Apphed Mechanics — Dynamics

Chapter 12 Kinetics of Particles

12.1 Introduction
Newton’s 1* and 3 laws were used in Statics

Newton’s 2™ law will be used in dynamics to relate the motion of

bodies with forces acting on it

linear momentum : L=my
m : mass of particle v : velocity of particle
angular momentum : Hy=rxmv

r : position vector with respect to O

O : reference point

12,2 Newton’ s Second Law of Motion
1f the resultant force acting on a particle is not zero, the particle will have

an acceleration proportional to the magnitude of the resultant and in the

direction of this resultant force

Fila, = F,/a = ------ = constant
F': magnitude of force

a : magnitude of acceleration

F=ma F : resultant mo—m—-—)- sF
a : acceleration vector A

if F =0 => a =0

0 : particle is remain at rest

t.e. it v,

if vy + 0 : particle moves with the constant speed in a straight line

Newton’s 1% law
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another statement of Newton’ s 2™ law : a particle acted upon by a force
moves 50 that the force vector 1s equal to the time rate of change of the
linear momentum vector

Newtonian frame of reference (inertial frame) : constant orientation with
respect to the stars, origin must be either attached to the sun or move with a
constant velocity with respect to the sun

so that the axes attached to the earth do not constitute a Newtonian frame
of reference, because the earth rotate with respect to stars and accelerated
with respect to the sun

but in engineering application, this frame is used as the Newtonian frame
without any appreciable error

Newton’s 2% law does not held if the linear momentum or acceleration
is measured with respect to moving axes, such as axes attached to an

accelerated car

consider a freely falling body drop from sky
w = 729x10%rad/s for the earth |
x=%w@h/g " cosa

for @ = 45° h=200m

x = 43.9 mm

12.3 Linear Momentum of Particle, Rate of Change of Linear Momentum

linear momentum is defined
L=my
where m : mass of particle - v : velocity of particle

Newton’s 2™ law

ITF =1L =dm)/dt
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if m = constant F=ma

if m + constant F=ma~+my

for m + 0, grain or loss mass system, will discuss in Chapter 14
if £ F = 0, then the linear momentum of the particle remains constant,
both in magnitude and direction

i.e, conservation of linear momentum

12.4 System of Units

international system of units (SI units) : basic units are [kg, m, sec]
IN = (1 kg) (1 m/s*) = 1 kg-m/s? a= Ll
for the weight of a 1 kg mass

W = (1kg) (981 m/s?) = 9.81 N lg 781 M=

*—I

W=mg
the unit of linear momentum is

L=mv [kg-m/s]

12.5 Equations of Motion

TF=ma for m = constant

in rectangular components Fi
I (Fyi+ Fyj + F.k) = m(axi + ayj + a.k)

ie. TF,=ma,=mx
L, =ma, = m:y'

2F, =ma, =mz

for the motion of projectile
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EFy::._Ws_mg =>> :y.=_g
in tangential and normal components

L =ma = madvidt
LF,=ma, = mVip (e —

in radial and transverse components

CEF=ma = m('r-- ré‘“’)
1F=may = m(ri?l+ 2;9)

12.6 Dynamic Equilibrium
ZF-ma=20

the vector - ma is called inertia vector =0
then the particle is said to be dynamic equilibrium
if the inertia vector is included, it is obtained

rectangular components 2R =ZF=2ZF, =0

tangential and normal components X F, = L F, = 0 ‘

radial and transverse components X F, = L Fg = (

Sample Problem 12-1 ' P
m = 80kg a = 25m/s* > 3N
My = 025

determine the magnitude of the force P
P W=785 N

W=mg=280x981 =785N
F=uN=025N '

IF, = may Pcos30° - 025N = 80x025 ¥
SF,=ma,=0 N - Psin30° - W = 0
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2 equations to solve two unknowns P and N

P = 535N N = 1052.5N

Sample Problem 12-2
m = 80kg P = 298N

ve = 0 x=12m for t = 45

determine

W="T783 N

a=2x/%=2x12/4* = 1.5m/s°
LF,=may,=0 N -298sin30° - 785 =0

N = 934N
EF =ma 298 cos 30° - 934 4, = 80x 1.5
M = 0.148 '

