Applied Mechanics -- Dynamics

Chapter 12 Kinetics of Particles

12.1 Introduction
Newton’s 1% and 3™ laws were used in Statics

Newton’s 2™ law will be used in dynamics to relate the motion of

bodies with forces acting on it

linear momentum : L=mv
m : mass of particle v : velocity of particle
angular momentum:  Hy = rxmv

r position vector with respect to O

O : reference point

12.2 Newton’ s Second Law of Motion
if the resultant force acting on a particle is not zero, the particle will have

- an acceleration proportional to the magnitude of the resultant and in the

direction of this resultant force

Fi/la = F,/a, = +----- = constant
F : magnitude of force

a : magnitude of acceleration

F=ma F : resultant mn——--—;n z?
P wedy

a : acceleration vector 7
if F=0 => a=2>0

i.e.if v, = 0 : particle is remain at rest

~ifwy # 0 :particle moves with the constant speed in a straight line

Newton’s 1% law
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another statement of Newton’s 2™ law : a particle acted upon by a force
moves so that the force vector is equal to the time rate of change of the
linear momentum vector

Newtonian frame of reference (inertial frame) : constant orientation with
respect to the stars, origin must be either attached to the sun or move with a
constant velocity with respect to the sun

so that the axes attached to the earth do not constitute a Newtonian frame
of reference, because the earth rotate with respect to stars and accelerated
with respect to the sun |

but in engineering application, this frame is used as the Newtonian frameg '
without any appreciable error

Newton’s 2™ law does not héld‘ if the linear momentum or acceleration
1s measured with respect to moving axes, such as axes attached to an

accelerated car

consider a freely falling body drop from sky

| w = 7.29x 10°rad/s  for the earth
x=%oQh/g)%cosa

for a = 45° B o= _200 m

x = 43.9 mm

12.3 Linear Momentum of Particle, Rate of Change of Linear Momentum

linear momentum is defined
L =mv. .

where m : mass of particle v vélocity of particle

~ Newton’s 2% law

SF =1L = dmv)/dt




Applied Mechanics -- Dynamics

if m = constant F=ma

if m + constant F=ma+ mv

for m # 0, grain or loss mass system, will discuss in Chapter 14
if £ F = 0, then the linear momentum of the particle remains constant,
both in magnitude and direction

1.€. conservation of linear momentum

- 12.4 System of Units

international system of units (SI units) : basic units are [kg, m, sec]
IN = (1 kg) (1 m/SZ) ‘= 1 kg-n]/Sz a=1m/s?

for the weight of a 1 kg mass

W = (1kg)(9.81 m/s*) = 9.81 N
W=mg |

the unit of linear momentum is

L=mv [kg-m/s]

12.5 Equations of Motion

F=ma for m = constant

I

in rectangular components

S(Fi + Fyj + FK) = m(ai + aj + a,k)
ie. ZF.=ma =mx v

SF,=ma, =my

SF,=ma =mz

* for the motion of projectile

2F=2F =0
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LF, = =

- W = -m g =
in tangential and normal components

XF. = ma, = mdvldt

XFy,=ma, = mVip

in radial and transverse components

>F.=ma =m(r - r0.2)

XFy=may = m(r29‘+ 2r9)

~ 12.6 Dynamic Equilibrium

2F -ma=20

the vector - ma is called inertia vector

_ " F
then the particle is said to be dynamic equilibrium j
~ if the inertia vector is included, it is obtained N

rectangular components ILF.=2XF, = XF, =0
tangential and normal components X F; = X F,

radial and transverse components X F; = X F, =:O‘

Sample Problem 12-1
m = 80kg

a =25m/s >
,uk‘:' 0.25

determine the magﬁitude of the force P
W=mg=280x9.81 =78 N ,
F=uN=025N

N A

S Fe=may—— Poos30° - 025N =80x025 — M-
SF, =may=0 N - Psin30° - W =10

-4 -
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2 equations to solve two unknowns P and N

