Applied Mechanics -- Dynamics

Chapter 14 System of Particles

14.1 Introduction
system of particles
effective forces
mass center

variable system of particles

14.2 Application of Newton’ s Laws to the Motion of a System of Particles,
Effective Forces
consider n particles in space
for the particle P;, it has mass of m; and acceleration a;
define fj the force exerted on P; by another particles P; of the system
fi 1s called internal force

thus the resultant of internal forces exerted on P; is
R, = er“ with fi = 0
=

if F; i1s the resultant of external force on P,

by Newton’ s 2" law for P, it is obtained

Fi+ 2fi = ma (1)
=
if #; is the position vector of P,, then
rxF + r,-x‘Elfij =rxma (2)
=

for i = 1~n, n equations will be obtained
for each particle
the vector m; a; are referred as the effective

forces of the particles
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the internal forces f; always occur in pairs, f; and f;

fi : force exerted on P; by P v \F

P —
f; : force exerted on P; by P; /3 ;

by Newton’ s 3rd law, we have

fitfi=0
and the sum of their moment about O 1is

rxfi tnxfi=nx(f i)+ - n)xf

[r; - r and f; are collinear]

then Fi X fij + rjxﬁ,- = (

adding all internal forces of the system, and summing their moments

about O, it is obtained

L2f; =0 LI (rixfy) =0

summing the » equations of equations (1) and (2), it is obtained

n n

EF,‘ = ;imi a; (3)

i=1

IrxF = Z(rixma) (4)
i=1 i=1

note that these two equations do

not imply

F, = ma; rx F, = rixma;

s oy
P:N
myay
C/mlaf
Py

the system of the external forces acting on the particles and the system of

effective forces of the particles are equipollent

Z X f; express the fact that the system of the internal forces 1s equipollent

to zero

itdoesnotmean fj = 0 or Zf; = 0
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it does not mean that the internal forces have no effect on the particles
equations (3) and (4) does not follow that two system of external forces
which have same resultant and same moment resultant will have the same

effect on a given system of particles /
e.g. (a) 4 leaveand B unaffected y

(b) the force accelerates B and o /B
F

does not affect A

14.3 Linear and Angular Momentum of a System of Particles

defining L = Em, v

H() = __Zl(ri X m; vi)

where L : linear momentum of the system of particles
H, : angular momentum of the system of particles

n L]

then L = Zlmi Vv, = X m;a;

Hu = _A‘{J](rixmivi) + E(r,-xmivi)

™M=

= . I(V;ani vi) + gl(rixmi a.-) = ;l(ani)

[

thus it can be written
>F=1L

ZMU = H(]
the force resultant and the moment resultant about a fixed point O of the
external forces are respectively equal to the rates of change of the linear

momentum and angular momentum about O of the system of particles
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14.4 Motion of the Mass Center of a System of Particles
if the mass center of the system 1s the point G 1s defined by the position

vector r(x, v, z), then

n

mr = X mt;
=1

n
where m = X m; is the total mass of the system of particles
i=1l
n n n
and mx = T miXx; my = X m) mz = Xmz;
=1 i=1 =1
L] n -
then mr = Xmr;
i=1
n
or my = Xmy
=1

where v : velocity of the mass center G

n

hence L=Xmvi=my

i=1 o

and L =ma
where a : acceleration of the mass center G
thus F=ma

the mass center of a system of particles moves as if the entire mass of the

system and all the external forces were concentrated at that point

14.5 Angular Momentum of a System of Particles About Its Mass Center

consider a moving frame Gx’y’z’ with its origin attached at the mass
Yl

center of a system of particles G y

denote r;’ and v’ the position and velocity
vectors of particle P; relative to the moving

frame, respectively
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defined the angular momentum of the system about G by their relative

velocities with respect to as
n
HG’ = ;I (ri’ X m; v.-’)

Hy =YX’ xma’) [ xmvy’ = 0]
i=1
where a;’ is the acceleration of P; relative to the moving frame

then a =a+ &

. n n

He = Z(r’xmia) - (Emir’)xa

Xmiry = mr’ but =0 [G is the mass center]

=1
H(,, = EI (!’." X Mm; ﬂi) = El (ri’ X F,) = 2 M;
the moment resultant about G of the external force is equal to the rate of
change of the angular momentum about G of the system of particles

defined the angular momentum of the system about G by their absolute

velocities as

i ' myv;

H(_; — E (ri’ X m; l’j)
i=1

vi =p +

n n

H(j e §](ri’xmi Vj,) + (Z__:.lmi ri’)xg

= Hg’

note that this property is peculiar to the centroidal frame Gx’y’z’ and

does not hole in general

so we can simplify to dropping the prime ()

n n
H; = Z(r’xmwv) = Z(# xmw)
i=l i=1
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1.e. 2Ms; = H; = H5’

