Elasticity

8. Problem of Saint-VVenant

Bending due to Transverse Loading

Let a cantilever beam of uniform cross section have one end (x; = 0) fixed
and other end (x; = I) loaded by a force L; = L at some point (X1, X2, 1), the
lateral surface of the beam is free from external forces, and the body forces

are assumed to vanish.

L1 =L
L2=L3=O
M1=M2=M3:0
i=0
onB, Ti=0 g + o32n =0
gni + oxphn =0
ouh + gh, =0
on X3:| SRO'ssz:Lz:O SRO'sgdA:L:g:O

SrRX202dA = M= 0
SrRX103dA = M= 0
SrR(X102-X%X031) dA = M3= 0
SrondA =L =L

from semi-inverse method of Saint-Venant, we get
ou =0»n =0 =0
on the cross section AA

M, = L(|-X3)
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If X1, X2, X5 are principal axes, from (B)

033 = - M2X1/| = -L(l-Xg)Xlll

where | = § g x:?dA isthe moment of inertia

equation of equilibrium with body force fi = 0

a13(X1, X2) (al)

o133 = 0 — 013

0233 = 0 - 023 = 023(X1, X2) (a2)

l.e. the shear components o3, g3 have the same value in all section of
the beam (independent of Xs)

the third equation of equilibrium

O3, + O, + 03,3 = 0

or 03,1 + G2 = -L X/ | (a3)

stress-strain relation

eij = [(1+v) O'ij-V5ij O'kk]/E
€1 = e» = vonlE = VL('-Xs)XllEl
ess = gnlE = -L(I-X3) x./El

e, = 0
ez = o1/ 2u
€23 = 0'23/2,Lt (bl-bG)

compatibility conditions

ikl + €uhij - Cikjl - ik = 0

4 of these 6 equations are identically satisfied

the remaining two equations are



Elasticity

vL 013 023,12
- + ( )22 = [€22,13 + €13,22 = €23,12 + €12,23]
El 2u 2u
023, — O13, —
21 - Sl [€11,25 + €23,11 = €12,12 + €13,17]
2u 2 u
v L
or 013,22 = 023,12 = ————— (Cl)
@+l
023,11 = 013,12 (02)

so that 13 and o must satisfy equations (a3), (c1) and (c2)

[3 equations for 2 unknowns]

integration w. r. t. x, for equation (cl1)

L X
or 0132 = 023,1 — V=R + h(xy) (c3)

1+l
d(c3)/dx: 013,12 - 0231 = N’ (X)) = 0

thus h(x,) is a constant set =-2ua

the stress equations are now

LX1
O13,1 = 023,2 = - : (dl)
L x
0132 = 023,1 = e 'Z,UOC (dZ)
@+l
L x,2 vL  x? L (2+ V) (X12'X22)
let 013 = Y2 - + -,Lt(le'l'
21 1+v 21 1+v 4|
L(2+V) XiX
On = -y1 +tuax - (el, e2)
1+v 21

where w: and w, are functions of x; and x;
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from (dl1)
L X1 L(2+V) X1 L(2+V) X1 L xq
W2 - + - Y2 - = -
1+vy 2| 1+v 21 I
or W1 - Wi = 0 (fl)
from (d2)
v L X L (2 + V) X2
Woo ¥ —— - ua - tyi,i-ua
@+l a+v) 21
N L(2+v) X _ vL X 2ua
a+v) 21 @+l
or Wil + W22 = 0 (f2)
023,11 = - Y111 013,12 = Y212
equation (c2) 02311 = 013,12 = -~ W11 = Y212

= - (w11 + w221 =0 (O.K)

equation (f2) vV-y =0

then Wa = - U E34p H,p
w1 = -uHg
W2 = U H,1

then eq. (f1) becomes

vPH =0

Definition : Flexure function F(Xi, X2)

El

F(xi, X2) = (a ¢ - H)

