Elasticity

9. Two Dimensional Elasticity

This chapter provided a general method of solution of certain broad
classes of two-dimensional boundary-value problem in elasticity.
The method is based on a reduction of the boundary value problem in

elasticity to the solution of certain functional equation in a complex domain.

The two-dimensional problems with which we shall be concerned fall
into two physically distinct types :

1. To study the deformation of large cylindrical bodies acted on by the
external forces so distributed that the component of deformation in the
direction of the axis of the cylinder vanishes and the remaining components
do not vary along the length of the cylinder. This is the class problem in

plane deformation, or plane strain.

2. To study the deformation of thin plates, the state of stress in which is
characterized by the vanishing of the stress components in the direction of

the thickness of the plate. This is the class of problem of plane stress.

A. Plane Strain Problem
A body is said to be in the state of plane strain parallel to the x;-x, plane,
If the displacement component u; vanishes and the components u; and u;

are functions of the coordinates x; and x,, but not of xs



Uz
u>

Us
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U1(X1, X2)

U1(X1, Xz)
0 (al)

the strain and rotation tensors are

€aup

= Y2 (Uap + Upya)

Wqp = 1/2 (uaa/f - uﬁ:a) a;ﬁ = 1’ 2

the stress components are

gij
O-a/f
033

g13
where
now, we have

011
022

012

and 011

or 033

= Aojew + 2u e

= A0 0 + p (Usp + Upy)

=10

o3 =0 (a2)

0 = U1 + Uy

= A‘(ul,l + u212) + 2//‘ ul!l
= A (U1 + Uz2) + 21 Uz

= ,Lt (Ulaz + U2,1)

+ 02 = (A0 + 2uU,r) + (A0 + 21 Uyp)
=20 +u)o

A
=10 = —(ou + o)

2 (2 +u)
=v(ou + o2) # 0 (a3)

this is not a plane stress problem

in general plane strain problem =+ plane stress problem
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equations of equilibrium

o1 * o + L =0

o211 + Onp2 + f, =0 (ad)

If the components T,(xi, X2) of external stress are specified, we have a

two dimensional 1* boundary value problem

i.e. g N = T,

equilibrium equations

gupp + T, =0 2 equations

compatibility condition

2 (A +u)
At+2u

VE + foa = 0 1 equation

where E = g1 + o»

there are 3 equations for 3 unknowns o1, 02 and g to satisfy the

boundary conditions

If the displacement components u,(xi, Xxo) on C are specified, we have a
two dimensional 2" boundary value problem

Navier’ s equations

06
UV, + (A+uy)— + 1, =0 2 equations
0 Xq
2 equations for two unknowns u;, u. to satisfy the boundary conditions

u, = ul onC
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Consider a cylinder with plane ends 1 xs; axis, with lateral surface

subjected to surface traction T,(xi, Xz), and Tz = 0

If body forces are presented as f, = f,(Xi, X2) and f; = 0

o3 = V(ou + ox)

gs3 May produce a bending couple L xs axis

indeed, the longitudinal stresses o3 are necessary to maintain the

cylinder in the state of plane deformation

without o33, uUs # 0 in general

if the ends are free in the given problem, the solution can be obtained by

superposition

plane problem plane strain Saint-Venant’ s
problem problem
S S’ S

S’ : plane strain problem

S : simple Saint-VVenant’ s problem

[pure extension and pure bending ==> plane remains plane]
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F\EO
on B. '/I';=O
on x3s=+h ;Ig=/o-\23=0
o = -v(oun' + 02")

L=y SR(O'H’ + Gzz’)dA
M=1Ld

if the cylinder is long enough

gij = 0+ 0ij

B. Generalized Plane Stress Problem

let 013 = 023 = 033 = 0 inD

gij = 200i + u (Ui + Uii) [0 = Uk

for i=j=3

or

then

0 =710+ 2uuss
Us,3 = - (U1 + Uz,2)
At+2u
2
0 = Uk = a (U1 + Uz,)
A+2u
2 A
o1 = a (U1 + Uz2) + 24 Uiy
A+2u
2 A
On = a (U1,1 + Uz2) + 2 Uz
At+2u

