ey

O1un =

similarly for others

there are six stress components in terms of six strain components

so we see that the 81 Ciju reduce to at most 36 independent Cijq

if det | Ciju | # 0

then we can solve for e, i.e.

€ =

with Kiw = Kiikn = Kijik
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Theorem : Ciu is a component of 4™ order tensor

proof g =

Cupp =

i.e.  Ciu isa4™ order tensor

Theorem : A necessary and sufficient condition that a linear medium be elastic

is that
Cijkl = Cklij

in this case, e(ej) =

proof : necessary : linear + elastic — Ciu = Cuij

medium is elastic gj = el g
gij —
€l
Cijkl =
also C|<|ij = —— =

sufficiency : linear + (Cijju = Cuij) — elastic
assume Cij|<| = C|<|ij

linear medium gij =

consider e =



€ij

€ij

the medium is elastic

For general case of a linear elastic medium

Cijkl = Cjikl = Cijlk = Cklij

Elasticity

I.e. 21 independent constants (functions) for Ciw for anisotropic linear

elastic medium

Theorem : For a linear elastic medium

1
e(oi) = o Kiju gij 0w and  ej
proof linear e =
e =
e
also =
O-a/f

e/ Oij
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Definition : A function F(x;) is said to be positive definite if F > 0 for all xi # 0
and F=0forall xi=0

Theorem : The strain energy is positive definite

proof : the external forces and body forces acting on any subregion D* of
D must do positive work

1%
o

1%
o

1%
o

1%
o

1%
o

[ai wij = (]
for arbitrary D* oijej = 0
sothat e = 0 places still restrictions of Cijq as follows

e(ej) = for e # 0

= for e = 0

". the necessary and sufficient condition that the quadratic form e(e;) be
positive definite is that each minor det. of Cijq is positive

Theorem : For a linear isotropic medium, the constitutive equation can be
written as

agij —

where ¢ and /4 are called Lame’ constants
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proof : for isotropic medium, Ciu is a 4™ order isotropic tensor

Cijkl =

gij —

If x; are direction along the principle strain axes, then e, = €,3 = €13 = 0,

then for i + |
agij —

I.e. the principal axes of stress are coincident with the principal axes of

strain, if the medium is isotropic
Theorem : A linear isotropic medium is elastic
pI’OOf: Cij|<| =
Cklij =

Cijkl =

Theorem : For an linear elastic isotropic medium, the strain tensor can be

expressed in stress tensor as

€ij =

where E is modulus of elasticity (Young’s modulus)

v Is called the Poisson’ s ratio

proof : ooy =
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let | =j gii =
€ii =

also gjj =
if o011 = o, others = 0, then ow = o

€ = -
or g1l -

E = Young’ s modulus
and ey = -

where v is the Poisson’ s ratio

forgi,+#0, others=0

€1 = or o1 =

where u is shear modulus
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also gii =
K = is the bulk modulus
E
2(1+v)
E =
3(1-2v)
ILt —_—
K =

if the Lame’ constants 4 and u as independent constants

then E

<
I

A
I

if E and v are chosen as independent constants

then G =
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only two independent constants may be used, we can use “4 and u” or “E

and v”
€j =
let gij =
and gii =
- 3 p -
%/V:e”:- = - — => K >0
if e = 0 for p fixed — K=oo incompressibility

but it is impossible

K =
K=co — v = 1/2

we expect v < 1/2

Theorem : A necessary and sufficient condition for e(e;) be positive definite is

that
E>0 1< < 1/2

for linear isotopic materials

proof : necessary e(ei) > 0 unless all g; =0

4-12



Elasticity

e(ey) =

case i g +0 on=on=0
e =

case ii O'|=-(O'||+O'|||)¢O
e =

case iii g =on=0n=-0
e =

sufficiency: assume E>0 and 1< v <12

u =

we write e interms of invariant |,
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>0

unless Ih =0 and g =0on= on

e. all g;= 0, e = 0 for all e-value vanish

Theorem : Let (o, ;) and (ay”, €;”’) both satisfy gij = Ciju ex for same Cijq,

and the medium be elastic, then

O_ij” eIJ, - O_IJ’ eij,1

pI’OOf gi’ €j =

Theorem : Let (g, €’ ) and (g, ;) meet hypothesis of above theorem, and
let gij = O'ij’ +O'ij"
eij — Eij’ +eij”

then e(ei) = e(ey’) +e(e”) +2e(ej, &)

proof e =