8-4
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L

where ¢ is the warping function for the cross section R

Vig =0 inR
G = X N1 - X1 Ny onC
then VZF =0 inR

from equation (e)

|_X12 + VLXz2

L(2+ X12 - Xo?
o1 = 1 Hy - Capxe + (2+v) (x°-X)
21 (1+v) 21 (1+v) 4|
L(2+ X12 - Xo?
o2 = i Hot X - (2+v) (% - %)
1+v) 21
H may be written as
FL
H=a¢ - —
El
L
,uHil = ,ua¢:l - Iu Fll
El
L
:ﬂa¢,1'—F,1
2(1+v) 1
thus
L V X12 2-vy
o3 = na(pr-%x) - —[F1 + ~ 4 X22]
21+ 1 2 2
similarly (g1)
o3 = pa(petXx) - ———[Fo + @+v)xax]  (92)
2(1+v)1
on B.
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o3 + gzn; =0

d¢ L dF  vXx2+(2-v)x?
(llu(—-inl'l'Xlnz)- + Ny
dn 2(1+v)1 dn 2
+ 2+v)xaxen] =0
e. dF 24+ (2- 2
— = - YXCH(2-V) % n-2+v)xixen, onC
dn 2
boundary conditions on R
|_X12
Li = SroundA = (Rr[os+ X1 (0311 + 032,2) + | ] dA
= (L/1) §rx2dA + (r[(X1031)1 + (X1 032),2] dA
=L+ $cxi(oaani + g2ny)dS
=L (0.K)
L X1 X2
L, = SrondA = (R0 + X (0311 + 032,0) + | ] dA
= (r[(X2032),2 + (X2 031),1] dA
= &cxe(on2ny + g3 n1)dS
=0 (0.K)
L (I-xs)
L3= SRO'33dA=-—ISRX1dA=O (OK)
on X3 =1 o033 =0
M, = SRXZ J33 dA = 0 (O K)
M, = SRX1 033 dA = 0 (O K)
Mz = §r(X103%2 - X2 031) dA [from (g1) and (g2)]

= ua SrR(XZ + X2 + X - X2 1) dA
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L 4+vy
+ ——— Jr[eF1 - xiF - Xi? X2
2(1L+v) I 2
2.
27V % dA

Ms must be equal to zero
recall the torsional stiffness K
K= uf R(X12 + X + X102 - X2 ¢,1) dA

then the first term of M; isequal a K

L 2 -v
a = ——— Sr(F2 - x2F; - Xo®
2(1+v) 1K 2
4 +
+ L %2 %) dA (h)

so foragiven R, find ¢, F, then K can be obtained, and compute a

from (h), also use (g1) and (g2) to find the stresses

the strains can be calculated by the constitutive equations, and the
displacement components are also obtained by the strain-displacement

relations

the displacement components are

X32

6

L v
U1:-aX2X3+—[—(|-X3)(X12-X22)+—X33-
I 2 2

]

+ a1 + w2X3 - W3 X2

Ly
U = aX1 X3 + —[(l-Xs)X1X2 + a + w3 X; - 601X3]
El

X
= s -+ g+ Pl 0]

+ a3 + w1 X2 - W2 X1



to eliminate the rigid body motion, set ai = w; = 0, then

u1(01 Os X3) =

X3

xs? (I - —)

El 3
at x3 = |

3

ui(0, 0, 1) =

SEI

Elasticity

the result is the same as calculated in strength of materials, however, in

general cross-section, plane will not remain plane

Summary :

given R as a simply connected region

Vi =0 inR
G = XoN1 - Xy Ny onC
VF =0 inR
F’n:-1/2[vX12+(2-V)X22]n1-(2+V)X1X2n2 onC
K= uf§r(X®+ X* + X162 - X2 4,1) dA
L 2 -v
a = — §rR(F2 - X2 F1 - X2°
2(1+v)IK 2
4 +
+ " %2 %) dA
ou = 0x =0 =0
L Vv X12 2-v
o = pa(pa-x) - —————[Fo + — + x2’]
2(1+v) I 2 2
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O3 = UaQ (¢,2 + X1) - L— [F,z + (2 + V) X1 X2]
2(1+v) 1

033 = - L (l-X3) X1/|

e = ej(oy)

