Elasticity

1. Mathematical Preliminaries

Vector Notation

Let X1, X2, X3 be a right handed coordinate system, and ei, e;, e; be unit
vectors along the Xxi, X, X5 axes, respectively

vector from A to B is written AB

in component form
V = AB =

the magnitude of V is writtenas | V |
V] =

scalar (dot) product of a and b is

vector (cross) product of a and b is

‘elezeg‘
axb= |a a as|
| by by bs |
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scalar triple product

| an a; as |
a-(bxc)= | by by by
| €1 C2 Cs3 |

vector triple product

(ax b)x c =

gradient of a function
grad(u) = Vu =

divergence of a vector
div(v) =VvV-v=

curl of a vector

curl(v) = Uxv =

Laplacian of a function
Vip =V (Vo) =

Identities :

v(uv) =uvv+vwvu

v-(uv)=v-vu+u- (Vv
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vx (Uv) =vux v +u(vxv)
VZ(uv) = uviv+v2Au+2(vu) - (wv)

div(curlv) = v-(vxv) =0

curl (gradu) = vyx (vu) =0

curl (curlv) = vyx (vxVv)=v(v-Vv)-(V-Vv)V

Index Notation

The coordinates X1, X2, X3 may be expressed, in general, by x;, where i is
understood to take on value 1, 2 and 3

Instead of writing v in component form, just write vi as i"™ (i =1, 2, 3)
component of the vector v
Definition : Summation Convention
In any single term, wherever a subscript is repeated, this indicates

summation over this subscript from 1 to 3

e.g. vV =

lal [b] =

Note : no subscript may be repeated more than once in a single term,

whenever a subscript is repeated, it is a dummy subscript
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€.g. didi = 4jaqj

Definition : Differential Convention
Subscripts attached to a function f(xi) be preceded by comma indicate

differentiation w. r. t. the variables

Vijjk =

Vi,s =

Vijjj =

Definition : Kronecker Delta

o 1 if i=]
Oy = {0 if i+]
.e. Ou=02=0xn=1

O01r=013=0ua=08=0n=02=0

Oii =

OijVj =

aijk Oip =
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(this is called contraction)

Oij O =

5ij 5jk =

5ij 5jk =

and Xij = Oij

0ijOkOki = Oik Oki = Oii = 3

Definition : Permutation Symbol

1 if the value of i, j, k from an even permutation of 1,2,3

ik = { -1 ifthevalue ofi,j, k from an odd permutation of 1,2,3
0 otherwise

l.e. E13 = €21 = €32 = 1
E12 = Euz3 = €3 = -1

others = 0
Identities &€k €ix =

Eik Eipg = Ojp Okg = Ojg O kp

(thisis called € -¢ identity)
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The vector notation can be expressed in index notation

a-b=

axb=

use index notation to prove the vector identities

eg. (ax b)x c

div(curlv) =

€ ijk Vikyij =

Determinants

| a1
| by
| C1

d
b,
C

a3|
bs |
C3|

=a-(bx c)
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let a;=an a; = ap az = a3 ai = ai;
b, =an b, = ax bs = ax e bi = ay;
Ci1=aa Co=aa C3 = Aas Ci = Asi
then
det (a3) =

consider the sum
€ ijk Qir Ajs Akp =
the sum is skew symmetric w. r. t. the index r and s, similarly it is skew
symmetric w. r. t. the indexr and p, and also to the index s and p

this is complete skew symmetric in the index r, s, and p

for r,s,p=1,2,3

€ ijk Air djs Akp = € ijk Ai1 Aj2 Ak3

for r,s,p=2,1,3

€ ijk Air djs Akp = € ijk Ai2 Aj1 Ak3
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€ ijk Qir Ajs Akp =

in general € ryp det (a5) =

Coordinate Rotation

let e, xi be original coordinate

e’, Xi’ be new coordinate

Definition : Direction cosines
The direction cosines corresponding to a rotation of a right-handed

coordinate system x; into the right-handed coordinate system x,’ are denoted

by A qi, LE.

A i = €0S(Xa™ ) Xi)

if we know the coordinate in one system, what are they in other

dot with vector e; in both side



Elasticity

similarly Xg =
The direction cosines are orthonormal
i.e. ). ai ). aj =
or ).ia ).Ja =
proof : X =
o) ij Xi =
Xi(Aaj Lai-04) =
)- aj )- ai =

Transformation Law for unit vector

X =

Xa'( Aaiei-ea') =0

for arbitrary x,' Sooo ey =
similarly e =
we now shown that det( Aj) =1

scalar triple product
(e1 x &) -e5=1

(Aa1€e' X Ap2€s') - Ayze,' =1

1-9



Elasticity

LHS. =

det( Aj) =1

Definition : Cartesion Tensor
The class of 3" elements {aj .. po} associated with Oxix:x; is called a
Cartesion tensor of rank (or order) N, if under rotation, the elements

transform according of the following :

a'aﬁ“'T@ =
e.g. N=1 a, =
N=2 a'a5 =

Invariants : the following three functions of a tensor or rank 2 are invariants
under rotation

for a 2" order tensor a; A =
A =
Az =

proof : (a) toshow ai=a,.'