Sample Problem 12-3
ma = 100 kg mp = 300 kg

determine a., gz and tensions in each cord

Sg = ]/ZSA == ap — 1/251,\

for block A4 W,
z Fx = Ma da Tl = 100 aa T, _ My
my =100 k
for block B y ’
ZF,=mgas mpg- T = 300 as T,
mg =300 kg
for the pulley C —
EFy = Mcdc & 0 I, -2T = 0 ‘W3:2940N Mg
4 equations to solve 4 unknowns TLQT‘ =0
ar = 8.4 m/s? ap = 4.2 m/s? T
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T\ = 840N T = 1680 N

Sample Problem 12-4
ma = 10 kg mp = 4kg
neglecting friction, determine
(a) aa (b) aga
for the wedge A
TF. = maaa Ny sin 30° = my aq
0.5 N], = Mada (1)
for the block B

g = ap + g

XF, = mpax

-mp g sin 30° = my aa cos 30° - mp apa
awa = s cos 30° + g sin 30° (2) .y 30% W,

LF, = mpay -

Mp@pyy

N; - mpgcos30° = -mpgaasin 30° (3)

(1) and (3) _ mgp g cos 30° _
da 7 T sin 30° 1.54 m/s "
(2)=> ama = 6.24 m/s? ./ 30°

also, N) can be obtained Ni = 308N [from eq. 1]

wrong method :
W
for the block B
ZF = mpas mpgsin30° = mpas =
Mg Ay
as = 0.5g = 4.90 m/s* ./ 30° '\
ZF, =20 Ny = mg g con 30° Mf
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for the wedge A4

EFx = Ma da Ma s = N1 sin 30°

aa = 1.697 m/s* —

Sample Problem 12-5
T=25mg for 6= 30°

determine v and a

XF.=ma mg sin 30° = m a
a = 4.9 m/s* ./

IF,=ma, 2.5mg - mgceos30° = ma, | T25mg |
a0 = 16.03 m/s? N\, _ Na

a=Vip V= a.p = 16032 = 32.06 %g
v=1=1566ms ., ' 30°

Sample Problem 12-6
p=125m g = 18°
determine v if no lateral friction force on

the wheel is known

ZF, =0 Rcos8 - W=0
R =mg/cos @
TF, = man Rsin@ = ma, = mv*/p

(mglcos N sinf = mv*/p
VvV = pgtan @ = 125 x9.81 x tan 18°
v = 1996 m/s = 71.9 km/h

12.7 Angular Momentum of Particle, Rate of Change of Angular Momentum
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12.7 Angular Momentum of Particle, Rate of Change of Angular Momentum
the moment of the linear momentum vector mv _

about a point (O is called the moment of
momentum, or angular momentum, of the

particle, and is denoted by H;

Hy, = rxmy Hy = rmvsin ¢

SIunit for H; is m (kg-nv/s) = kg-m?/s

¢ J k|
H,=1x y zi=Hi+ Hj+ Hk
| My mv, my

=m{yv, - zvy)

g
Il

m{zvy - XV
H =m@xv - yv)
H, = (HZ + H + H)*

if particle moving in xy plane, then z = v, = 0

H,=H, =0

Ho=H.=m@xv -yvw
for polar coordinate

Hy = rmvyvsing = rmvg

=mPro [Vg=?'é]

rate of change of angular momentum

H, = }xmv + rxml;
=wxmv t+trxma
=rxZF=ZIM,

H, = LM,
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the sum of moments about O of the forces acting on the particle is equal

to rate of change of angular momentum

12.8 Equations of Motion in Terms of Radial and Transverse Components
in polar coordinate system
2 =ma = m('r- - réz)
SFp=may=m@8+2r 6

r 1L XFses
LMy = rxXFsey
or My =rXFy

EMU =I;0 = d—‘i(mrzé)

rEFs=m(P9 + 2rr )
or IFy=m(r8+2r6)

the same form of a, is obtained

12.9 Motion Under a Central Force, Conservation of Angular Momentum
when X F directed toward or away from a
fixed point, the particle is said to be moving