012 = p (U2 + Uz)

013 = i (Us + Us1) = 0

Elasticity

is valid for sufficiently far from the ends
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023 =t (Uz3 + Us2) = 0

033

L0 + 2/1U3,3
= AU + U) + Qu + A)uss =0

equations of equilibrium

o1 * o + L =0

|
o

Onn + Onp + =

substitute oy into the equations of equilibrium, we have

2 41 0

+ ﬂ)—(ulyl + u212) + ﬂvzua + fa = 0
At+2u 0 X,

(

these 2 equations are same as in plane strain problem if we replace

2 Au
At+2u

= A by 4 in the equation on p. 9-3

for the plane strain problem, u,, o, are independent of xs

but in the plane stress problem, u,, o, may depend on xs;, because xs

may appear as a parameter in all equations, thus this is not truly two

dimensional problem

Filon (1903) modify the system of equations such that the resulting two

dimensional system corresponds to a physical problem of great practical

interest

the field equations must also satisfy the boundary conditions

T,
Ts

T.* (Xl, Xz)

} on B
0
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T, =0 on Xx3= th

iIf 2 h is small compared with the linear dimensions of the cross section,
external forces are act on the edge of the plate and lie in the planes parallel

to the middle plane and are symmetrically distributed with respect to it

and the force act on the element are 2 h T, dS, where T, is the stress

vector on C of the middle plane
assume f; = 0, fi, f, are symmetrical with respect to the middle plane

then the points of the middle plane will undergo no displacement in x;

direction
because the plate is very thin, the displacement usz is small

define u*, ai* by

1
Ui* (X1, X2) = 2— S: Ui (X1, X2, X3) dX3

1
gi* (X1, X2) = —— § hO'ij (X1, X2, X3) dXs
2h

Us isoddin X3
then us* =

also g13* = 0% = g3* = 0

apply averaging process

Our * e +fi =0 (al1)
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Goug + 02+ H =0 (a2)

o1 = i*(u*l,l + U*Z,Z) + 2,“ U*l;l (bl)

G2 = ﬂ*(U*m + U*z,z) + 2u U2, (b2)
012 = u (U2 + Uz (b3)
2 A
where A* = a
At+2u

the plane stress solution S* approximates the plane solution S if h is

sufficiently small

If we no longer assume o153 = g = g = 0, instead we assume h is

very small, equations (a) and (b) are still valid

boundary conditions on B._ are

oun*n + ogp*n; = T*
o N + g N = Ty*

o N + g3*N; =0

on X3 = +h gn* =0

consider the stress component oss
o311 + Ox2 * 033 =0 [fs = 0]
evaluate on x; = +h,

o = g3 = 0 [independent of xi, x;]

on,a + g2 =0
then O'33,3(X1, X2, ih) =0

but o33 = o033 (X1, Xo, ih) + (ih) 0'33,3(X1, Xo, ih) + O(hz)
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= O(h?)

o ~ 0 over the thickness + h

also 2hogp* = S_:O'i3,3 dxs = 0'13(X1, X2, h) - 0'13(X1, X2, -h) =0

thus the equations or equilibrium are

Cu1 + 02 +f1=0

ou1 + o2+ =0

same as in equation (a)

C. Airy Stress Function
in the absent of body force, the equations of equilibrium are
Gapp = 0
the compatibility conditions are
Vi(ou + o) =0
the boundary conditions are

O-a/f n/f = Ta

Airy proposed a function ®d(xi, X2) such that

oun = D,
o2 = O
o = - D

then @ satisfy the equations of equilibrium

Vi(ou + o) =0
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==> v*® =0 inR
@ is a biharmonic function

the boundary conditions for @ are

DN - Opny = T

-®on + DNy = T

onC

ni = cosf = dx,/dS
n, = -sin@ = -dx./dS

boundary conditions

D,on; - Dypny = O dx, /dS + Dy dx; / dS
=d ((D,z)/ds = T1

similarly -d(®,)/dS =T, onC
.e. d, = - Sst ds = fl(S) + C;
So
D, = SS T,dS = fz(S) + C,
So
thus, we have ViD= 0 inR
®,, = f.(S) onC
since dod = &,,dx, = f,dx,
S Xa
d(S) = | f, dS = f(S) + constant

