Applied Mechanics -- Dynamics

Chapter 16 Plane Motion of Rigid Bodies,

Forces and Acceleration

16.1 Introduction
kinetics of rigid bodies : relation between the forces acting on the body,
the shape and mass of body and the motion produced
in chapter, the relations between force and motion of system of particles

are obtained

2F=ma
M, = H;

in this chapter, the discussion will be limited to
1. plane motion of rigid body
2. the rigid body considered will consist only of plane slab, and

symmetrical with respect to reference plane

16.2 Equation of Motion for a Rigid Body

assume the rigid body is made of a

large number » of particles of mass Am;,

and subjected to several external forces,

then

2F=ma
and I M. = FH

the system of external forces is
equipollent to the system consisting of

the vector ma attached at G and the

couple of moment Hg
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16.3 Angular Momentum of a Rigid Body in Plane Motion

consider a rigid slab in plane motion
n
Hs = _Zl(rl-' X Am; vy)
£
vV T XUy
n
Hs = El[n’ X (w x ri)Am;)

Hg has the same direction with w

o X
w LF Lo x =0
and rL (wx ry) o x (o x r) = orn?
. .
thus |Hg| = cu,eryz Am; = w §r*dm
1= ~

HG’ = !mm;sw

and  Iness = P Liea for plane slab

where I is the moment of inertia of the slab about its ce;ntrodial axis

then I;G’-_‘ICL.):_IC(:HG

[from chapter 14]

note that / doesn’ t change during the plane motion of the rigid body

thus it is obtained

ZMG=I}G=ZG

16.4 Plane Motion of a Rigid Body, D’Alembert’s Principle

consider a rigid body of mass m acted
upon by several external forces F), F,, -+,

the relation between forces and motions are

XF = ma 2F, = ma,
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and EMG=HG=I(1

thus the motion of the slab is completely

defined by the resultant and moment

resultant about G . of the external forces
acting on it
two system of forces has same resultant and same moment resultant are
called equipollent, they are also equivalent when acting on a rigid body,
because they have exactly the same effect on a given riéid body
the external forces acting on a rigid body are equivalent to the effective

forces of the various particles forming the body

translation :
ZF+0 a+0
IM; =0 a=0
centroidal rotation :
ZF=0 a=0
Ms; 0 a=+0
general plane motion :
ZF+0 a+0
IM; + 0 a+0

16.5 A Remark on the Axioms of the Mechanics of Rigid Bodies
from the principle o f t ransmissibility, two
forces F and F’ have the same effect on the

rigid body
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16.6 Solution of Problems Involving the Motion of a Rigid Body
there are three algebraic equations can be solved problem of plane

motion, free body diagrams of the dynamic equilibrium can be applied

the use of free body diagrams have the following advantages :

1. much clear understanding of the effect of forces on the motion of the
body

2. this approach makes the dynamic problem iﬁto vector problem

3. unified approach for the analysis of plane motion of rigid body

4. resolve the plane motion of a rigid body into a translation and a
centroidal rotation

5. may be extended to the study of the general three-dimensional motion

16.7 System of Rigid Bodies
a diagram similar to pervious section may be drawn for each part of the
system, the equation of motion obtained from these diagrams are solved

simultaneously

Sample Problem 16.1
vo = 10 m/s m = 3000 kg

uniformly accelerated motion when the break

applied, and the wheels stop rotating
the truck skidded to restin 7.5 m

determine the reactions and friction at each wheel
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for uniformly accelerated motion
0=V =yv"+2ax=10+2a75

a=-6.67m/s’ <

SF = (CF)a =0
NA + NB -mg = 0

LF = (Z Foer
-Fy - Fg=-ma
-u(Ny + Ng) = -ma
-pmg =-ma
u=alg=667/981 = 0.68

EMA = (ZMA)eff
-3000x9.81x1.6 + Ngx4 =3000x 6.67x 1.2

Ns = 17.78 kN
NA+NB=mg Na = 11.65 kN
Fa = uNy = 7.92kN Fs = puNg = 12.09kN

Niow = ¥2Ns = 8.89 kN Fiom = Y2 Fg = 6.05kN
Newr = Y2Na = 5.83kN Frar = Y2FA = 3.96 kN

Sample Problem 16.2
m = 8kg

for AB sudden break, determine a, Far and Fpr

for the cable AB is cut, the plate moves in

curvilinear translation

LE = (Z Ft)eff

mgcos30° = ma (1)
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a = gcos30° = 8.5m/s* | 30°
LY
= |<A—250mm—-i 8

ZFy = (Z Fo)er "
. Fyr 300\ G 200 mm
FAE + FDF = mgSIH 300 = 0 (2) 30° v A _L
D 7 G

