Applied Mechanics -- Dynamics

Chapter 17 Plane Motion of Rigid Bodies :
Energy and Momentum Methods

17.1 Introduction
two additional methods are introduced :
1. method of work and energy
2. method of impulse and momentum

problems of eccentric impact of rigid body are also considered

17.2 Principle of Work and Energy for a Rigid Body

for a system of particles
h+U.n,=1T

consider a rigid body is made of large number of particles

Ti, T» : initial and final values of total kinetic energy of the particles
forming the rigid body

Ui : work of all forces acting on the various particles of the rigid body

total work due to internal forces acting on the particle of the rigid body is
zero, thus U, is the work of external forces acting on the body during the
displacement considered g

the kinetic energy can be expressed

T="Y é (amy) v

17.3 Work of Forces Acting on a Rigid Body

the work done of a force F during a displacement from 4; to A, is

U1_,2 = SAZF o dr
A,
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or U, = §%(Fcosa)ds
S1
if F cos a = constant, then
Ui, = Fcosa(s; - s1)

the work done of a moment M during the

rotation from 6, to 6, is
U].,z = S:zM dH

if M = constant,then U, = M (6, - 6))
forces do no work ;

1. acting on a fixed point

2. force L displacement

3. in rolling motion, friction force do no work

17.4 Kinetic Energy of a Rigid Body in Plane Motion

consider a rigid body of mass m in plane motion
vi=y+ v

v’ 1is the relative velocity of P; to its mass center

the kinetic energy is

n n
T = XY am v? = Z Vs Ami (v + Wy
i= 1=

n n
=Yomy + z_ZlAmi vi + ,211/2 Am; v;?
1= 1=
o b
Vi = ri @

n
T=Ymy+% (ZlAmi ri'?) w?
Yo

=Yemy + Vle? =Ty + T

17 -2



Applied Mechanics -- Dynamics

for a body in noncentroidal rotation

n n
T = .211/2 Am;viE = le/z Am; (17 w)?
i= i=

n

= 211/2 (Aml ri’2) w? =Y I o’
i=

where Iy is the moment of inertia with respect to O

or T=Ymy+ %I =Y(m? + ] a?

= Wil [same result]

17.5 Systems of Rigid Bodies
each rigid body may be considered separately; the principle of work and

energy may be applied to each body, then.we have
T 1 + U 1-2 — T 2

Ti, T;: the sum of the kinetic energies of the rigid bodies forming the
system

U..» : work of all forces acting on the various bodies

17.6 Conservation of Energy
the work of conservative force may be expressed as a change in potential

energy, then
nL+n=nL+"V

the sum of kinetic energy and potential energy of a system remains

constant
note that the kinetic energy should include both translational term ¥4 m 2
and the rotational term Y2 I o*

consider a slender rod 4B of length /, and mass m, released from rest
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Datum Datum

=0 Vi =0-

T2=1/2my;_2+1/21a)2‘- [ = CGw = %lw]
= YmWlo) + %o

YVom P a? + (1/24) m P o?

(1/6) m P o* .

Va=-mg(2lsinf) = -Yamglsinf

Tz + Vz = 0

(/6)mPw? -Ysmglsind = 0

w = ( 3lg snf)”  and v = (—3{—1sm 0"
17.7 Power

the time rate at which work is done is called power
Power = dU/dt = F « v

if the work done is due to M and w

Power = Mdf/dt = Mw

Sample Problem 17.1
m = 100 kg v =2m/s
I of the flywheel = 15 kg-m?
M due to poor lubrication = 80 N-m

determine v after it moved 1.2 m downward
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at position 1
vi=2m/s w =wn/r=2/04 = 5rads
T1 = 1/zmy_12 + 1/2!6012

= 1%100x2% + 5415x 5% = 388]

at position 2
wy = 22/04
T, = Yamy? + Vo lw?