P = 535N N = 10525N

Sample Problem 12- ]a
| m = 80 kg P = 298N

v = 0 x =12m for t = 45

| determine
a=2x/2=2x12/4 = 1.5m/s’ A
SF, =may=0 N-298sin30°-785 =0 -t

| N = 934N
SF. = ma 298 cos 30° - 934 = 80x 1.5

4 = 0.148

Sample Problem 12-2
ma = 100kg  mp = 300 kg
determine ax, ag and tensions in each cord
Sg & '1/2SAv => dp — 1/2(1A"
for block A | |
YZFx: ma aAa T1 = IOO.CZA
for block B
» EF),“—“mBaB 'mBg— Tz“: 30061]3 |

e —— - for the pulley w G

LFy=mcac=0 T, -2T, =0

4 equations to solve 4 unknowns.. . .
ay = 84m/s> g = 42m/$
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T, = 840 N T, = 1680N

Sample Problem 12-3
ma = 10kg mp = 4kg
neglecting friction, determine

(@) aa (b) apa

for the wedge A4
YF = maas  Nisin30° = maan

05N, = maas (1)

for the block B
aBI = ap + apa
Z'Fx = mp Ay

- mp g sin 30° = mp aa cos 30° - mp apa

Apa = Ga cos 30° + g sin 30° (2) ey

ZFy = mBay

N, - mgp g cos 30‘5 = - mpas sin 30° '(3)‘ o Q\Nl"

(1) and (3) _ mageos30° oo
‘ 7 E a4 2 ma + mg sin 300 154111/8 ’
2)=> ama = 6.24 m/s* ./ 30°

also, N; can be obtained N, =308N '[f:om eq. 1]

erng method :

EFX—; mp ax . mBg sin 30° = mp aB’
ap = 0.5g = 4.90 m/s* ,/ 30°
LF, =0 N; = mg g con 30° |
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for the wedge A4
ZFX = Ma da mMa da — N] sin 300

arx = 1.697 m/s* —

Sample Problem 12-4 |
T'=25mg for 6 = 30°

determine v and a

LF=ma mg sin 30° = m a,
a = 49m/s* /
ZFn‘=7.nan' ~ 2.5mg-mgcos30°=man‘
| a, = 16.03 m/s? ™\
a =V/p v2=anp—1603x2—-3206 4{{

v = 566m/s/'

Sample Problem 12-5 |
p=120m 6§ =18°
determine v if no lateral friction force on

the wheel is known

F,=0 - Rcos@-W=0
| R = mg/cos @
TP, =ma, Rsin® =ma, = mvV/p
| (mg/cos 0) sin =mv/p r
e e et e pg - 9 . 120 X9. ‘1 St 180 o

v = 19.56m/s = 70.4 km/t

12.7 Angular Momentum of Particle, Rate of Change of Angular Momentum
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12.7 Angular Momentum of Particle, Rate of Change of Angular Momentum
the moment of the linear momentum vector mv —
about a point O 1is called the moment of
momentum, or angular momentum, of the

particle, and is denoted by H,

H, = rxmy Hy = rmvsin ¢

ST unit for H, is m (kg-m/s) = kg-m?/s

i k|

H, = | x y oz |=Hi+ H,j+ Hk
| mv, mvy, mv,

Ho=m@v, - zw)

Hy=m(zvy - xv,)

H, = m(x.vy' - YV Vy)

HO — (sz + HyZ + sz)l/z

if particle rhoving m xy plane, then z = v, = 0

HX =H,=0 |

Hy = H, = mxvy - yv)
for polar coordinate |
| Hoy=rmvsin¢=rmv¢9

= mro [w}:ré]

rate of change of angular momentum

Hy, = rxmy + rxmy

=yxmv trxma
rxSF=3YM,

& - AL

I

.
=21y

Ty
I~
[
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the sum of moments about O of the forces acting on the particle is equal

to rate of change of angular momentum

12.8 Equations of Motion in Terms of Radial and Transverse Components

1n polar coordinate system

SF.=ma =m(r - r) |
2Fy=map = m(r9+ 2;‘9.)

r 1L YFses

XMy, = rxXFyeg
or LMy, = rXFy

% My = Hy = a‘-";-(m'rzé)

rSFo=m@0 + 2rr 6)

or 2F0,=m(r«.9'+ 2;'9.)