9-10
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ss dS

do d x> d x:
—_— = (Dyana = (I);l (D
dn dS dS

the function @(xs, x,) can be solved by

VPO =0 inR
® = f(S) + constant

or @,, = g(S onC

if the body force f, are considered

Set fa = 'Vaa

we can find on = O, +V
o = - D
o2 = O +V

the compatibility conditions are

2
V“(I) = _—’uvzv
A+2u

if V is harmonic, then ® is biharmonic, otherwise

v4 b = F(Xl, Xz) inR

Theorem : every solution to (a) can be expressed by (b)
proof o g =0
there exists functions ¢ and w such that
on = ¢ 012 = - P

9-11
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Oz = Y,2 02 = -Yu
let @* = goz B(x, &) &,

then on = ®»

012 = '(D*,12 = WY,
wo= -0+ f(x)
and g» = (D*,ll - f’(Xl)

V2G4, =0 => VAO*F = 77 (x1)

let @& = O* - go“f(f) dé

then @, = @'y - 7 (X1) = o2
D, = CD*,zz = on

D, = O 2 = -012

General Solution of the Biharmonic Equation

VA0 = VPV =0 inR

[a polynomial of highest order less than 3 is automatic the solution of the

biharmonic equation]
ifwelet  P(Xy, X)) = V2D

= P =0 [P is harmonic]

in general, stress function may be expressed in terms of two analytic

functions

let F(@Z) =P +1iQ be analytic
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where z = x; + iX,, and Q isharmonic conjugate of P
define a function w(z) = %4 {F(@)dz =p +iq

clearly, integral for an analytic function is still analytic, thus w(z) is

analytic
op aq
then v’ (2) = + i =P +iQ)
0 X1 0 X1
le. oploxs = YaP = 0aq/ox [Cauchy-Riemann
oq/oxi = ¥4Q = - aq/ dox condition]
consider the terms
02 0 op o%p op
(xip) = Pp+x—)=x + 2
6X12 0 X1 0 X1 8X12 0 X1
02 o%p
(x1p) = X
(3X22 (9X22
o’p  a%p op
VZ(le):XI( + )+2
(3X12 (3X22 0X1
1 op 1 op
—P = -—Q =
4 0 X1 4 0 X2
o’p  o%p 1 oP 0Q
VpE— ot — = —(—-—) =0
OX®  OX? 4 ox 0 X2
thus Vi(xap) =2 oploxe =P/2
similarly  v?(x2q) = 2 aq/ox, = P/2
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then V(D - X1p - %) = V2O - V2 (X1 p) - V2 (X20)
=P-1P-%P=0

® - xap - X2q isalso harmonic

let Pr = D - Xap - XQ [p: is harmonic]

then O =p +X1p + X(Q

thus, any stress function can be formed from suitably chosen conjugate

harmonic function p, g and a harmonic function p;

let g: be harmonic conjugate of p;, and an analytic function y is
defined

22 =p+igs
consider the function
Zy(@) + x(@2) = (X -ix)(p+iqg) + (pr +iqy)
= (Xp + X+ p) +i(Xq-Xep + Qo)
then d(x1, X2) = Re [z w(z) + x(2)]

=> v*® = 0 forany choice of analytic functions w(z) and x(z)

® = Re[zy(2) + 1(2)]

then 20 = El//(Z) + 7 gy_(z) + y(2) + X_(z)

20, =2y @) + @ + 2y @ +y@) + @ + 1@

20, =izy’ (@) - w@) - 29" (@) + y(@) + 1 @) - 1 ()]

9-14
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oun = D, o2 = O o = -D1p

then ou +lop =Dy - 1D, = -1 (q),l + iCD,z),z

i@ + 2@ + 7 (@)