under central force 2

then M, =0

hence Hy, =0

H, = constant z

thus the angular momentum of a particle moving under central force is

constant, both in magnitude and direction

H, = rxmv = constant
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r and v must L Hy, °. the direction of Hp is constant, .". the particle

mv

moves in a fixed plane 1 H,
"." the magnitude of H, is also constant

r mvy

Ho =rmvsing = rym v sin ¢
#o

or  Hy=m#rf o 0 /Pu
denoting # = Hy/m, the angular momentum per unit mass, then

h = 28 = constant
and dd = %rdl

denoting the areal velocity = d4 / d¢, then

dAldt = Y2r*6 = h/2 = constant
thus if a particle moves under central f(;rce, its areal velocity is constant

12.10 Newton’ s Law of Gravitation

law of universal gravitation between two particles

F=GMm/¥

where G = 6.673 x 10" m’/kg-s® is the universal constant (constant of
gravitation), and r is the distance between center to center of two particles

consider a particle of mass m on the surface of earth
W=mg=GMm/R

where M is the mass of earth (M =~ 6 x 10** kg), and R is the radius of
earth (R = 6.37 x 10° m), it is obtained

GM=ghR?
or g=GM/R

-10-
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thus W and g will vary with altitude and latitude of the point

considered

g = 9.781 m/s? (at equator) ~ 9.833 m/s? (at poles)
in average g=98lm/s" R =637x10°m

Sample Problem 12.7

att =0, r=r vy =0

determine v, and F
XF, = ma.- m('r'-r9.2)=0 (D

SFe=mag m@pf+ 27 6'?)=F (2)

= rF=r= s a " E
8 = 6, = constant 6=0
thus r O dr = v, dv,
82 (7 - r?) = (W2 - 0) /,/;‘/\ji
or rF=vy = = 6, # - ) o™

2) => meZmr9=2mvr90:2méuz(rz-I‘uz)l/‘

Sample Problem 12-8

determme Vi

= 6370 km
ra = OA = 6370 + 390 = 6760km .
e = OB = 6370 + 3770 = 10140 km j‘/\\f

because the satellite is moving under central force,

thus its angular momentum is constant v

-11-
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" Hy = rmvsing¢ = constant
¢ =90° at4and B

FAamMVay = Fapvg

Ve = ravalrz = 6760 x30.3 x 10°/10140 = 20.2 x 10° kiv/h

12.11 Trajectory of a Particle Under a Central Force
in this section, it is proposed to obtain the differential equation which

defines the trajectory of the particle moving under central force
F=ma m(-r.—ré’z)=—F
m(r.t9'+ 2r é) =0
central force => conservation of angular momentum

20 = h = constant = O=hr/r
1

_dr _dry hdr . d 1

r=x @’ " 7w -t

_dr _dry hd_,d 1., B & |

"t T m T raTa N T rw
letu=1/r

.. dlu

= _ a2

2 kuangf2

e E L FE o, du
but r =r& ~ uhu p hudg2

d&? mhut

this 1s the differential equation to describe the relation between » and &

(trajectory of the particle)

-12-
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12.12 Application to Space Mechanics

consider a space vehicle moving around the earth under central force, the

gravitational attraction between the earth and vehicle is
F=GMm/ir¥=GCMmup

where M : mass of the earth 2 : mass of the vehicle
r : distance from center of earth to vehicle u: Ur

the differential equation becomes

du ., GM

d? u = '—;l'z— = constant

to solve this differential equation, and obtain the result

where C is a constant, this equation is a polar equation of a conic
section (elliptic, parabola, or hyperbola)

define the eccentricity &

. = c _Cw
GM/IW*  GM
then —i— = %(l + gcos H)

this equation represents three possible trajectories

l.e>1or C> GMFK
when cos (+6) = - 1/e = - GM/CH®
= r=20 = r >
that is a hyperbola
2.e=1 o C= GMPH
when & = + 180° cos (+6) = - 1