seta =4 then
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(b) toshow a', s a's. = ajja;

a'aﬁ alﬁa

Az =

(€) euvsdet(asg) =

set 1, v,6 =1,2,3
then det(a'vs) = det(a;)

Definition : Symmetric and skew-symmetric tensors

1. atensor ajj..k--i-pq IS Symmetric if

ijk-1-pg = Qij-1-k-pg  fOr each choice of kand I

symmetric and skew-symmetric are not affected by rotation

Decomposition : any tensor of rank 2 may be written as the sum of a symmetric

and skew-symmetric tensors
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adij =

Isotropic : a tensor is said to be isotropic if its components do not change under
rotation

zero order : all scalars are, of course, isotropic a' = a

1% order : a' = a
Ligg = O g
(Ai-0i) 8 =0
for arbitrary a;, Xii- Oy =

this is identical transformation (no rotation)
if Aij-0ij # 0 then a =0

I.e.  no isotropic tensor of order 1

2" order : an isotropic 2" tensor may be reduced to the form

aij = a O ij
check alj =

3" order : every isotropic tensor of rank 3 may reduced to the form

dijk = a €k
check Aljjk =

4" order : if aj is an isotropic tensor of order 4, then it is of the form
dijki =

where A, @, v are constants
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check a'i,-k| =

If aju has the symmetric properties as aiu = ajii = ajik , then

dijk =

for a 4™ isotropic tensor

dijk =

if A = Qji interchange i and j

Qij = Aijik interchange k and |

first two terms remain the same, and the third term becomes

V(OikOj-O0idik) = v(Oudjk- Odj)
2 v(S0kdji- Sudik) =0

for (Swdj-6udjik) +# 0 — vy =0

dijk =
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Definition : Outer and inner product of tensors
outer product :  aj; by 4™ order tensor

inner product : ajj bj 2ng Order tensor

Theorem : A symmetric [skew-symmetric] tensor of rank 2 is symmetric

[skew-symmetric] under rotation

let a;; be symmetric [skew-symmetric] tensor

dij = aj

aalg =

similarly for skew-symmetric tensor
Definition : Eigenvalues and Eigenvectorts of 2" order tensor

The solutions A, n (unit vector) of the equation
aij Ny = A n;

are called the eigenvalues and eigenvectors of the tensor a;, respectively

the solution of the equation
(aj-Adi)n =0

for nontrivial solution, we must have det(aj-A 6i) =0
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or AS-A1A2+A2A-A3 =0

where A; are invariants of aj;

Theorem : If a; = a;;, then the three eigenvalues A, Ay, Ay, are real

proof : A cubic equation must at least one real root, say A, Let the

corresponding eigenvector be n', rotate the coordinate system, so that n' = e;'

then ajn'= An n'=(1, 0, 0)
an = A
ayp =ap =0 an = axy =0 and a'x = a'n
a'i,- =
a'” nJ = A n|

examine the discriminate of quadratic
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.". the other two roots are also real for a symmetric second order tensor a;;

Theorem : The principal direction (eigenvectors) n', n", "' corresponding to A,

Ay, Au are mutually orthogonal if the eigenvalues are distinct.

recall the equation for eigenvalue

djj n' = A n,-' (1)
djj n' = A n,—“ (2)
a;n" = A n" (3)

" iand j are dummy index for a; ni" n;

dij n" n,-' =

(b) becomes

(@) - ()

A #* Al

ie. n'Ln" similarly for others

Theorem: a; = An'n!'+Aun"n" + Ay ni'" n™

proof : use (1) ~ (3) of the above theorem

aij (nil nkl + ni” nk“ + ni“I nklll)
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let  Au = cos (e, n) = n
similarly A2 = n"

As = n'"

substitute into (a)

Aj (A At Aa A+ Asi Aak)

djj 7Lpi ka =
aij Oik =

dxj =

so if the eigenvectors are chosen as coordinate axes

ie. n'=(1,0,0)
n"=(0, 1, 0)
n'"'=(0, 0, 1)
then
dij =

that means if the coordinate rotate as n', n", n'', the matrix will be diagonal,
and

nl
Ay ={n"} =
n|||
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so that A j is the transformation matrix used to diagonalize the matrix
e @up = Aai dpi @ = Ao @ ATig= [\]

Divergence Theorem (Gauss' Theorem) :

§ 8 @jta NrdA = § p ajjsar dV

where aj .. « be a tensor which are function of x, and continuously

differentiable in D, and D is a regular region bounded by the closed surface

B, and n is outer normal to B

Corollary

SogradgdV = §g¢éndA
§pdivvdV = (zv-:-ndA
SpecurlvdV = {znxvdA

Divergence Theorem for plane

§ g @jwrdV = § @jjowa N dS

where B is a regular region bounded by a close curve , n is the outer normal

to
SegradgdA = § ¢ndS

§gdivvdA = § v-ndS
SgcurlvdA = § nxvdS
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Strokes' Theorem :

Sen-curlvdA = § v-dx
SenxgradgdA = & ¢dx

Band are defined as previous

Green's Theorem :
$o(Vovy + ¢ p)dV = e —r‘]” dA (1% identity)

o ($7 p-y T AV = e (gL - w—f JdA (2" identity)

for plane

\') Vi _ )
il xz)dA_ & v-dx

e (

l.e.
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