=@+ v -9 - 2@ (a)
similarly 0 - o2 = @) + @) +2y7@) + @) (b)
@+®0) ou+ton=2y@)+2y @) = 4Re[y ()] (A)
b)-@)  on-ou-2ion=2[2y"@) + ()]
change i to -i
on - ou +2i0w = 2[2y7@) + 1 (@)] (B)

with w and y known, ou, g2 and g can be calculated from (A)

and (B)

Displacements in terms of w and y

for plane strain problem

ou = D = (A + 2u) U1 + AUz (1)
0 = ®1 = (A + 2u)Uz2 + AU (2)
012 = - D, = 1 (Ug,2 + Uz,1) (3)

solve the first two equations, we can get

A+ 2
2u U, = -Dyp + —'uVZCD = -9, +

2 (2 +u)

9-15

2()+2u)

A+ u
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A+2 2(A+2
2/,lU2,2=-q),22+—luvzq)='q),22+—( Iu) g,z
2 (4 +u) At
integration and get
2(A+2
20t = -0, + ZUT20 g g
At+u
2(A+2
20t = -0 + LET2 4 g,
A+ u
2(1+2
21U, = -Dyp + Mpyz + 17 (X)
At
2(A+2
2u Uz = -Dyp + uqyl + 9" (X1)
At

2u (U2 + Uz1) = -2@,10 + F7(X) + g7 (%) [ p2=-04]
compared to equation (3), we have
f () + 9" (x) =0
f’(x2) = -9’ (x1)) = A = constant

l.e. f(Xz) = Ax, + C;
g(Xl) = -Axs + C,

f(x2) and g(x1) are rigid body motion [neglected]

thus, the displacement components are

2(1+2
zluulz_cp’l+up
At+u
2(1+2
2y = -y + (A+2u)
A+ u
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substitute ®,; and ®,, into these two equations

2(2+2
2+ i) = - (O + 1Dy + 22

(p +iq)
A+ u
A+3 —— ==
- (250 2w @ - 7 @)
A+ u
= @B-4My@ -2y @) - 1 @) (C)
for plane stress problem
ﬂ—>& ie. 3-4y-> >
At+2u 1+v
. 3-v — = —— ,
then 20 (U + iw) = = y@ -2y’ @ - £ @) ")

with y and y known, u; and u. can be calculated from (C) and (C’)
Summary :
Vi =0 inR

@ may be constructed by a polynomial in x; and X,
let P =v2d => VP =0 inR
and let Q be harmonic conjugate of P

then F =P +iQ

Is analytic
w(z) =p +iq with P =4 p/ x
Q =4 q [ X

p, g are harmonic, and w is analytic



2@ =p1+iqe p; is harmonic

g: is harmonic conjugate of p;

x 1s also analytic

® = Re[zy() + (2]

oun = D, o2 = O o = -D1p

ou + o = 4Re [y’ ()]

0% - ou +2i0n = 2[2y"@) + @)

20U+ i) = ky@ -2y () - 7 (@)

k=3-4vy for plane strain
3-v

K = for plane stress
1+v

Consider @ be a polynomial of 2" order

o C
D= —x2+ bhoXiXo + —x°
2

then o1 = C O» = d2 o = -b

and compression in two perpendicular direction and uniform shear

If @ is taken as polynomial of 3 order

ds 3 b3 ) Cs )
b = X1+ —X1° X + — X1 X +

X2

9-18

Elasticity

all stresses are constant, @ represents a combination of uniform tension
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3:2 2 2 3:2

then o1 = C3Xy + d3 X
O» = azX; + b3X2

o = -b3Xy - C3Xo

for a rectangular plate

a. if d; = 0, others = 0

=>  pure bending

b. if bz # 0, others = 0

=> normal + shear force

c. if a3 = 0, others = 0

=>  normal force + pure bending

If @ istaken as polynomial of 4™ order

s b, Cs4 ds €4
@ = Xt + X3 Xo + — X1 X2 +
4.3 32 2 3.2 4.3

VIO =0 => e =-(2¢C4 + @)

then O11 = C4 X12 + dys Xy Xo - (2 C4+a4) Xz2
O = A X’ + baxixe + Cax®

o = - abax? - 2CiXaXe - Yo da X

consider d, = 0, others = 0
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then g1 = d4 X1 X2 g»n =0 g1 = - 1/2d4X22