= 151002 + % 15 (/0.4 = 96.9 2

100g1.2 - 806 [0=12/04 = 3rad]
9371]

Uiz

principle of work and energy

h+U.n=T1T
388 + 937 = 96.9 v,
v, = 3.7m/s |
Sample Problem 17.2
ma = 10 kg ka = 02m
mg = 3 kg ks = 0.08 m

M = 6 N-m, no friction
determine (1) number of revolutions for wg = 600 rpm

(2) tangential force exerts on gear 4

YA A = B WsB

WA = FB COB/I‘A = (100/250) g = 04 (03]}

for s = 600rpm = 62.8 rad/s
wa = 25.1 rad/s
In = 10x0.2°> = 0.4 kg-m?
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Iz = 3x0.08 = 0.0192 kg-m?
T'=0

T, =%Ihowd + %o =1639]
U = MO = 606z

principle of work and energy for the system

I+ Uan=T1

0+ 66 = 163.9 Os = 27.32rad = 4.35 rev.
for gear A4

T] = 0

T, =YVolywa? = 1261
Uio = F(rabs) = Fx0.1x27.32 = 273 F

principle of work and energy for gear A

h+U,=1T

0+ 273F =126 F = 462N/

Sample Problem 17.3
a sphere, a cylinder and a hoop
each having the same mass and radius

determine v after its rolls for the center change in elevation A
rolling without sliding

y=row
T1=0
L =Yomy + %Blw?

Yomy? + VI (v/r)?
YVo(m + IIr*)
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U, 1-2 = Wh=m g h
principle of work and energy

mgh =Y (m + [Ir)V

o= 2mgh _  2gh
m + Ir 1 + I/mr?

sphere I=Q2/5mr v = 0.845 (2 g h)*
cylinder [ = Yam# v = 0.816 (2 g h)*
hoop I=m~r v = 0.707 2 g h)*

if no friction, @ = 0, v = (2gh)* is the same for each body

Sample Problem 17.4 .
m = 15kg W=mg=1472N
k of the spring = 300 N/m

the spring is compressed 25 mm initially

determine w and reaction at O when the rod at vertical position
Tl _ O Position 2—»%
Vi = (V). = ¥2300x0.0252 = 93.8] o

T=Yomy? + ¥ [w?

v, = 0.45 (410)]

147N

[=(/12)mP = (1/12) 15x 1.5% = 2.81 kg-m?
Tz = 1/2 15 (045 Cl)z)z + 1/2281 0)22 =292 6022
Vo= (V) =mgh = 1472x0.45 = 6627

conservation of energy

h+"n=0L+"0
0 + 93.8 = 2.92w;* + 66.2
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@, = 3.07 rad/s clockwise
reaction at position 2

a = 0450 —
an = rwy? = 045x3.072 = 424 m/s? |

ZMO = (ZMO)eff
O=mar+Ila=U+mP)a

a=20 and a =0

Z"F‘)("—:(Z};'x)eff = Rx=0

LFy = (ZF)es
1472 - Ry = ma, = 15x4.24
R, = 836N 1 -

Sample Problem 17.5
m = 6kg
release from f = 60°

determine was and wp for f = 20°
for g = 20°

BC = 0.75m
CD = 2x0.75sin20° = 0.513 m
EC’ = CD* + ED* - 2CD x ED cos 70° s |

EC = 0.522m

let wap = w vas = 0.375 w |\ 20°
ve = 075w |\ 20°

vB — CB wpp = 075 WBD

wsp = w counterclockwise

17-8



Applied Mechanics -- Dynamics

vep = 0.522 w \\
at position 1

T] =0
Vi = 2mg(0.375 sin 60°) = 38.26J

at position 2

L= 1/2mABl’A§2 + Y2 hp @* + Yampp vpp® + V2 Inp @?

Ls = Lo = (1/12) 6 x 0.75* = 0.281 kg-m?

Y5 (6) (0.375w) + 5 (0.281) @? + ¥ (6) (0.522w)?
+ % (0.281) o2?

1.52 w?

Vo, = 2mg(0.375sin 20°) = 15.17J

T,

conservation of energy

h+n=>L+"N
0 + 38.26 = 1.52 w* + 15.1
w = 3.9rad/s

T 7 " G0Emn

Ay Datum
Position 2

was = 3.9rad/s clockwise

wsp = 3.9rad/s counterclockwise

w=CDw = 0513x39 = 20m/s —

17.8 Principle of Impulse and Momentum for the Plane Motion of a Rigid
Body
a rigid body can be considered as a large number of particles, the
principle of impulse and moment derived in chapter 14 can be used
consider again a rigid body as made of large number of particles P, the

momenta at time ¢, and at time #, can be related
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(v; Am,)y

(v; Amy)y

(o] x [¢] P x o x

System Momenta, + System Ext Imp;., = System Momenta,

the “equal” sign means equipollent for system of particles, but it means
equivalent for rigid body

linear momentum :
n
L = ,ElviAmi =my
P

angular momentum :