Ui = ui(eij)

the rotation vector is defined

Wi = Y2 &ijk Uk,j

then w3 = 1/2 (u21l = u112)

thus ws,s is the rate of twist along the xs-axis

Theorem : « is the average rate of twist over the cross the cross section

W33 = Y2 (U213 - Us,23)
Ly
El

- Qg -

X2

w33 = 0 at x, = 0

L
or Sng,gdA=anA— Y SRXZdA
S R 3,3 DA .
a = —— average twist
§ dA

@ Consider a cantilever beam of uniform cross section, a transverse loading

L e; pass through point Q(x:°, x2% )
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[Al [B] [C]
problem [A] is equivalent to superimposing of [B] and [C]

problem [B] : bending due to transverse load

get é(xi, X2), F(x1, X2), K(xi, Xz) as before

L 2 -
aBZ—SR(XlF,z-XzF,l' !
2(1+v)IK 2

3

X2

4 + vy

+ X1 X2) dA

ou® = 02° = 0° = 0
oxn® and 3" can be calculated from equations (g1) and (g2)

03" = -L(l-Xg)X1/|

problem [C] : pure torsional problem
same ¢(x1, X2), K(xi, X2) as before

(,lc = - LX2O/K
ou® = 02° = 01° = g1, = 0
on® = Y at (¢,1-X2)

3° = M a® (2 + X1)

by superposition principle

on =0xn =g =0

O = 03" independent of a®, a© and x;

8-10
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B c
O3 = 031 t oaxn

_ B c
O3 = 03 t 03

a = a® + a°

Definition : Center of flexure

The location of point Q*(x.*, xo*, 1) for which L passes through such

that a = 0 is called the center of flexure

a = a® + ¢° for L located at center of flexure
then
1 2-v 4+vy
Xp* = SrR(F2-X F,i- X2* + Xi? X2) dA
2(L+v)1 2 2
similarly
2-v 4+vy
X*=—— Sr(X2F1-XFp2- X® + X1 X2%) dA
21+ 2

Theorem : If R has an axis of symmetry, then Q* is on this axis, if R has

two axes of symmetry, then Q* is the centroid of the area

proof if R is symmetry with respect to x; axis, then

§ (X2, X2°, odd function of x;) dA = 0

then 1
X* = ———— [ r (X1 F2 - X2 F,1) dA
2(1+v) 1
but VvF =0 inR
F,n:_l/z[vx12+(2—v)x22]n1—(2+v)X1in2 onC
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Nnfe;+ne

at A(Xq, X2) n
at A’ (X1, -X2) Nn=ne-ne;

and x, n, isthesameat A and A’
l.e. F,, issymmetric w.r.t. x; axison C
F(x1, X2) is an even function of x,
F,. is also an even function of x;

F,, is an odd function of x.

i.e. XxiF,, and x,F,. areodd functions of x,
then SrR(x1F2-xF:)dA =0

X2* =0

@ Consider R isa circular section of radius a subjected to a transverse L at

the end
=0 n=e,
N1 = cos 6 X1 = pcoso
n, = sin 6 X, = psinf
flexure function F(x, x,) satisfies
1 1 .
vVF=F, +—F,+ —Fun=0 inR (a)
p p
oF oF 1

= | :-_[v)(12+(2—V)X22]n1'(2+V)X1X2n2
an op " 2
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onC

3+2 3
- Y a2cos @ + 2 a? cos 30 (b)
4 4

general solution for the harmonic function in polar coordinate is

F(p.0) = £ p"(Ancosnd + Bysinno) (c)
oF oo
— | = T na"'(A,cosnd + B,sinnb) (d)
op =m0

from (b) and (d), we have

B, =0 and A, =0 forn=1and 3
oF
—— 1| = Aicosf + 3a’*As;cos 30 (d)
op
) 3+2
l.e. Al = - va2 A3 =Y
4