moment due to shear force is
M= (Yadsc?l)2c - Y5 (%adac®) 2cl = %5dsCP

this moment must be balanced by normal force

If @ is taken as polynomial of 5" order

as bs . Cs
X1 Xo +
5.4 43
€5 fs
43 5.4

ds
X13 X22 + X12 X23

VPO =0 => e =-(2¢C + 3a)
fs = -1/3(b5 + 2d5)

and the stress components are

o1 = 1/3C5X13 + d5X12X2 - (2C5+33.5)X1X22 - 1/3(b5‘|'2ds)X23
022 = as X + bsXi®Xe + CsXeX® + Y5 ds X

O12 = -1/3b5X13 - C5X12X2 - dsX1X22 + 1/3(2(35"‘33.5)X23

for ds = 0, others = 0

o11 d5 (X12 X2 - % X23)
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g2 = Y5 ds X3

g1 = - Os X1 X

the normal force are uniform distributed along the longitudinal sides,
along x; =1, the normal force are of a cubic parabola, the shear forces are
proportional to x; on the longitudinal sides, and follow a parabolic law

along x, =1

Bending of Cantilever Beam Loaded at the End

consider the cross section is a narrow rectangular section, it is a plane

stress case

taken @ as a 4" order polynomial with d, = 0, others =0, and add a

term bz X1 X2

) d
l.e. b = : X1 X2° + Do X1 X2
3.2
then o11 = da X1 Xo
O» = 0
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g = -b2-1/2d4X22

012

gp = 0o0n X =+cC

-b, - Yd,sc? =
l.e. d4 = -2b2/C2

and o1, = -b, + b, X22/C2
"." the resultant of the shear stress over the section is equal P, then
- S onde = - § (b + box2/ ) dxe = P

b, = %4 Pl/c and ds = -3P/2¢®

3 Pxix
o1 = -— on =0
2 ct
3P X22
o1 — - (1 - ; )
C C

| =1-(2¢)*/ 12 = %3

P X1 X2 M X
oun = - = -
I I
P
o1 = -—(C? - %)
21

and the strain components are
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o Uz P X1 X2
ell = = -
0 X1 El
o Uy VY 011 v P X1 X
€ = = - =
0 X2 E El
o Uz 0 Uz o12 P
€12 = + = = - (C? - x2)
0 X2 0 X1 G 21G

also the displacement components are

P x:2 X,
U = - + g(x2)
2EI
VF)X1X22
U = — 4+ f(xy)
2E1

substituting into e,

2 2
_ Px N dg +va2 N af _ P (© - x2)
2EI dXz 2E1 dX1 21G
let
P x;° df
F(x1) = - o+ = d = constant
2E1 d X,
d P x,? P x,?
G(x2) = - g 1T = e =constant
d X, 2E1I 21G
P ¢?
K= -
21G

thus, we have F(x) + G(x2) = K

P ¢?
21G

or d=¢e = -

and df P X;°
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= +d
d x; 2EI
dg VPX22 PXz2
= - + +e
d X, 2EI 21G
thus P x;3
f(X1)= +dX1+h
6EI
VPX23 F)Xz3
g(xe) = - + tex +g
6EI 61G
PX12 X2 VPXz3 PXz3
u = - - + +ex:t+ g
2EI 6 EI 61G
P X; X2 P x;3
U = VP X1 X2 N 1 +dx. + h
2EI 6 EI
for X1 = |, X =0 Uy =u, =20
P
then g =0 and h = - -dl
6 EI
and at X1 =|, Xo = 0 U, = Uz = 0
PI2 P Pe?
we get d=- e = -
2EI 2EI 21G
|:)X12 X2 VF)Xz3 F)Xz3 PI? P ¢?
up = - - + + ( - ) X2
2EI 6 EI 61G 2E1 21G
VPX1X22 PX13 Plz F;'l3
U = + - X1 +
2EI 6EI 2EI 3EI

the center line displacement (at x, = 0) is

P x;® PI? PI®
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U = - X1 +
6 EI 2E1 3EI

at the end of the beam (x; = 0)