y —=» CO

-13 -
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that is a parabola
3.6 <1 or C< GMHI
for any value of 6, 1/r = 0
the radius remains finite, that is an ellipse
for £ = 0, then 1/ = GM/K* = constant

that is a circle

consider a rocket launching on the earth surface, and
bumout at point A, it is free flight at stage A (central

force only)

at point A4 h=rovy =120

thert £ can be determined
W=mg=GMm/FR

then GM = gR? is also determined

the equation of trajectory is

% . G—;{(l + gcos ) = % + Ccos @

for 8 = 0° ¥ =ry

C = lry - GMIW
we know for ¢ = 1| or C = GM/R*, the trajectory is a parabola

GM/R* = liry -~ GMIK?

ie. l/re = 2 GM/R?
or 2=2GMr
but h=rv
2GMry = ri* vyt
or vo= RQGM/r)t = QgR/r)”

-14 -
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define Ve = (2 GM/ro) = (2 gR%Mro)*  is the escape velocity

then the trajectory curve wili be

hyperbolic if vy > ve Le. &> 1
parabola .if v = Ve ie. =1
ellipse if v < Ve Le. ¢ <1
for C = 0(e = 0),it1is a circular orbit Pete < Up < Vese
lire= GMIR -R
ie. hz e ."'02 V02 = GM?’[)

Vo = (GM/rg)”" = (nglru)%

define Vare = (GMIrg)* = (gRYry)"

g < Degre

if vo = vur, the trajectory is a circular orbit
for ver < vo < ve, the trajectory is an ellipse, 4 is the closest point to

the earth, called perigee; A’ is the fastest point to the earth, called apogee
for v < va, then A becomes an apogee, it can

find a point 4” at whichthe v > v

periodic time (for a closed orbit) P
the arcal velocity dA/dt = h/2 /
or dd =2 hdt |

A o [ ; A
nab=A= Sdd=Vhidi= Vbt \ |
t=2rnab/h

7 : periodic time

a, b : semiaxes of the ellipse, (but how to determine)

vot+tr=2a

a=(rn+r)/2

-15-
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because the sum of distances from each of the foci to any point of the

ellipse is constant, then

OB+ O0OB=04+0'4=2a
then OB = a
and OC=a-nr

b =BC=a*-0C =a - (a - rp

=nRa-r)=nrnn

b= (ro f’l)"/1
then ;= 2l ”'h" l)/2]_(r’o r)%
_ wl{retr)(r r)”
h

12.13 Kepler’ s Law of Planetary Motion -

1. each planet describes an ellipse, with the sun located at one of its foci

2. the radius vector drawn from the sum to a planct sweeps equal areas in

equal time, i.e. d4 /dt = constant

3. the square of the periodic times of the planets are proportional to the

cubes of the semimajor axes of their orbits, i.e. ©* ~ &*

Sample Problem 12-9

vo = 36900 km/h at altitude of 500 km o 369000
determine (1) maximum altitude, (2) periodic time tude P

Maximum al

GM+ Ccos 8

4
% 3 /sm/k/

(1) 7 = 500+6370 = 6870km = 6.87x 10°m

Vo = 39600 km/h = '10.25 x 10* m/s f\\l gp

L
r

h=rovy = 7.04 x 10° m¥s %5 &

-16 -
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W = 4.96 x 10*! m¥/s?
GM = gR* = 9.81 (m/s?) (6.37 x 10° m)?

= 3,98 x 10" m?/s?

then GM /W = 8.03 x 10° m*

% = 8.03x10% + Ccos @

for 8 = Q° r=ry=687x10°m

6.837x 10

L _g03x10% + C

C = 6526x10*m*
for 8 = 180°  r=p

1

r

— = 8.03x10" - 6.526x 10% = 1.504 x 10* m"

r = 0.665x 10° = 66500km

then maximum altitude = 66500 - 6370 = 60130 km

@

a

b

= Yo + 1) = % (6.87 + 66.7)x 105 = 36.8 x 10°m
= (ror)* = (6.87x66.7)%x 10° = 21.4x 10°m

2mab _ 27%x36.8x21.4x%x 102 o
h 7.04 x 101 !

703x10*s = 19h 31 min w

-17-