L=mv

and the principle of impulse and momentum can be shown in figure

below, there are three equations, two linear and one angular
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for noncentroidal rotation

Hy=Iw+ (mro)r

=(U+mPP)w=ILho

thus the impulse-moment relation can be expressed

Iy, + ZS:ZModt = Iyw,

linear moment equations can also be used, but the reactions at O must
be included

17.9 Systems of Rigid Bodies
system of rigid bodies may be analyzed by applying the principle of

impulse and momentum to each body separately

17.10 Conservation of Angular Momentum
if no external force acts on a rigid body, the impulses of external force
are zero, the momenta at # is equipollent to momenta at t.z.
the total linear momentum of the system is c onserved in any direction
and the total angular momentum is conserved about any point
if the external forces all pass through a point O, its linear momenta may
not conversed, but its angular momentum is conserved

that is (Ho)] = (Ho)z

Sample Problem 17.6
ma = 10kg ka = 02m
mg = 3 kg ks = 0.08 m
M = 6 N-m

determine (a) time required for ws = 600 rpm
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(b) tangential force

In = maka’ = 0.4 kg-m? Iy = mp ks’ = 0.0192 kg-m?
for s = 600 rpm = 62.8 rad/s

WA — IB Cl)B/I"A = 25.1rad/s

principle of impulse and momentum for gear A4

Li@s) =0

Syst Momenta, + Syst Ext Imp,_,, = Syst. Momenta,
take moment about 4

0+ Ftray = IA(COA)z
Ftx025 = 04x25.1
Ft =40.2N-s

principle of impulse and momentum for gear B

Tg(ma)l =0 Ft 73(‘”3)2

Bt

Syst ‘Momenta, + Syst Ext Imp,_,, = Syst Momenta,

take moment about B

0+ M:¢ - Ft_rB = lB(CUB)Z
6¢-40.2x0.1 = 0.0192x62.8
t = 0.871s

and F = 462N
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Sample Problem 17.7

initial linear velocity »;, no angular velocity

coefficient of kinetic friction ux —
determine (a) time #, for the sphere start rolling without sliding

(b)» and w; at %

principle of impulse and momentum

x: myi-Ft=mwy (1) _

y-: Nt-Wt=0 )

Mg: 0+ Ftr = I, (3)

(2) => N=W Syst Momenta, + Syst Ext Imp,_,, = Syst Momenta,

F=uN=umg Ft=umgt
)=  »=w-megt “‘
3) = w; = (5/12)uxgt/r

when rolling without sliding

22 = ra)z => tZ - 2_ 21
7T uxg
at time £,
=7 T T
Sample Problem 17.8

r of sphere = 75mm Lo = 0.4 kg-m?
m of sphere = 1.5kg «w; = 6rad/s

when the cord is suddenly cut, determine

(a) w, when spheres have movedto 4’ and B’

z

- (b) energy lost due to plastic impact of the spheres and the stops at A4’
and B’
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principle of impulse and momentum

Syst Momenta, + Syst Ext Imp,_,; = Syst Momenta,

moment about y-axis

2(msrio)n +2Lawy + ko +0=2(msnw)rn + 2L, + an
Qmer? + 2L + )y = Cmsr?? + 2L + k) an
L = (2/5) msrd = 3.38x 103 kg-m?
msr® = 21.6x 10° kg-m’ msr? = 540 x 107 kg-m?

with w; = 6rad/s = w, = 1.82rad/s
T} = 2(1/2m51112 + 1/2[;0)12) + 1/2IRC()12 = 8.1J
Tz = 2(1/2m51322 + 1/2156022) + 1/21}{6022 = 246J

AT =T, - Ty = -564]
energy lost = (T, - Th)/ T = -69.7%

17.11 Impulsive Motion
very large impulse force acting on a rigid at very short time interval

thus non-impulse force are not considered during this interval

17.12 Eccentric Impact
in chapter 13, central impact was introduced
in this chapter, eccentric impact are presented, consider two bodies
which collide, and denote by v, and vs the velocities before impact of the

two points of contact 4 and B
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assume bodies are frictionless along z-direction
at maximum deformation, ux and up have the equal component along

n-n direction

denote § P dt : deformation impulse

§ R dt : restitution impulse
the coefficient of restitution e is defined
e= SRdt/ S Pdt :
now we propose to show
(8 )n = A" = e[(va)n - (ve)]

assuming the bodies are frictionless, the forces exert on each other are

directed along the line of impact

mv,

my, - SPdt = mu, €))

