Elasticity

5. Problem Classification of Linear Theory of Elasticity

Fundamental System of Equations

1. Strain-Displacement Relations

(5.1)
2. Equations of Motion
(5.2)
Equations of Equilibrium
(5.2%)
3. Constitutive Equation (Stress-Strain Relation)
or (5.3)
for isotropic medium
or (5.3")

there are 6 equationsin (5.1)
there are 3 equationsin (5.2)

there are 6 equationsin (5.3) or (5.3")

15 equations solve for 15 unknown functions aj, €j, and ui



Boundary relation associated with (5.1) ~ (5.3)

4. Traction - Stress relation
onB (5.4)

5. Surface Traction - Displacement
onB (5.5)

for isotropic medium
onB (5.5%)

Equations Implied by Fundamental System

assume medium is homogeneous

Cija = constants [independent of position]

1. Stress-Displacement Relation

(5.6)
for isotropic medium
(5.67)
2. Displacement Equation of Motion
(5.7)

for isotropic medium
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thus the equation of motion becomes
(5.7°)

this is called Navier equation, for u; =0, it becomes equation of

equilibrium

3. Rotation-Dilatation Equation of Motion
Wi = Y2 &ijk Uk, and gi = Uy,i=0
take curl of the rotation vector

2 Emni Wi,n =

Ui =

substitute into equation (5.7 ), it becomes

(5.77)

4. Strain Compatibility Condition

set k =1

this six equations are the only independent equations for 81

compatibility equations



5. Stress Compatibility equations

for isotropic, homogeneous, linear elastic medium

substitute into the strain compatibility equations

(L +) (i + Okkii = Tikojk = Tiksik)

= (a)

equation of equilibrium

Tk = - i
Oikijk — -fi,j
Ojkiik = 'fj,i

then equation (a) becomes

set 1 =]
or

Oiikk T+ Tiyi
then Tiikk =

thus the stress compatibility equation becomes
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this is called Beltrami-Mitchell equation (stress compatibility equation)

The Fundamental Problems

1. Elastodymanic Problem

Given D + B, p(xi), Ciju(xi), fi(xi, t) for 0 = t< oo

Find ui(x;, t), e;(xi, t), gij(x, t) satisfying (5.1), (5.2), (5.3) in D and
0 = t< oo, and subjected to

1) initial conditions
Ui(Xi, 0) = hi(Xi) in D
Gi(x, 0) = gi(x) inD

i) boundary conditions

problem 1 : surface displacement

ui = Ui*(Xi, t) onB,0 =t<

problem Il : surface traction
T = Ti*(Xi, t) onB,0 =t<

problem 111 : mixed problem
ui = ui (x, t) onB;, 0 =t< o
Ti=Ti(x, t) onB, 0 =t< o
where B = B; + B, and B;, B, consists of at most a finite

number of subregion of the boundary

problem IV : mixed problem
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B=B,+B,+ B;s + B,

t (| t
u T u T uL T
t : tangent n : normal

2. Elastostatic Problem
Given D + B, Cij|<|(Xi), fi(Xi)
Find ui(xi), eij(xi), aij(x) such that (5.1), (5.2), (5.3) are satisfied in D

and subjected to boundary conditions

l. ui = Ui (Xi) onB

. Ti=T7(x) onB

ML ui = ui (%) onB; and
Ti=T7(x) on B;

Type | : Displacement Formulation
fi is given
ui = ui (X, t) onB,0 =t<o
to find ui(xi, t), eij(xi, t), aij(xi, t) in D for 0 = t < oo as functions of

time and position.

equation of motion

for isotropic, homogeneous, linear elastic medium
gij =

then pu; =

but  ew = Uk 2 €j = Ui+ Uj,

thus equation of motion becomes
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pui =
this is called displacement equation of motion.

there are 3 scalar partial differential equations for 3 unknown functions
Uz, Uz, Us. A solution of these equations satisfying the initial and boundary
conditions yields the u; for every point in D. (for elastostatic problem, U; = 0,
drop this term from the equations)

With ui known, ej; can be obtained by strain-displacement relations, and

then gj; can be calculated from the constitutive equations.

e U — € — aj

Type Il : Stress formulation
fi s given
Ti=Ti(x, t) onB,0 =t<o
to find aij(x;, t), eij(x;, t), ui(xi, t) in D for 0 = t < oo as functions of
time and position.
it is more complex in the elastodynamic case, now consider the

elastostatic case below

equation of equilibrium

3 equations for 6 unknown functions a;j;

a set of stresses satisfying the equation of equilibrium may not be correct

one unless the compatibility condition are also satisfied.

the Beltrami-Mitchell equation of compatibility



Elasticity

a set of stresses satisfying the above two sets of equations and the
boundary conditions are the solutions of the given problem
with oj; known, e can be obtained by constitutive equations, and the

displacement u; can be computed by strain-displacement relations

e gij —> 6j — U

9 equations to solve for 6 unknowns, is the solution unique ?

(we will present a uniqueness theorem which state that there is only one
solution satisfying a given set of boundary condition for a region of finite
extent)

for elastodynamic problem, Beltrami-Michell equation can not be used,

because the equilibrium is needed to derive these equation

Type 1l : Mixed Formulation

fi is given

ui = ui (x, t) onB, 0 =t< o
Ti=Ti(x, t) onB, 0 =t<oo
B =Bi+B:;

to find aij(x;, t), eij(x;, t), ui(xi, t) in D for 0 = t < oo as functions of

time and position.

to solve this type of problem, we must use
equation of motion 3 equations
strain-displacement relation 6 equations
constitutive equation 6 equations
(or use compatibility condition in terms of stress or strain instead

of strain-displacement relation)
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15 equations to solve for 15 unknown functions to satisfy the initial and
boundary conditions are the solutions of this problem
no general short-cut method of solution is available for this type of

problem

Principle of superposition
since the governing equations in linear elasticity are linear equations, the

solution of these equations may be superimposed to yield a new solution

Can a mixed problem solved by superimposed of a traction B.V.P. and a

displacement B.V.P.

the answer is “



