Elasticity

Elliptical Coordinates :

z = f(w) = ccoshw
Z =X +iXs X1 = ccoshy; cosy;

W =Y +iy; X, = csinhy;siny,

along y. = n = constant curve

0 X1 0 X2
dx; = dy, dx, = dy,
oY1 oY1

the arc length is

0X1 2 0X2 2
dSy® = dxi® + dx’ = [(——) + (——) ]dys?
6y1 6y1
0z 0 X1 0 X 0z Jw
= — 4 i— = = ' (w)
5y1 8yl ayl oW 8y1
let f'(w) = Je" J, a are real

= J(cosa + isina)

0 X1 0 X2
then = Jcosa = Jsina
ayl ayl
ds " =J dyl
slope = = tana
d X1

similarly, along y» = & = constant line

ds = Jdy = Jdy,

d x,
slope = = -cota
d X1



Elasticity

for the elliptic coordinate
z = f(w) = ccosh w

f’(w) = csinhw = csinhy;cosy, + iccoshy;siny;
= Je* = J(cosa + isina)
then Jcosa = csinhy;cosy:;

Jsina = ccoshy;siny;

and J? = Y5 ¢?(cosh 2y; - €OS 2Y,)

tana = cothy;tany,

the stress components between x;-x, system and y;-y, system are

o to =out ox»
Y1 Y2

o -0 +2i1 =

Y2 Y1 Yiy2
e’ (622 - ou +21i01)

e?* can be found by the following procedure

f’(w) =Je*  and f7(w) = Je'™

then g = f’(w) _ sinh @

f'(w) sinhow

thus the stress components in elliptical coordinate related to the complex

functions can be obtained

o to, = 4 Re v’ (2)
- 1 = 2ia [5 ,,,7 L
g, -0, %+ 21 T 2e[zyw”(2) + 1" (2]



Elasticity

and the displacement components are
Uy + inz = gle (U1 + iUz)

for plane stress case

3-v

20 (Uye - Tuy) = € — w@) -2y’ (2) - 1 @]

Elliptic Hole in Uniformly Stressed Thin Plate

a = ccosh¢& b =csinhé

if & =0, itreducesto a line crack with length 2 ¢

boundary conditions

ou = 0x»n =S at oo
Oy1 = Tyny2 = 0 at Y1 = f
2S = oun + o = 4Re [l//’ (Z)]
e S = 2Re [y’ (2)] at oo

Ty]_yz = 0 at oo

=> zy"(@) + " =0 at

since the stresses and displacements are, for continuity, to periodic in y,

with period 2 z, thus w and y will give a stress function with the same

periodicity, and such forms are



Elasticity

sinhnw = sinhny;cosny, + icoshny;sinny;

coshnw = coshnyicosny, + ishinny;sinnys;
where n is integer
also the function x(z) = Bc?w s suitable to the problem

2@ and ¥”(z) => sinhw and coshw

since 7(@) = Bctw
oy Ow
1@ = ——
dw 01 [z = ccoshw
1 0zl 0w = csinh w]
= BCZ_—
csinh w

"." stress only in terms of »”, and displacement only in terms of »”, so
they have the same value for y; = 0 and 2 =

let w(z) = Acsinh w
2@ = Bc?w A, B are constants
ow
then w’(z) = Accoshw —— = Acothw
0z
at y; = o cothw — 1

S=2A or A=1S

A 1
and y”(2) = -—
c sinh® w
— cosh
zy”(z) = -A
sinh® w



Elasticity

2@) = Bctw
B h
then @) = ¢ @) = - g_loshae
sinh w sinh® w
at oo Zy7(2) and  4"(2) => 0

Ty = 0 at oo s satisfied

on + op = 2[y’ (2) + v ()]
Oy - oy + 21T = 292ia[z_l//”(z) + 1" (2)]
oy ity = W (@) + w (@) - @ zy"(D) + (2]

coshw coshw sinh w cosh w coshw
= A( + —) + — (A +B )
sinhw sinhw sinh @ sinh®w sinh®w

at the boundary of the elliptic hole, y; =

then wo+w=2E o w=2¢-w

1
oy - 1Ty = (A cosh 2¢ + B) cosh w

sinh2w sinhw

at y1 = ¢, oy = e = 0,
= -Acosh 2¢ = - Scosh 2¢
thus we have

w(z) = “2Scsinhw
x(@2) = - Sc?cosh 2 w

9-35



Elasticity

the normal stresses are

oy + gy = 4Re y’ (2)
= 2 S Re (coth w)
2 S sinh 2y,
cosh 2y, - cos 2y,

at y1 = ¢& opn = 0
2 Ssinh 2¢&
O-y2 =
cosh 2& - cos 2y,
maximum gy, occursat cos2y, = 1 [y. =0°]
minimum gy, occursat cos2y, = -1 [y> = 90°]
2 Ssinh 2 a
(0'y2)ma>< = < =2S—
cosh2& - 1 b
2 Ssinh 2 b
(O'yz)min = f =2S—
cosh2¢& + 1 a