14.6 Conservation of Momentum for a System of Particles

if no external force acts on the particles of a system, then

L=0 H, =0

or L = constant H, = constant

if problem involving central forces, the moment about a fixed point O

of each of the external force may be zero without any of forces being zero
H, = constant still hole
if the sum of the external forces is zero, L F = 0

L = constant = mv

1.€. vy = constant

that means the mass center G moves in a straight line and at constant

speed
if the sum of moment at G by external forces is zero, £ Mg = 0
then H; = Hi' = constant
Sample Problem 14-1
v

m = 200 kg v = 150m/si at £t = 0

after explosion, it separates into 3 parts

my = 100kg  mp = 60kg me = 40kg 1=C

at t = 25s ra = (555, -180, 240) m
rg = (255,0,-120) m

determine rc¢
"." no external forces, the mass center G moves with a constant velocity
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vy =y = 150m/si
at t = 25s r=vt=150x25i=375mi
mE = X mt
200x375i = 100 (555i - 1805 + 240 k)
+ 60 (2551 - 120k) + 40 rc
rc = (1057 -450j - 420 k) m

Sample Problem 14-2

m = 20 kg vo = 30m/si at t = 0

projectile explodes into two fragments 4 and B Yo 90 s

ma = 5kg mg = 15kg @
Or = 45° Oz = 30°

determine v, and vg

"." no external forces, the linear momentum is constant

MaA VA T MgV = MWV

i

X-comp. 5vacos45° + 15vgcos30° = 20x 30 Q~u, _
y-comp. Svasin45° - 15vsin30° = 0
va = 62.1m/s  vg = 293 m/s

14.7 Kinetic Energy of a System of Particles

the kinetic energy of the system of particles is defined as y

n

T = 1/2 E n; V.'z

i=1 y

vi =y + W

&l

“
7 N457

~ Fa0n°

n C
= 1 . -+ Ve + 2
I="%Zm+v)@+w) /

n n n
=LEmv+veImv?+ LXmv?

i=] i=1 =1
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n n
T:=1/22m,-.v2+‘/22mivt’2
i=1 1=1

the kinetic energy 7 may be obtained by adding kinetic energy of the
mass center G and the kinetic energy of the system in its motion relative to

Gxiy)ZS

14.8 Work-Energy Principle, Conservation of Energy for a System of
Particles

T+ U =1 for each particle

where U, represents the work done by f;j and F; on P

for the entire system
Tl + X U|_»2 = Tz

¥ U, .., includes the work done by external and internal forces, note that
the work done by internal forces f; and f; will not cancel out in general,

*." the displacements of P; and P; are not the same
if the forces acting on the particles of the system are conservative, then
h+Wn=>0L+"N

where V represents the potential energy associated with the internal and

external forces acting on the particles of the system (conservation of

energy)

14.9 Principle of Impulse and Momentum for a System of Particles
SF=1 M, = ﬁo
this two equations can be expressed

pX S?th =L, - L,
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X §t‘ Mydt = (Ho), - (Ho),

y y d
(v ly 0“ (myvy ) trigvyls
AT
~ A =
(vl

0‘

0 x [4) x o i
(v )y ) My, dt

where X § L dt is called linear impulse
Y § M, dt is called angular impulse

these two equation may be written as

L+ 3 st‘de: =L,

(H) + = §" Modt = (Ho):
if no external forces applied
L =1L, (Hy) = (Ho),

conservation of linear and angular momenta

Sample Problem 14-3
same condition as in sample problem 14-1
ma = 100 kg mg = 60 kg me = 40 kg
at t = 25s rx = (555, -180,240) m
rs = (255,0,-120) m
re = (105,450, -420) m
va = (270, -120, 160) m/s ve = [(VB)x, 0, (VB).]