P
3E|

U, =

same as in strength of materials

but u; is not linear in x,

warping effect may occurs

Airy Stress Function in Polar Coordinates (r, 6, z)
for plane stress problem
Ou = 0y = 0 = 0

for plane strain problem

u; = 0 and all derivatives w.r.t. z vanish
8 Ur l 5 Uf) Ur

er = € = — + —
or r o6 r

1 1 our 0 Uy Uy
e = —(—— + - —
2 r 060 or r

stress-strain relations

a. plane stress case

1

€r = _(O'rr - VGHH)

ew = — (go- v on)
E
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b. plane strain case

1
er = —[(1- V2) on - v (1+) gu]
E

1
€p = — [(1 - Vz) Oop- V (1 + V) O'rr]
E

1+v
€ = Oro
E

equations of equilibrium

l 6([’ O-rr) 1 30}5 60-0(9

_—— o+ — - +f, =0
r or r o6 or

1 o(r* ow) 1 oow

-+ + f, =

I’ or r o060

if f. = f, = 0, Airy stress function ®(r, ¢) is proposed, such that

1 00 1 0%®

On = — + —
r or r’ o602
02D
Opyp =
or?
o 1 od
e
or r o0

compatibility condition
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Vi(ou + 02) =0 [611 + 022 = g + ow)
in polar coordinates, v* ® can be expressed

02 1 0 1 082 o6 1 od 1 8%

+—

) =0

( 2+_ +_2 2)( 2 2 2
or r or r- o6 or r or r o0

for axial symmetric problem

ol 20 = 0 then ® = O(r)

thus the compatibility conditions becomes

do 2do 1 do 1 do

+ — + ——— =

dr? r dré r’ dr? r* dr

the general solution for this differential equation is

® = Alogr + B r’logr + Cr> + D

thus the stress components are

or = Al + B(1 + 2logr) + 2C
=-A/r +B(3 + 2logr) + 2C

oo —

O-rﬂ—o

the displacement components are [included rigid body motion]

d. plane stress case

1 (1+v)
A+2B@-v)rlogr -B(1+v)r

E r

+2C((Q-v)r] + asin® + ycosb

4Brd
E

+ acosf - ysing + fr

Ug =
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b. plane strain case

1 (1+v)
ur = —[- A+2B@-v-2v)rlogr - B(1+y)r
E r
+2C(1-v-2v)r] + asin@ + ycos
4Bro _
Up = (1-v%) + acosf - ysind + fr

Example : consider a thick walled cylinder with inner radius 2 a and outer

radius 2 b, subjected internal pressure p and outer pressure q

then or = -p atr =a

or =-Qq atr=>0

4Bro
Up =
E
but uy(0) = uy(2z) = 0 = B=0
A
or = — + 2C
r2

use the boundary conditions to determine A and C, we get

(b*/r? -1) (1 - a%/r?)
On = - P——7" -"0——F—
b?/a* -1 1 - a?/b?
(b*/r* +1) (1 + a?/r?)
Gop = P———— - 0——
b?/a% -1 1 - a?/b?
Example : pure bending in curved beam with narrow rectangular cross

section [plane stress case]
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or = 0 atr = a,b (1)
SbO'Qf)dr =0 Sbﬂggrdr =-M (2)
gy = 0 at boundary (3)
from (1), we have
Ala’>+B(@ + 2loga) + 2C =0 (a)
A/b>+ B(@ + 2logh) + 2C =0 (b)
from (2), we have
b b 02D
§ gepprdr = § rdr = -M
a a arz
b 02D oD oD b
§ rdr = |—r| - § ——dr |®| = -M
2 or? or @ or 2
1 0 oD
[ orn=——— = —r =rlor=0atr =a,b]
r or or
thus, we have |CI>|b =M

b
ie. |® =Alog— + B(b’logh - a’loga) + C (b? - &)
a a

from (a), (b) and (c), it is obtained

b
= -——a’*b’*log—
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Elasticity
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the stress components are
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