for a=Db [circular hole], o, = 2S = constant along the hole boundary

Elliptic Hole in a plate under simple tension
stress transformation
ou + 02 = ou t o2
02" - oun + 2101
= e (02 - o + 2i01)

at oo on =S 02 = o =0



Elasticity

thus we have

on + 0» =S

g» - on + 2lop = -Se?h

le. 4Re [y’ (2)] = S
22y + (@] = -Se™

at boundary of the hole

y1 = ¢ Oy = Ty = 0

Stevenson proposed a pair of complex functions in 1945

4 w(z) = Accoshw + Bcsinho

4x(z) = Cc®?w + Dc?cosh 2w + Ec?sinh 2w

the five constants A, B, C, D and E are solved by the five boundary

conditions
o1’ = S g»n =01 =0 at oo
Oyl = Tyy2 = 0 at Y1 = f

then we have

A = Se*cos 28

B =S(l-ex%)

C = -S(cosh 2¢ - cos 2p)
D

E

- 5 S e* cosh 2(& + if)
= 15 Se*sinh 2(¢ +ip)

at elliptic hole boundary yi = &



Elasticity

O-y]_:O
sinh 2¢ + cos 2f - e* cos 2(f -
o = 4Rey’ (2) = SN2 b G-y)
cosh 2¢ - cos 2y,
if f=mnl2
._sinh28(1 + e*
gy = Se* sinh 2¢ ( ) - 1]

cosh 2& - cos 2y,

maximum values occurat cos2y, = 1, ie. Yy, =0,x

thus the maximum normal stress is
a
(0y2)max = S(1 +2 _b)

if b— 0, elliptic hole — crack =>  Williams Solution
similarly, for g = Q°
b
(gy2)max = S(1 +2—)
a

|f b_> 0, (O-yZ)y]_:f = S

for circular hole a = b

Omax = 39S

Williams Solution (series expansion)
expend w(z) and yx(z) as Laurent series
o n
w(z) = X Az
n=0

@) = 5 Az



n=0

where z = x4 +iX, = re"

® = Re[zy(@) + 1(2)]

|/ln9 1S ;Ln+1 |(An+1)0

. 0o An
Re[re” A.r e + XB,r e
n=0 n=0

Re{$% P AL c0s (Ja-1)0 + i Ay sin (Jn-1)0 +

Bn cos (An+1)0 + 1B, sin (4.+1)6]

on + o = 2[y" () + v (2)]
Ow - On + 21Ty = 2 20 [Z_l//"(Z) + X"(Z)]

2u (e +iu) = e[k -2y @) - 1 @]

Kk =3-4vy for plane strain
3-v

K = for plane stress
1+

1) + (2

Gop + 170 = S0 e[ + (Jn-1) e A,
n=0

+e'e™ + (Jn+1)e" 1B} = 0

onboundary 6 = +=x

Elasticity

1)
(2)
3)



Elasticity

this is an eigenvalue problem, the characteristic equation is

sin2z i, =0
le. Jn = ¥on Nn=012 -
but n=20 => stresses = 0 [trivial solution]
n=1, 2’ ......

InAn + ((I)"A, + (L+1)B, = 0

forn =1
381=2A1-/K1 Al = a +ia
w() = Avz”
x(@) = B 2%
forn=1,2, -
On = ! [a1(3-c050)cosi - a2(3c030-1)sini] + oeeeenn
2r” 2 2
O = ! [a: (1 + cos 6) cosﬁ - a, (3sin 0) sin i] Foennn.
21" 2 2

Org = ! [al Siﬂ@cosﬁ - d (3 0059—1) Cosi] Foeeeees
2r” 2

and

{al[(ZK'l)COS% - cos%g] + az[(2;c-1)sing

- 35sin 3_8]} F oeeeen
2



Elasticity

r'/2
4u

Up =

{a1[-<2x+1)sin—g ¥ sinizﬁ " az[(21c+1)cos—z

- 3 cos ?ﬁ]} N
2

for symmetric problem

o = ﬂcosﬁ[l - sinisin?’_g] F oeeeens
r” 2 2 2

T2 = a1 COS£[1+COS—QSin3—9] F oeenenn
r” 2 2

_ 0O . 0 . 30
o012 = —COS—SIN —SIN— + .-

r 2 2 2

for skew-symmetric problem

o1 = ﬁsinﬁ[l + cosicoss_e] o
r- 2 2 2
a0 0 30
02 = - SIN —COS—COS — + :=+---
r” 2 2 2
012 = & COSﬁ[l - Sin—esin?’_e] F s
r” 2 2

and the displacements for symmetric and skew-symmetric problems can

also be obtained.