substitute A; and A; into (c), we have

3+2v

1
a’pcosf + — p*cos 30

F(p’ H) = -

orin X;, X, coordinates

3+2 1
F(x1, X2) = - vaz X1 + — (X® - 3 X%9)
4
L 2 -V
a:—SR(XlF,Z'XzF,l' X2®
2(1+v)IK 2
4 +
+ vX12X2)dA
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L 3 3+2v 3
= —— (r{a(-—XaX2 - X [- az"‘—(Xlz'Xzz)]
2(1+1)IK 2 4
2 - 4 +
- VLI Ly X2)} dA
2
L 2v-1 2v-1 3+2
= Sr( ! Xi? Xp + ! X + vazxz)dA
2(1+v)IK 4 4 4
L 2v-1
- PTT a(x? + %) xe dA
2(1l+v)IK 4
L 2v-1 .
= ! Srp?psinf dA
2(L+V)IK 4
a =0 (no twist angle)
the stress components are
ou =02 =02 =0
g = -L{U-xa) X /1 = -4L(I-%) xi/ma’ [l == a*/ 4]
X2 2 -
i3 = pa(fa-X) - ———[Fa + —— + Ry
2(L+v)I 2 2
_ 4L [3+2Va2_3_(X12_X22)_ V Xq°
2rat(l+v) 4 4
2 -
- v X22]
4L 2 2 2
:-2 a* (1+ ) [B+2V) (@ - X)) - (1-2V) %]
T 1%

similarly
(1 + 2 V) L X1 X2

8-14
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0'23:_

nat(l+v)

also we get maximum shear stress occurs at (0, 0)

along x;: = 0, g3 = 0, but gz isnot constant

ifweuse v =0.3

we have o = 1.385L/A at center

0'31:1.231L/A at xo = ta

from the elementary beam theory

o = 4L/3A
= constant on x; = 0

= average value

Shear trajectories

d x, B O3 B 2(1+2V)X1X2
d x; 031 (3+2V) (x12—a2) + (:I.-ZV)XZ2
or
) ) 1-2v
2(1+2V)X1X2dX1-(3+2V)(-a + X3© + Xz)dX2=0
3+2v

the general solution is
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3+2y
1+2y

X2 + X2 =a’-Cx, C is a constant

for v = 0.3, the numerical results

are indicated in figure

the distortion of the cross section at x3 = ¢ can be obtained

X3
Us = - ? [(I - —) X3 X1 + X1 X7 + F(Xh XZ)]

[2c21-Cc)x1 + 4xix? - (3+2v)a’x

na‘E

+ X (X12 - 3X22)]

- [-B+2v)a?+2c(2l-c)] x: -
ra'E ma

(X2® + X2%) X1

[linear term] [nonlinear term]

the linear term represents the rotation of the cross section, and the

nonlinear term represents the distortion of the cross section

the contour lines of the distortion are given by

(X2® + X2%) X1 = constant
na‘E

some numerical results of the contour

lines are shown in the figure
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plane will not remains plane

@ Consider R of the beam as a rectangular cross section

VFF =0 inR
Fin = -%vx®+(2-v) %2 n]

-(2+V)X1X2n2 onC

on X3 ==b nn==+1 n =20

F,n = F,1 n = '1/2[Vb12+(2'V)X22]

on Xo = ta ng =0 n, = +1

Fn=F.n=-2+v)ax

2+ v , 2+ X13
X1 X2© - —_
2 2 3

let G =F +

2+v
then v°G = V°F +

(2X1 - 2X1) =0

G:1=F, +1/2(2+V)X22 - 1/2(2"‘V)X12

G,l(ib, Xz) = -1 [V b12 + (2 - V) X22] + 15 (2 + V) (Xz2 - X12)
= ux? - (1+)b2 (a)

similarly

G,z(Xz, ia) =0 (b)
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to solve the function G(xi, X2), let

G(Xl, Xz) = X(Xl) Y(Xz)

and X (#h) = vx2 - (L+v)b? (@)
Y'(+ta) = 0 (b”)
v2G = 0, then we have
X N Y - 0
X Y
let Y” -y
Y
then Y(o) = { Acos/iXx, + Bsin X |]1: jio
if 1=0

ar Xo + a

because F(xi, X2) is a even function in X, then G(xi, Xz) is also a even

function in X, therefore B = a; = 0

from (b) Y’ (xa) = 0

sinta =20 ==> h=nmnla
also X" _ 52
X
Chcoshnzmxi/a + Dysinhnzx,/a forn=0
X (1) = {
Az X1 + A forn=0
from (@) G,(xb,x2) = vx? - (1 +v)b? (c)
==> C,=0

