Applied Mechanics -- Dynamics

Chapter 18 Kinetics of Rigid Bodies in

Three Dimensions

18.1 Introduction

two fundamental equations

2F=ma
EMG = I.IG

for plane motion Hs = [w

for three-dimensional motion, Hg have to be discarded and replaced by

the more general relation

18.2 Angular Momentum of a Rigid Body in Three Dimensions
consider a rigid body moves in space

the angular momentum of the body is

n
HG = _21 (ri’ X Vi, Ami)
i=

vw=wxr’

Hg = Z [r’ x (0 x 1) Am]

le¢ Hg = Hyi+ Hyj + H,k
w =i+ wj+ wk

L —

P =xii +yij+zk

n
then Hx = i§1 [yi (Cl)xyj - Qy xi) - Zi (a)z Xi - oy Zi)] Am;

n n n
= o Z 0"+ z%) Ami - ZXiyi Ami - @, X Xizi Am
= 1= i=
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for a rigid body, the numbers of particle — oo, then X can be replaced

by § ,thus H, can be written
Ho = §0*+2)dm - wySxydm - w,§ xzdm

but L=FS07+ 2)dm
lxy= Sxydm Ixzz SXde

are the centroidal mass moments and products of inertia of the body, then
Hx = Ixa)x = Ixywy = IXZCOZ
similarly

Hy = -Ixwa + [ywy - Iyza)z

Hz = 'Ixza)x - lyza)y + Izwz

| Hx| | x| o
let {H} = |Hy| {w} = |y ) X
| Hy | |y | z
| Ik - Ly - L]
and [I]=|-Ly I -1,]
| -Le -1y 1 |

where [ ] defines the inertia tensor
then {Hs} = [1] {w}

if Gx’y’z’ are the principal axes of inertia

thCn [x’y’ = ly’z’ = lx’z’ = 0
L2 0 0]
and [1=10 L’ 0]
|0 0 L]

where L’, I,’, I, represent the principal centroidal moments of inertia

of the body, then

Hx’ —_ Ix, a)x’ Hy, — [y, wy’ Hz’ —_ Iz’ wz,
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if ' =1, = L’, then H’, H’, H, are proportional to the components

wy’, Wy, W,
ie. Hs Il o’
in general, H; and @ will have different direction
eg. L=1L,L=2L=3and o,=1, wy=2, w,=3

then Ho=1 H=4 H~=9
thus Hgs not// o’ ' z

except when two of the three components of w are zero, i.e. w directed

along one of the principal axis

1.e. Hs and w have the same direction if and only if @ directed along

a principal axis of inertia

this condition is satisfied in the plane motion is of a rigid body

symmetrical with respect to the reference plane

thus H; = Iw 1is correct for plane motion

this result cannot be extended to the case of plane motion of a

nonsymmetrical body, or to the case of three dimensional motion
y

the angular momentum H, may be

expressed
Ho = HG + rxmy

for the body constrained to rotate
about a fixed point O, H, can be

expressed

n
H, = _Zl(rixvi Amy)
F

b)

Hg

rj)

L =mv
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where Vi = wXr

similar as previous, it is obtained

Hx = wax - Ixywy - Ixza)z
Hy = '[xywx + Iywy - Iyza)z

H =-I,0 - I,o, + I,,

where I, L, I, Ly, I, and I, are the moments and products of

inertia with respect to the frame Oxyz

18.3 Application of the Principle of Impulse and Momentum to the Three
Dimensional Motion of a Rigid Body

principle of impulse and momentum

syst momenta; + syst ext. Imp;., = syst momenta,
this principle have 6 equations, 3 linear equations and 3 angular
equations '
in solving problem dealing with the motion of the body about a fixed
point O, it will be convenient to eliminate the impulse of the reactionat O
by writing an equation involving the moments of momenta and impulses

about O

18.4 Kinetic Energy of a Rigid Body in Three Dimensions

for system of particles, the kinetic energy is expressed

n
T=Y%my + VzZIAmivi’z
£
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v]_az = IVi’lz =

= |loxr

n
define T’ = Vz.ZlAmi |wxr |
£

w =i+ wjt+ wk

b

r = xii +y.'_i + Zik

expressing the square | w x 1’ |* in terms of rectangular components of
the vector product, and replace £ by § for the rigid body, it can be

obtained

27°= §[(wny - oyx)* + (wyz - @,y + (w.x - @, 2)*] dm
= wl{P+2)dm + 02§ (E+22)dm + ol § (2+y)dm
- 2wy Sxydm - 20y, §yzdm - 2w, §xzdm
I'=%hol+ Lo+ Lot -2L oo, - 21, 0,0,

- 2 lxz a)x a)z)
and the kinetic energy can be expressed

T= 1/2771)[2 + 1/Z(Ixa)x2 + lya)y2 + lza)z2 - ZIX;'-COXCOY

-2, 000, - ZIx;wxwz)
if we choose x’,)’, 2z’ as the principal axes, then
Ly = Lyy = Ly = 0
and T=Yimy + %l w? + L w?* + L 0%
for plane motion, wy = wy = 0, W, = ®
T=Ymy+ %ilo?
for the body rotates about a fixed point

n
T="%" _ZlAmi V2
i=

Viz = |vi|2 = !Q)Xhz
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as n — oo, X — { then )
T=%Lol+Lwl+ Lot -2 Loy -2 1, oy, -2 L, ow,)
if the principal axes x’,y’,z’ are chosen as the coordinate axes, then