M = (2 MG)eff
(Fae + For) sin 30° (250) + (For - Fag) cos 30° (100) = 0

FDF = -01815 FAE (3)
. ’ ' . A f‘-?.SO mm—j
substituting (3) into (2) 1000mm | n< B

8
g
3
i

i
-.’.
\Sf;

Fae = 0.6109mg = 479N (T) L e c
For = -0.1109 mg = 87N (C)

Sample Problem 16.3
Mpney = S0kg  no axle friction
k = 0.4 m (radius of gyration)

determine a, a, and as ' ]
for equilibrium of the system, if ma = 20 kg / B \ é%

EMs =0 Wsx03 = Wax0.5
mpgx03 =20gx0.5
mg = 333 kg

but mp = 40kg > 33.3kg

thus the system will rotate counterclockwise

ar = 05a az = 03a |
L =mk = 50x04* = 8 kg-m’

Wy =392 N myag

ZMs = (Z Mc)esr

WBXO.3 C WAXO.S = lpa + mBan0.3 + mAaAXO.S
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402x03-20gx05 =8a+40x03ax03+20x05ax0.5

a = 1.18 rad/s?
ay = raa = 0.59 m/s? %
ag = raa = 0.354 m/s? |

Sample Problem 16.4 T
consider a circular disk m = 15kg, r = 0.5m T P
T = 180N, determine ag, a and dcor ' A{ c 09.5131) \
. N
the disk is in general plane motion N

ZF‘x = (ZFx)eff

= m ax aX - 0
. T
2 F y e (Z F y Jeff '/tl_\\\\ ,"/,—\-\\\
\ , mE, S
T-W=ma, G‘ \;= tg&
1 e 5‘ = ma, =
_ 2 \ Wz \ Iﬂ‘V
a, = 2.19m/s N NG 4
ZMG = (Z MG)eff B
%ac n{
Tr=1a="Ymra _d/ﬂ\\
_ i} :
a=-2T/mr = -48rad/s A{__,_l)

Aod = (Aak = ac + (aach

=219 + 0.5x48 = 262 m/s*

Sample Problem 16.5 .
mass of sphere : m friction coefficient : ux
initial velocity : vy

determine (a) #, at which the sphere will start

rolling without sliding

(b) v and w of the sphere at
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when the sphere with both rolling and sliding
EF,=CF)s N-W=0
N=W=mg
and F=uN=umg

Z-F‘x=(Z-F‘x)eff -F=ma a=-Uxg <
X Mg = (X Mg)est
Fr=1Ia mmgr= 2/5mria

28
r

Sy
5

t=0 v=w y=v+tat =y - jgt

S Mg,

t=0w =0 w=wy+ at =
2 r

at time 7,, the sphere start rolling without sliding

ve = 0 1L.e. Vv = ray
Vo - kgt = %#krg hLr
2 W
t = =
Y
and w; = i K& tHh = i—@ clockwise
2 r 7 r

vi=rw = 51w/7—

when the sphere start rolling, no relative velocity between sphere and

surface, F # uxemg, F = 0 (due to rolling resistance effect)

then a=0 a=0
w = w; = constant

v = y; = constant
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16.8 Constrained Plane Motion

consider the rigid body moves under given constrains, the relations
between v, w, a and a can be found by kinematics analysis
consider a slender rod 4B oflength / and mass m, the rod is pulled by

a force P at A, then the acceleration @ and a can be determined at any
given instant

when a mechanism consists of several moviﬁg parts, the approach just

described can be used with each part of the mechanism
two particular cases are considered

1. noncentroidial rotation

_sz

since line OG belongs to the body, its w

and a also the same as the body

EMy=1Ia+ (mra)r = (I + mr)a

but L =1+ mr [parallel-axis theorem]

thus XMy = Lba

it does not mean that the system of external forces is equivalent to a

couple of moment I, a, other effective forces occur

for @ = constant, a = 0, a. = 0, only g, exists

2. rolling motion
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W

for a plane disk is rolling without sliding, then
a and a are not independent

a=ra

when a disk is in rolling motion, three cases can be summarized:

rolling, no sliding : F = usN =ra

IR

rolling, sliding impending : F = us N a=ra
rolling and sliding : F=uN a and a independent

for an unbalanced disk, O and G are
not coincided, when the disk in rolling

without sliding

a+ra
but ao = rda
and a = ay + aco

= ao + (aco) + (acio)n
where (aco) = (0OG) a
(aco)n = (0G) o

Sample Problem 16.6

w = 8rad/s clockwise

a = 40rad/s® counterclockwise woh

mog = 3 kg meg = 4kg kg = 85 mm

determine (a) the tangential force by D on E

(b) the reactions at O 0.120 mm

(@) = ra = 02x40 = 8 m/s? —
(@oph = r@* = 02x8 = 128 m/s? }
La = 4(0.0852x40 = 1.156 N-m
Iosa = (1/12)3x0.4*x40 = 1.6 N-m