the same form of a, is obtained

12.9 Motion Under a Central Force, Conservation of Angular Momentum'
when X F directed toward or away from a |
fixed point, the particle is said to be moving ’

under central force

then M, =0 , , .
hence H, =0 « -/ .
H, = constant S Lo

thus the angular momentum of a particle moving under central force is

constant, both in magnitude and direction

H, = rxmv = constant




Applied Mechanics -- Dynamics

r and v must L H,, °." the direction of H, is constant, .’. the particle

moves in a fixed plane L H,

"." the magnitude of H, is also constant

Hy = rmvsing = rom vy sin ¢y

or H0=mr2é

denoting & = Hy/m, the angular momentum per unit mass, then

h=r0= constant
and dA = % dO

denoting the areal velocity = dA4 /dt, then |

dA/dt = %0 = h/2 = constant

thus if a particle moves under central force, its areal velocity is constant

12.10 Newton’ s Law of Gravitation | /\ m

law of universal graVitation between two particles

F=GMmir | | | (/ |
| | / |

where G = 6.673 x 10'”Vm3/kg-sz_ is the universal constant (constant of
gravi_tation), and 7 is the distance between center to center of two particles

consider a particle of mass m on the surface of earth

W=mg=GMm/R

where M is the mass of earth (M =~ 6x 10*kg), and R is the radius of
earth (R = 6.37 x 10° m), it is obtained | |

 GM =gk

A—AF

Or e g — G w /l R2 . ' : : C A j B OO
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thus W and g will vary with altitude and latitude of the point

considered

g = 9.781 m/s’ (at equator) ~ 9.833 m/s” (at poles)

in average g = 9.81 m/s? = 6.37x10°m
Sample Problem 12.4
atvt’—fO, r=r vi =0
determine v, and F
SF.=ma m(r- 1?9.2) =
2Fy = may m(r0+2;~ 4'9) = F
. dw dvodr
=> 2 — L r er
& L
0 = '0 = constant g =0
thus ; r 02 dr = v, dv,
0,2 7 - rd) = (v? - 0)
or F=v, = 90 - 1"2)1/2 | °
F=2mrf = 2mvr(90 "2mé02(r2_-r02)'/?

@) =>

~ Sample Problem 12- 7
va = 30.3x 10° km/h

determine vy

30000 kmyl

R = 6370km

ra = OA = 6370 + 400 = 6770km
= OB = 6370 + 4000 = 10370km

because the satellite is movmg under central forcé,w -

thus its angular momentum is constant
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Hy, = rmvsin¢ = constant
¢ =90° at 4 and B

FaMmM Va — ¥ M Vp

vg = rava/rsg = 6770x30,000/10370 = 19,590 km/h

12.11 Trajectory of a Particle Under a Central Force
in this section, it is proposed to obtain the differential equation which

defines the trajectory of the particie moving under central force
XF =ma m(‘r'~ré2)=—F
m@E0+2r6)=0
central force => conservation of angular momentum

20 =h=constant => 0 =h/P

dr_drp _hodr_ 41
dt  do r* do

_dr _dry_hd ., d W

1, |

R A= A A A

let u =1/r
d*u

r—-hzuz————de2 |

c_om F_l o, Fo_ o, du
but }r ro - uhu — h T2

du __F

do? m h* u? o

~this is the differential equation to describe the relation between » and 0

(traj ectory of the particle)
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12.12 Application to Space Mechanics
consider a space vehicle moving around the earth under central force, the

gravitational attraction between the earth and vehicle is
F=GMm/r=GMmu

where M : mass of the earth  m : mass of the vehicle
r : distance from center of earth to vehicle u: 1/r
the differential equation becomes

d*u GM
—_— = =
I u 7 constant

to solve this differential equation, and obtain the result

where C is a constant, this equation is a polar equation of a conic
section (elliptic, parabola, or hyperbola)

define the eccentricity &

cC _Ccnw

ET GMiE T GM
then % =kG—A2/[’(1 + & cos 0)

‘this equation represents three possible traj ectories
I.e>1 or C> GMIR |
| when cos (+0) = - 1/e = - GM/Ch?