we have X (b) = X’ (-b)
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- N X N7 Xz
G(X, X2) = a3’ x1 + a2’ + £ Dy’ sinh COS (d)
n=1 a a
w N7 nzb N7 Xo
then G,(zb,x;) = a® + ¥ —— Dy’ cosh COS (e)
=l a a a
a>  4a® . (1) nmx
but X2 = — + g (O e X )
3 n? ™ on? a
a® 4a’ 1 1
[on x°=+a a2 = — I+ 4+ +)
3 n? 4 9 n?
a® 4a® r?
=—+——=a (0.K)]
3 n° 6
from (c), (e) and (f)
a>  4a® . (-1)" N7 X,
v[— + > Ccos ] - (1 +v)b?
7.[2 n=1 n2 a
w NT nzb N7 Xo
= a;’ + ¥ ——Dy cosh COS
=l a a a

thus, we have

y a
as’ = - (L+v)b?

3

4%y (-1)"
m*n*cosh (nzb/a)

thus

y a
G(Xl, Xz) = [— - (1 + V) bz] X1 + au

4ay o (-1)"sinh (nmxi/a) cos (nzx./a)

8-19
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™ n* cosh (nzb/a)

and

1
F(x1, X2) = G(Xq, X2) + " (2+v) (X - 3 X1 %29

if the transverse load is applied at center, then no twisting angle

ile. a=0

the stress components are

on = 0xn =02 =0

L(l-Xg)Xl 3L(|-X3)X1
O3 = ~————————— = -
I 4 ab®
L X12 2 -
0-31:-—[F,1+ V1+ szz]
2(1+v) 1 2 2
X2  2-
— T [Gn+ LR+ (2-xD) + —= + Ly
2 (1+v) | 2 2
=[Gyt L) X2 - vxd]
2 (1+v) |
similarly
L
op = -——— Gy
2 (1+v) |
at x4 =
031 = - L [G,l - VX22]
2 (1+v)

gs1 1S not a constant, it vary along x, axis

8-20
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v a? 4aty . (-1)"cos (nnx./a
Gu= — - (L+v) b+ 5 L) cos (nuxefa)
3

n* "' n®cosh (nzb/a)
fora=b and v = 0.3

G, ~ -1.2105 &’

12 L
o = ———(1.2105 2% + v X2
2.6 (2a)*
L X
= 1.1538 — [1.2105 + 0.3 (—)7]
A a
gy = 1.3967 L/A at x,=0
o1 = 1.75L/A at X, =+a

from elementary strength of materials

0'31:1.5|_/A at x,=0

also usz may be calculated, it is seen that
plane section do not remains plane, the
contour line of the cross section as shown

in the figure

@ Inverse Method Using Curvilinear Orthogonal Coordinates
Let z = f(w) be analytic

where Z =X+ 10X
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w =Y + |y2
and let ¢ = Re {f}
y = Im {f}

¢ and w satisfy Cauchy-Riemann condition

consider the curvilinear coordinates given by
X1 = ¢y, y2)
X2 = w(yn Y) (a)

if y1» = ¢, (a) isacurveof x; = Xo(X, C)

similarly, if y, = d, (a) is afamily of curves x, = Xx(xs, d)

y: and y. are called curvilinear coordinates, the analytic function f(w) is

said to generate the curvilinear coordinates

Notation V() = ()ner + ()€

V() = O + ()22

Theorem : The coordinates (yi, y.) generated by f(w) are

(@) orthogonal

b ds ds
®) =S oy
dyl dy2

where S; and S, are the lengths along y: and vy, respectively

© 1
2




dr d X1 d X
t1 = = e + ()
dS; y.=const dS; dS;
o¢
but  d X = dy: [X1 = (Y1, y2)]
y2 = const oY1
oy o
d X, = dy, = -
y2=const  OVY1 0Y-
0 ¢ 0 ¢ d Y1
L, = ( e, - ez)
oY1 oY> dS
0¢ og dye
similarly t, = ( e + )
oY oY1 dS
let d Y1 _ 1 d Y2 _ 1
d Sl A d SZ B

1 o¢p 0¢ o¢p 0¢
then t,-t, = ( - ) =0
AB oy1 0Ya oY, 0OVY1

dyi [X2 = w(y1 y2)]

thus t, L t; I.e. the coordinates are orthogonal
o o
-t =1 A% = (—)2 + (—)2
ayl ayz
A=vg|
similarly  t,-t, = 1 ==> B=|V¢]
02 02 4
sz = =4 =
O Xi OXi 07 01 f(w)f(w) v ow