Iw -r S Pdt = [o* 2
similarly

mu, - SRdt = mu,’ 3)

Iow* -r (Rdt = [’ 4)
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equations (1) and (3), we obtain

un = Mn’
e = ———— 5
VYn - Un ( )

equations (2) and (4), we obtain

w* - @’
= —_— 6
e o (6)

multiplying by r the numerator and denominator of equation (6) and
adding respectively to the numerator and denominator of equation (5), and
let (ua)a = un + r @* etc., itis obtained

Un +ro* - (W +rw) _ (ah - (WA

e = :
Vo t ro - (Ut r w*) (Va - (Ua)n

(a)
from body B, it is also obtained

(VB’)n = (uB)n
@ = O O

knowing that (#a)n = (uB)n

adding respectively the numerator and denominator of equations (a) and

(b), we obtain

(VB’)n = (VA’)n
(VA)n = (VB)n

Q

if the body is constrained to rotate about a fixed point O, the similarly )

expression can be obtained

Low-r §Pdt = I o*
Lhow* -r SRdt = L’

w¥* - o’ _ ro* - row’ _ Ua)n - (VA"
w - w¥ ro - rw* Wadn - (Ua)n

e:
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similarly for body B, the same expression for e can be obtained

(VB,)n = (VA’)n
(VA)n = (VB)n

Sample Problem 17.9

ms = 20 g 350 mm 450 mm
vs = 450 m/s 12
my = 10kg i -

determine (a) w after the bullet becomes embedded

(b) reaction at 4 if time of embedding is ¢ = 0.6 ms

principle of impulse and momentum

ALt
AL AL
A5\ A A —r
o 3£ 0.225m
) m o + o — o———-)__L
G G | W& mpvy
mpgvy Irwy

Syst Momenta, + Syst Ext Imp, ,, = Syst Momenta,
x-: mpve + A At = mpy, (1)
y-1 -WAt+ A4, A8t =0 (2)

My mpvex035 = (m, + mp) »,x0225 + Lw, (3)

L = m,(a® + b*) /12 = 0.3375 kg-m?
v, = 0.225 w,
3) = w, = 3.73 rad/s (counterclockwise)
v, = 0.839 m/s

for At = 0.0006 s
(H = Ay = -1017N <
2) => A, = W =98.1N %
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Sample Problem 17.10

ms = 2kg mr = 5kg
Vs = 5m/s e =038

determine «’ and v,

Syst Momenta; + Syst Ext Imp,; ,; = Syst Momenta,

w =060 w =120 [ = mP/12 = 0.96 kg-m?
M, msvsx 1.2 = myvs’ x1.2°+ mpvr’ x0.6 + [’
24v, + 384 = 12 (1)

relative velocity
b

v - v = e(vS - VB)

120 -v =4 )

()and (2) => v’ =-0.143m/s <

w’ =3.21 rad/s counterclockwise

x-comp. msvs + Ax At = mgvs + mpvR’

Ax At = 5.122 N-s

for At =0.01sec A, = 5122N
At = 0.001 sec A4, = 5122N [very large]

Sample Problem 17.11
determine minimum v, for which the package

will rotate about B and reach conveyor belt C
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principle of impulse and momentum

Syst Momenta, + Syst Ext Imp,_,; = Syst Momenta,

XMy my; (a/2) = my, al(2)* + [w,
I=md/6 v, = aw;/ (2)*%
v = (43)a w '
conservation of energy Position 2
. @" B _ 6
— o — =
h, = BG sin 60 > a4~ 2.
k73
L &
GB= %«/Ea = 0.707a
for minimum v, v3 = w; = 0 hz:iif;:(w”so)
T2 — 1/2m 222 + 1/210)22 Pt-)s~iti0n3
1 (2)* 2 11 -
- +
2m[2 a ;] > g ma @
= Vam a* wy?
;=0 hy=GB = 0.707a
Y2
Vo= Wh, = (j) mga
%
Vs = Whs = (22—)mga
L+V=0L+"
Z) bZ)
Yam a® w? + %mgu =(27)——mga

w; = (0.284 g/ a)”
vi = (4/3)aw, = 0.711 (g a)*
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