T = Yl w? + I, oy + I w%)

Sample Problem 18.1
a rectangular plate of mass m
determine v and w of the plate immediately

after impact

assume the wires remain taut

vy=wi+ v,k

W= i+ wj
since x, y, z are principal axes of inertia
then Hs = Lwki + Loy j

(1/12) m b* oy i + (1/12) m @* wy j

principle of impulse and momentum
¥

T, At TgAt

[SICY

FV(Z WAt

linear momentum
Xx-comp. 0 = muy, v =0
z-comp. -FAt=my, v, = -FAt/m

then v =-(FAt/im)k
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angular momentum

x-comp.  FAt(b/2) = Hy = (1/12) m b
y-comp. -FAt(a/l2) = Hy = (1/12) m * wy

6 FAt _ 6FAt
x = wy - =
mb ma

W=+ wj

(6FAt/mab)(ai - bj)

and He = H.i + Hyj = %2 FAt(bi - aj)

note that Hs and w are in different direction

Sample Problem 18.2
OG has negligible mass
mass of disk = m

determine (a) w of disk (b) Hy (¢) T (d) Hs and my

w=wli- w]j

since vce = 0, 1i.e. wxrc =0

(i + o )x(Li-rj)=0 y
Lw -rw)k=20 J '

w, = rw /L

ie. w=awi-Fw/L)j
since x, y, z are principal axes of inertia of the disk

Hy = Lo, = Y2mr w
(mL* + Yamr®) (- ro/L) = -m (L2 + Y4 %) (roo/L)
H =Lw, =0
H, = Hyi + Hyj + H, k
=Yomr i -m(L+Yr) (-ro/L)j

Hy = I, wy

i
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T=YLo+ Lo+ Lad)
=Y [Vamr w? + m(L*+ Y% )(- ron/L)]
= Yomr (6 + PIL?) o

Yy =wxr = [wi- o/L)j1XLi=rwk
my =mrw k
L, =1L, =m~r/4 L =mr/2
Hg = Lagi + Iy w,j + [ 0, k
=Yomrrw (i - r/2Lj)

note that Hg and w are not in the same direction

18.5 Motion of a Rigid Body in Three Dime_nsions |
OXYZ : fixed frame ‘
GX’Y’Z’ . translating frame
Gxyz : rotating frame attached to the body

fundamental equations

2F=ma

EMG = I.IG
Ho = H,i + H,j + H, k
= HX’P + Hy.” + Hz*K’

since H; = [1] {w}

d[1]

then ﬁG = a7

(w} + 1] (52

but dIx/dt, dIxy/dt etc. are not east to find, thus it is difficult to

calculate dHg/dt by this way
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define (iIG)nyz is the rate of change of Hs with respect to rotating

frame Gxyz, then

d[I]

(Foows = L 0y + (17 (22,

since the moments and products of inertia will maintain the same values

during the motion when observed from the body fixed coordinates Gxyz
then (I.IG)nyz = [1]{a}
I;G = ([-.IG)nyz + Qx Hg
Q : angular velocity of the rotating frame Gxyz
thus SMs = Hs = (Ho)ox + Qx HG

in this case, Q is identically equal to the angular velocity @ of the

body, if Gxyz is not a body fixed coordinate, QQ and w are independent
for an axisymmetrical body
w = + [49))

choose Q = w,, then [/ ] remain

constants in Gxyz when body in motion

itis clearly that Q + w

. 18.6 Euler’s Equations of Motion, Extension of d’Alembert’s Principle to
the Motion of a Rigid Body in Three Dimensions

if x, y, z axes are chosen as principal axes of inertia of the body, then
HG = waxi + lywyj + lzwzk

setting Q = w
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2 Mo = H = (Ho)ow: + Qx Ho
i j k|
QxHs = | oo @ ]|
| Lo Loy ILw,|
thus the three scalar equations can be expressed
M= Lox - (& - L) wyo,
M, = Loy, - (L - L)oo
M, = Iza.)z - ik - L) ox oy
this equations are called Euler’s equations of motion

with 2F, = may XF,=may h XF, =ma,

we have 6 equations to solve the dynamic problems

the system of the external forces acting on
a rigid body in three d imensional motionis
equivalent to the system consisting of the

vector m a attached at the mass center G of

the body and the couple of moment Hs

18.7 Motion of a Rigid Body About a Fixed Point
OXYZ : fixed frame

Oxyz : rotating frame

ZMO = I-Io = (Iio)oxyz + QXHO 2
z/

. /€
(Ho)oxy : rate of change of H, with respect to the rotating frame Oxyz

Q) : angular velocity of Oxyz

if Oxyz is attached to the body, then Q=ow
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if Oxyz is not a body fixed axes, then Q+w