14 10
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2 My = (2 Mol
Fx012 = Ira + mog (@) x0.2 + Ioga
= 1.156 + 3x8x02 + 1.6
F = 63kN |

ZF‘x = (ZFx)eff
R, = mog(gog)t =3x8 =24N —

ZF, = CF)er
Ry - F - Wg - Wog = mos (@o)n
Ry - 63 - 4x9.81 - 3x9.81 =3x12.8

R, = 170N ?
Sample Problem 16.7 . W K
m = 20 kg if pin B is suddenly removed | oLk
determine a and R
the plate is rotating about 4 02m—]
w =20 = q,=0 N
A,
then a=ra =
I Ma = (Mo EI'
mgx=JIa+mar=(U+mr)a e
— m gl x=01m
then a ————l p—
AR
I = m/12)(a® + b*) = 0.104 kg-m? NG,
— \E'bDIa
for r m=20kg x=01m r=0.125m g
a = 47.1rad/s* clockwise L
H \\ 5
3] ~
and ma=mra = 118N — [\—4\&‘)7(1
5/i4

LF = (E Fur L

16 11
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Ay = -(3/5)118 = -70.8 N <

A, - mg = -(4/5) 118
4, = 120N 1}

Sample Problem 16.8

@ = 30°  sphere has no initial velocity

determine

(a) minimum y; for rolling without sliding

(b) v after rolled 4 m
(c) v after rolled 4 m if no friction
(a)l “ no sliding, .- a =ra
IMc = (ZMc)est
(mgsin@)r = (ma)r + La
=mrar + (2/5)ymr* a

5gsinf
Tr

4=ra= Sg:;me _ 5x9.§1x0.5 — 3.5 m/s?

TF,= (CF)sr mgsinl - F=mag=m 5g7sm0

F = (2/Tymgsin § = 0.143 mg X 30°

2Fy=ZF)er N-mgcosf =0
N - mgcos 8 = 0.866 mg ./ 60°

(b) a = 3.5m/s’ = constant
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V=v?+2a@x-x)=0+2x35x4
v = 527m/s

(c)'for;us=0 F=0
ZMG = (ZMG)eff =0 a=20

SF = CF)s mgsinf = ma
a = 4905m/s* [a and a independent]

V=y?+2a(x-x) =0+ 2x4905x4
Yy = 6.26 m/s

Sample Problem 16.9
us = 02  pu = 0.15
m = 50kg k= 70 mm

100 mm 60 mm

determine a and a of the drum
(a) assume the drum rolling without sliding

a=ra=01a
I=mk = 50x0.07* = 0.245 kg-m?

ZMC e (2 MC)eff
200x0.04 = max0.1 + [a
a = 10.74 rad/s? clockwise

a = 1.074 m/s* —

ZI?x = (ZFx)eff
200+ F=ma F=-1463N <«

ZF, = (X Fy)es
N=W=mg=4905N

thus Fuax = s N = 0.2x490.5 = 98.1 N

16 -1
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' then 7|‘F1 > Fm;;, 1t 1s impossible for rolling without sliding
(b) rolling and sliding
F=uN=0.15x4905 = 73.6 N

LF = (Z Fer
200 - 73.6 = ma a = 2.53 m/s?

z MG == (Z MG)eff
73.6x0.1 - 200x0.06 = 0.245a

a = - 18.49 rad/s* counterclockwise

Sample Problem 16.10
m = 25kg [=12m
the rod is released form rest, no frictiori

determine @ and reactions at 4 and B
ag = dp t dpa
"w = 0, aws has no normal component

asia = (aB/A)t =12a ,4600

a, = ax —> —t
\, 450 N
dg = ap 45 a8 4 ag/a
<V
from the vector polygon, it can be obtained a,

G
ar, = 1.64a ag = 147a L“"T;f

(apa) = 1.2 a 2 60° and a is counterclockwise

the acceleration of center is now obtained

a = dac = ax + aga

= 1.64a[—] + 0.6 a [ 60°]

16 -14
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then ax = as - agacos60° = 1.34 a—
ay = agasin60° = 0.52a |

[=(1/12)mP = (1/12)25x 1.2 = 3 kg-m?

la =3a
ma, = 25x1.340 = 33.5a
may, = 25x0.52a = 13 a

equations of motion

I M: = (Z Mg)ar 0520 m 0.520 m 0.520 m
25gx052 =maxx134 + mayx0.52 + Ia

a = 2.33rad/s? counterclockwise
T F = C F)er \
Rpsin45° = ma, = 33.5x2.33 = 78.1
Rg = 110N _745°
EFy = (Z Fy)eff N
Ra + Rgcos45° - 25g = -may, = - 13x2.33
Ry = 136.6 N 1}
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