- thatis a hyperbola |
2. 6= 1 or C = GM/K?

when 6 = + 180°  cos *+0) = -1

'y —> o0
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that is a parabola
3.6 <1 or C< GMN
for any value of 6, 1/r = 0
the radius remains finite, that is an ellipse
for ¢ = 0, then 1/r = GM/K* = constant

that 1s a circle

consider a rocket launching on the earth surface, and
burnout at point A4, it is free flight at stage A (central
force dnly) -
at point 4 h = poVp = rozé
then 4 canbe determined
vW=mg=GMm:/R2 o ’

then - GM = gR? " 1is also determined
the equation of trajectory is

GM
7

GM
72

' —%—"—“ (1 + ecos ) =

+ Ccos 6
for'9‘=, 0° r=rp

C=1n - GMI?
we know for ¢ = 1 or C = GM/h?, the trajectory is a parabola

CGMIR? = 1/ry - GMIK?

e, re = 2 GMIR®
or "‘h‘-”—"ZGMi‘o
but h = rv
2GMry = ro® vo?
or  w=QGM/ny = (ZgRZ/V'o)l/”‘

S 14=
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define Vee = (2 GMIro)”* = (2 gR*ro)”  is the escape velocity

then the trajectory curve will be

hyperbolic if Vo > Ve ie. ¢>1
parabola  if vy = Ve ie. e=1

for C = 0 (e = 0), it is a circular orbit

Vp = Vgire

1/rg = GM/ R
1.€. ']’lz = 7"02 V()2 = GMI"Q

vo = (G M/ ro)* = (g R/ ro)”
define v = (GMIro)* = (gRro)"

Up < Vcire

if vo = v, the trajectory is a circular orbit

for vere < Vo < Ve, the trajectory is an ellipse, 4 is the closest pointto

the earth, called perigee; A’ is the fastest point to the earth, called apogee

for vo < vae, then 4 becomes an apogee, it can

find a point A” at which the v > Ve

periodic time (for a closed orbit)

the areal velocity dA/dt = h/2
or o dA =Y h dt | "
mab=A4= §dd = VihSdi=Vsht
“T’=f-27zab/h |

Ucire

<Vg < Vgge

| &

7.: periodic time

a, b : semiaxes of the ellipse, (but how to determine)

. .
oot ri=214d

a = (7’0 ‘|"k 7'1)/2

St .1, 5 o B e -;.A,,m. .
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because the sum of distances from each of the foci to any point of the

ellipse is constant, then

OB+ O'B=04+ 0'4=1a

then OB = |

and OC =a - r
l)z‘.—*BCQ:aZ—OCQ:aZ-(az-rO)2

=ra - ro) = Fo i

b = (ron)”
then T = 27 [(ro+ 7’1)/2]‘(;”0 ry”
= 7C(ro'Jr”1.)‘(7’07”1)1/z
h

12.13 Kepler’ s Law of Planetary Motion
1. each planet describes an ellipse, with the sun located at one of its foci
2. the radius vector drawn from the sum to a planet sweeps equal areas in

equal time, 1.e. dA/dt = constant

3. the square of the periodic times of the planéts are proportional to the

cubes of the semimajor axes of their orbits, i.e. 7 ~ a’

Sample Problem 12-8°
Vo = 36900 km/h at altltude of SOO km

determine (1) maximum altitude, (2) per1odlc time

M.a;(jmuh altitude

2 = +
; h2 CCOS H

(1) 7 = 500+6370 = 6870km ~ 6.87x 10°m

'vo=39600km/h— 1025x1|4m/s | / ,
h=rovo=704x100m¥%s @&

“-T6-
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h* = 4.96 x 10*! m*/s?
GM = gR> = 9.81 (m/s?) (6.37 x 10° m)?
= 398x 101’4 m’/s?

then GM/K* = 8.03x 10% m'

—rl—— = 8.03x10% + Ccos 0

for 8 = 0° r=r,=687x10°m
1 .
— = 8 4
ge7x10  >03x107+C

C = 6526%10%m"

for & = 180° r=r

1

= = 8.03x10% - 6.526x 10° = 1.504x 10° m’

ry

= 0.665% 10° = 66500 km

then maximum altitude = 66500 - 6370 = 60130 km

@)

a="%@ +r)= 1/2(687 + 66.7)x 105 = 368X106
b = (rorl)%=(687x667)’/1X106— 214 x10°m
_2mab _ 2rx368x214x107 s
h 7.04 x 101
= 7.03x 10*s = 19h 31 min

Dynamiics