determine vz and vc

since no external forces, thus

L, =1L, (Hy), = (Hy),
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1.e. MV, = mava T mpvg + mcvc
0 = (raxmava) + (rexmgvg) + (rc X mc ve)
200 x150¢ = 100 (270, -120, 160) + 60 [(vs)x, 0, (V8).]
+ 40 [(vo)xs (ve)y, (Vo)

i j k| i j k| i j k|
0 = 100|555 -180 240| + 601255 0 -120| + 40]105 450 - 420
1270 -120 160 [(ve)x O (va).| l(ve)x (ve)y (Vo)

now we have 3 equations for linear momentum and another 3 equations

for angular momentum, it can be solved

vs = 70 - 80 k (m/s)
ve = -30i + 300 - 280 k (m/s)

actually, (vs)y =0 1is not necessary to known, 6 unknowns can be solved

by 6 equations, (vz), = 0 can be solved

Sample Problem 14-4
at t =0 vg = v,  determine

(a) vg when B reaches maximum elevation

(b) maximum elevation 4 of B

(VA)I =0 (VB)l = VW
Position | Paosition 2

when B reaches the maximum elevation Al = 4

(vydy =0

(veia)2 = 0

1.e. (VB)z = (V,\)z

impulse-momentum principle
X(mv)y + Zlmp, ., = Z(mv)

in x-direction, no external impulse
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Mg Vo = (ﬂl;\ + an) (VA)Z

(VA)z = (VR)?_ = s

—VU —
my + mg

conservation of energy

Position 1 Position 2

A — i - = .,é {"A)E
T| = I/Z Mg Vn2 V; = m,\gt’ TI:E

T, = Vs (ma + my) (V)22 !

J_B vy W] B
Vo=magl + mpgh '"G_’"""]:

(vgla=(v,)
Datum HiE e

T|+V|=T2+V2

Yomagve® + magl = Va(ma + mp) (Va)> + magl + mpgh

P Vo2 _ma t mp (va)? _

Ma ng
2g mg 2g

ma + mpg 2g

for my >> mp, h = w?/2g, oscillates as a simple pendulum
for mg >> ma,

(Va) = (vg2 = v and h =0

A and B move with the same constant velocity

Sample Problem 14-5

My = Mg = Mc = M VU:3m/Si

frictionless and perfectly elastic impact

=
@<
3

determine v, vp and vc after impact

." no external force, conservation of momentum

x-component mx3 = m(ve)x + mvc

D A
T T T O vy = m{3 m/s)
0.6 m
y-component 0 =mva - m(vg)y j_o
- 24m /
angular momentum about O | |
{ [ 1
-0.6xmx3 =24xmxva - 2.1 x mx (vs)y “‘og-i-
B
mlv, ]lr X!
-09xmxve ivl] "l 08m
O o B
I’MZI m*‘{
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3 equations for 4 unknowns, it can not be solved completely

solving the 3 equations, it can be obtained
va = (vg)y = 3vc - 6 (ve)x = 3 - v

"." perfectly elastic impact, conservation of energy
Vamve® = Yamval + Vam [(ve)d + (ve)] + Yam v
Va2 + (ve)d + ()2 + vl = v = 9

solving for vc, and find ve = 1.5 or 2.4 m/s

for Ve = 1.5m/s == vy = (vg)y = - (N.G)
for ve =24m/s => vy = (w)y = 1.2m/s (vg) = 0.6 m/s

then the velocities after impact are

va = 1.2m/s T Vg = 1341’1’1/8&6340
ve = 2.4 m/s —>

14.10 Variable System of Particles

system are continuously gaining or losing particles, or doing both at the

same time

e.g. hydraulic turbine, rockets

14.11 Steady Stream of Particles

consider a steady stream of particles S :

S 1is a variable system of particles, gains particles f
flowing in and loses an equal number of particles ;‘?}f’/
flowing out "A g Iy

thus the kinetics principles that have been - S f’

established before cannot be directly applied to S
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consider at time ¢ the o (A
system § and the particles _y, ‘ :
Am  which will enter S, at
time ¢+ At, the system S

and the particles Am which -

{Amv,

have left S 7 7

in time interval ¢ to ¢+ At

(Am) va inside S (Am) vg outside S
principle of impulse and momentum

(Am)va + Zmiv; + TFAt = (Am)vg + Zmy v

divided by Af in both sides

EF = %‘I(VB - 1’,\)

this principle may be used to analyze a large number of engineering

applications

(a) fluid stream diverted by a vane
may be applied to find the force F
exerted by the vane on the stream, for a ol "Q“L
fixed vane, F is the only force exerted "
by the stream
if the vane moves with a constant velocity, the stream is not

steady, but it will appear steady to an observer moving with the vane

(b) fluid flowing through a pipe
the force exerted by the fluid on a

pipe transition such as a bend or a —_
contraction can be determined bencl cantraclian

14 -13



Applied Mechanics -- Dynamics

(c) jet engine

air enters with no velocity and leaves

the engine with high velocity, the energy
is obtained by burning fuel, the thrust of

the engine can be determined

the air particles entering velocity v is equal the velocity of the
plane, and leaves with a velocity u relative to the plane