Elasticity
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1 0?2 1
= : > = - Zvy
I (@)|* oyioyi | (w)]

2

o4 o4
P () = L
ayl 8y2
o¢ o¢
" () = (—)° - (—)* = A’ = [Vydf
ay1 ayz
2 1 2
V% = V¥
| Vyé [

Consider the coordinates (yi, Y.) generated by
f(w) = ccoshw = ccosh (y: +1iY,)

X1 = ¢ = ccoshy; CosYy,
X2 = w = csinhy;siny;
X o

)2 - (—)* = A% = ¢?(siny, + sinh?yy)
oY1 dY2

A= (

for y» = constant, we have

2 2
X
+ 2 =1

c? cosh? y; c?sinh?y,

X1

this equation represents an ellipse with

a’ = c®cosh?y,

b? = c¢?sinh?y;

for y, = constant, we have

2 2

X1 X2

c?cos’y,  c?sin?y,
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this equation represents a hyperbola

thus, (yi, y2) represent an elliptical coordinates

@ consider the cross section of the beam is an ellipise

C: + =1
a2 b2

for this problem, elliptical coordinates will used

the elliptical coordinate y, = & represents an ellipise

onC

-1/2[\/X12 + (2-V)X22] n, - (2+V)X1X2n2
on

oF  8F  oF oy

on o¢ B oy1 o¢
ayl dyl 1
but =n = =
ﬁf ds, A
oF 1 F

o¢& A Y1 oy=¢

¢
= - A[V<152+(2-V)'7UZ] + ¢y (a)
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VXZ F=0 inR
by part (c) of the above theorem

(v’ F)/A%2 =0 in R
ie. VW2F=0 inR (b)

X1 = ¢ = ccoshy;Ccosy,
X, = w = csinhy;siny;
a’ = c?cosh?y;
b? = c¢?sinh?y;

a’ - b?

(e}
)
1

then equation (a) becomes

8(0F/ ay) |v-c = [-a2b(5v+4) + b*(v-2)] cosye
+ [b*(2-v) +a?b(4+v)]cos3y. (c)

solve (b) satisfy (c), try the solution of the from

8 F(y1, y2) = f(yz) cosy. + g(y.) cos 3.

to satisfy the boundary condition on C, we get [equation (c)]

fly1) = aicoshy, + a;sinhy;

as a4
g(y:) = —cosh3y, + —sinh 3y,
3 4
F(y1, y2) isaneven function, then a, = a; =0

ds
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8 F(y., y2) = aicoshy;cosy, + 3 cosh 3y, cos 3y, (d)

from (c) and (d), we find

ar=-c[b?(2-v) + @2(5v+4)]

8= —[DPQ2-v) + & (v+4)]
3a’+b?

transform back into (xi, X2) coordinates

a’[2(1+v)a + b?
X1

Pl ) = - 3a2 + b?

N 2&2+b2+V(aZ-bZ)/2 X13-3X1X22
3a> + b’ 3

".” the section is symmetric in X;, X, axes, .". O is the shear center,
thus a =20

¢(X1, X2) 1S not necessary to be used, so we don’t want to find the

warping function in this problem

from equations (g1) and (g2) inp. 8-5, gs: and g3 can be calculated

2@1+v)a®+b> L 1-2v)a?
Ga = (1+v) [a2 - x:2 - ( V) X

(L+v)(3a*+b?) 21 2(1+v)a® + b?

2

(1+v)a> +vb®> LXxiX
(1+v)(3a*+b? I

for a =b, the stress components are the same as in circular cross section

which are calculated before



Elasticity

at x;, = 0

2(1+wa*>+b> L _, (1-2v)a?
o3 = a -

X
(1+v)(3a2+b?) 21 2(l+val + b

0'3220

maximum a3 occurs at (0, 0)

2(1+v)a? + b*> La?
(0'31)max =
(1+v)(3a*+b?) 21

if b >> a, then

2 L

(0'31)max = —
1+v A

4y L

Xzzib 1 + V A

take v = 0.3

(U3l)max = 154L/A
(Jsl)x T 092L/A

also us; can be obtained