18.8 Rotation of a Rigid Body About a Fixed Axis
AB : fixed axis (not a principal axis)
chosen Z and z axes coincide with 4B -
then w=wk o=w=0

thus Hy=-I,o H =-I,0 H,=lLw

since Oxyz is attached to the body, then Q = w =" wk

thus I My = Ho)oy + Qx Hy
= (-Iyi - Inj + LK) o
+ kX (-Igi - I,j + LK)
= (-Ioi - Inj + Lk)a + (-Luj - Lpi) o?

ie. IM, = -I,a + I, @
IM, = -Iya - Iya?
IM, =1a

if the rotating body is symmetrical with respect to xy plane, then I, =

I, = 0 [that means z is a principal axis], then

XM, =M, =0
M, =La [plane motion problem]

if Ly, Iy, # 0, but @ = 0 (constant w), then

IM = I, a?
IM = -L, &
M, =0

consider the balancing of a rotating shaft

for static balance A, =W

18-11
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if the shaft is rotating with constant w

chosen Gxyz as the body fixed axis, then

Iy=1I,=0 [." all x = 0]
I, =+%0

IM,=I,0* # 0

EM, =M, =0

but TM, = A, = Bl
Ay = B =L,0*/1

Ay, and B are proportional to w?, A, and B are called dynamic
reactions, which are contained in y-z plane, it cause the structure support
to vibrate,

dynamic balancing : if we let [, becomes to zero by adding corrective

mass, the dynamic reaction may reduce to zero

Sample Problem 18.3
L=24m m=20kg
w = 15rad/s B = 60°

determine 7pc and Ra

r = (L/2)cos B
a, = -ro*l = -1351 (m/s?)
ma = -27001I (N)

5]
It

since Gxyz is the principal axes of rotation

L=L=ml*/12 L=0
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let Oxyz be the body fixed axes, then Q = w

equations of motion

T M,: IMy, = Hy = (Hoox + Qx Hy

D.k

= (i - Lyj - Iek)a + wix(hi - Lyj - ek o
=Lai- (ya - L,aD)j- (lea + Lya*)k

but SMy=Lix(D,j + D, k) + Mi
= Mi-D,Lj+D,Lk

note that the masses of rods 4 and B are neglected

thus M=La=2(smc)a
a=3M/2mc
and Dy = -(Iya + Lyw?) /L
D, = (Iya - Ly /L
Ly=Zmxy=m(2L)(%c)=YamLc
L.=Xmxz=mL)(%2¢c)= YamLc
- 3M 1
then Dy—-16 o T g mew
_3M_ 1w
D, 3 o 8mcco

with @ = 125.7rad/s ¢ =0.1m M =6N-m m = 03kg
D, = -1298N D, = -368N

similarly, take £ Mp, it is obtained
C, = - 1522N C, =-1552N

note that T F, #+ 0 and £ F, + 0, since G isnotlocated on CD, thus
a+ 0, XF=ma=+0
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let Oxyz be the body fixed axes, then Q = w

equations of motion

ZM(): ZM() = ﬁo = (}io)o,(yz + QXH()

D.k

— (Li-Tyj- Ik a+ @ix(i-Lyj- ko
=Lai - (Iya - Lea?)j - (ea + Lyo?)k

but SMy,=Lix(D,j + D.k) + Mi
= Mi-D,Lj+D,Lk

note that the masses of rods 4 and B are neglected

thus M=La=2(smc)a
a=3M/2mc

and D, = -(Iya + Lyw?) /L
D, = (ya - Lea?)/L

Ly=Xmxy=m®:L)(2c)=YamLc
L. =Xmxz=m®L)(Y2c)= YamLc

_ 3 M 1 )

then D,,——16 S - mew
_ 3 M 1 )

D, Tz 8mccz)

with w = 125.7rad/s ¢ =0.1m M = 6N-m m = 03kg
D, = -1298 N D, = -368N

similarly, take £ Mp, it is obtained
Cy = - 1522N C,=-1552N

note that £ F, + 0 and £ F, # 0, since G isnotlocated on CD, thus
a+0,XF=ma=+0
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Sample Problem 18.5
the disk rolls on the floor with w,;

determine the reactions at O and on the floor

from sample problem 18.2

w; =rw /L

a=-Lw’i

thus ma=-mLwli=-mrPw?/Li

choose Gx’y’z’ as the rotating frame (not the body fixed axes), then
Q=-wj

note that Q # w, but [I] = constant on the‘x frame during motion

1 . r
HG——2-mr2a)1(¢ --Z—L—j)

H; = (I.IG)Gx’y’z’ + Qx Hg

1 .
0- CFNxlzmP ol - 5

_ 1 r 2

= mrz(L )wi? k
equations of motion
= M: Lix(Nj - Wj) = Hg

_ r 1y

b

=W+
NW2

mr? (—2—) wi? =

with w; increase, N is increased

X F: R+ Nj-Wj=ma
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mrto?® . r

R=-—7—C+ 51D

also, R increased as w; increased

18.9 Motion of a Gyroscope, Eulerian Angles

18.10 Steady Precession of a Gyroscope

18.11 Motion of an Axisymmetrical Body Under No Force