(d) fan

the velocity v, of the particles ‘;\L:T\

Slipstream

entering the system is assumed zero, vg —v/~0—4 ——t v, —

is the velocity of the particles leaving the <
system, the only external force acting on

S is the thrust of the fan

(e) helicopter
the velocity v, of the air particles approach the blades is assumed
zero, v is the velocity of the particles leaving the system, the only

external force acting on S is the thrust of the fan

14.12 Systems Gaining or Losing Mass

consider a system S with mass m at ¢, which

increases by Am in time interval Af

principle of impulse and momentum

mv+ Amva+Z FAt=(m+ Am)(v + Av) 2_,,_ :
F At s

or X FAt = mAv + Am(v-vy) + AmAy

let u =ws-v relative velocity

(m+ Am){v + Av)
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clearly that vy < u, neglecting the last term

(high order term), we have
XFAt = mAv - Amu

dividing by Af and let At — 0

~dv dm
ZF—m—-dr e u

dm dv

or EF‘l‘WH"—de

since u is directed to left, which tends slow down the motion of §

similarly for losing mass system

Sample Problem 14-5
va=6mis | vy = 45m/s N\ 10° =

W = 3 kN Am/at = 120 kg/s |

determine the reactions at B and C

21m

3.6

for the time interval At, principle of impulse and momentum

049 m

I e T—-— -3.6
1 3 o |—~—Z§.ﬁ I
i RYITR =2 1w : I
o, ' N Y — 5 i
£ Ch-. = |

T N
. e Sm \“-.. IS
e C, Al \I\\! IL_ ﬁ\ﬁL‘_l_i
WA tB.\r Ay
x-components Ci At = (Am)vg cos 10°
y-components -(Am)yva + Cy At - WAL + BAt

= - (Aam)vg sin 10°
moment about C - 0.9 (Am)va - 2.1 WAt + 3.6 B At
= 1.8 (Am)vg cos 10° - 3.6 (Am)vg sin 10°

W = 3000 N va = 6m/s v = 4.5m/s
Am/At = 120 kg/s

14 -15



Applied Mechanics -- Dynamics

3 unknowns can be solved by the above 3 equations

Cc = 532N — Cy, = 1524N 1 B =2102N 1

Sample Problem 14-6
v, : velocity of water V : velocity of the blade

V' = constant

determine (a) F exerted by the blade on the stream | A
(b) V' for which maximum power is developed

choose the coordinate system with the blade (constant velocity, no

acceleration)

let wup = wva -V

up be the relative velocity of the particles leave the blade

then upn = up  in magnitude

and let p : density of water A : cross section uy= vy -V

{

/

during time interval At, the mass striking the blade is
Am = Ap(va - V)AL

same Am leaves the blade during At m,m\g
a
¥

{Amluy
E"‘ Ly,

principle of impulse and momentum

Zmyv,

x-components (am)u - Fx At = (Am)ucos 0 (1)

y-components FyAt = (Am) usin 0 (2)

(1)=> Fo = (am/at)u (1l - cos 6)
=Apa - VP(1 - cos ) <
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(2)=> Fy=Apa - V)sinfg 1

Power = F, V=Ap(va - V(1 - cosO)V

let  dPIdV =0 =Apa -4vaV +3V5)(1 - cosb)
V = v, P=0
V="Ysva P = Pnx

Sample Problem 14-7
my : initial mass at =0 T"

the fuel is consumed at constant rate ¢ = dm/dt

and expelled at a constant speed u relative to the rocket i}

determine w(¢)

(W AL = glmy - gt 1At t Amn,

[Amr, =q At - )]

principle of impulse and momentum between time ¢ and ¢+ At

(mo - qt)v - (my - gt)grt = (mo - gt - gAD(v + AV) - gAH(u - v)
= (mo-qt)v + (mo-qt)Av - qvAt - gAtAY - gAHu - V)

divided by Af and let At— 0
dv
-(mo-qt)g = (mo-qt) & - qu - gAv

= (9%
dv (mn e g) dt

-V _ t qu i}
SOdV S‘Cl (mu - qt g) a
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v = [-uln(mg-qt) - gt] |:)

iyl
my - gt

= yln

_gt

let the final time for the fuel has been expended be #;, then the mass of

the rocket is m; = mo - q ¢

Vox = uln— - gt
= Mo _ o
max ]

5

assumed that #; is short, then g # may neglected
1.6, Vma = u In (mo/my)

the escape velocity for gravitational field is about 11.18 km/s, assuming

that # = 2200 m/s, then
mo/m; = 161

thus, to project each kg of the rocket shell into space, it is necessary to

consume more than 161 kg of fuel
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