Applied Mechanics -- Dynamics

Chapter 11 Kinematics of Particles

11.1 Introduction to Dynamics
dynamics : analysis of mechanics of bodies in motion
1. kinematics : study of geometry of motion, to relate displacement,
velocity, acceleration and time
- 2. kinetics : to study the relation between the force acting on a body, the
mass of body, and the motion of body
dynamics of particles : chapters 11-14
“dynamics of rigid bodies : chapters 15-18
motion of particles
1. rectilinear motion : a particle moving along a straight line

- 2. curvilinear motion : a particle moving along a curve other than a

straight line

RECTILINEAR MOTION OF PARTICLES |
- 11.2 Position, Velocity and Acceleration of Rectilinear Motion

a distance x, with the appropriate sign,

completely defines the position of particles 2— !
_ . @ m
is called the position coordinate of the
3 P’ O i 1
particle AR GRS I
|| H
. : A 1
eg. x=+5m X =-2m ‘ b
x may be a function of time, x = x(¥) .
o ' v I_.,-:/i-——» ) »‘
— O -
- eg x(H) = 6¢ - ‘13 v ”

average velocity of the particle over the time interval At is defined

average velocity = Ax/ At
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instantaneous velocity v at the instant ¢ is defined by choosing a very

short time interval A¢— 0

instantaneous velocity = v = limo(Ax/At) = dx/dt
FAN nd

velocity is expressed in m/s

P N0

velocity is a vector quantity, may be positive or

negative, a positive v indicates that x increases,

and negative v indicates that x decreases e

the magnitude of v is known as the speed of A |

the particle

‘average acceleration of the particle over the

time interval At is defined |
PP vy

)

average acceleration = Av/ At - .
: o) {t+ A

acceleration is expressed in m/s?
‘instantaneous acceleration a at the instant ¢ is defined by choosing a

. very short time interval Az — 0

instantaneous acceleration = a = Iimo(Av/At) = dv/ dt
AL >

a = dv/dt = dx/dP
~a may be positive or negative

positive a : velocity increase negative a : velocity decrease

v 4"' "U},| 1; |A“

P Tﬁ* P’ i"—’ P’

I’I*M JW ' Al T

(¢ ‘ ()
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deceleration : speed of particle decrease (parts 4 and c¢ of the above
figure are deceleration)

another expression for the acceleration can be obtained

a = dvldt = (dvidx)(dxldt) = v (dvidx)

x{m)

example
x=6¢£-7
v=dx/dt=12¢ -3¢
a=adv/idt=12 - 6¢
lLattr=0,x=v=0,a=12

X, v, a are positive for 0 <z<2
2oat t =2, a =0, v = vnx

x, v are positive, a is negative for 2 <¢<4

Jbat t =4, v =10, X = Xma

v, a are negative, x is positive for 4 <7 <6 12 \?

4.at t = 6, v and a are negative

—
e

x, v, a are negative for ¢>6

11.3 Determination of the Motion of a Particles _ o
for the freely falling body: a = &x | df = constant ,=' 981 m/s?
for a spring : a= (k/m) x proportional to the insfanténeous élongat‘ion
~in general, if a = a(t, x, v) is known, x(f) can bevdetermined
| a ="O ~ uniform motion |
a = constant uniformly acceleration moﬁon- '
consider thréé common cases : |
La=f)  dv=ad=f0)d |
g dv=v-w = Sotf(t) dt

vo = v(0) initial velocity
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and
2. a = fix)
3. a ‘—‘vj(v)'

dx = vdt

(“de = x - x = Sotv(t)a’l‘
xo = x(0) initial position
vdv = adx = fix)dx

vdv = SZf(x) dx
O - voz)/2 = SOX fx) dx

v = w(x) = dx/dt
dt = dx/v(x)
30‘ dt = S):fdx/v(x) |

a=fiv)=dvl/dt
dt = av/fv)

a = flv) = v(dv/dx)
dx = [VIfv)] dv

Cx = x(v) = x[W0)]

Sample Problem 11.1

X=F£-6f-15¢+ 40

x:m f:sec

determine ¢ when v = 0, x(¢), a(f) at that

time, traveling distance from ¢ = 4 ~ 6 sec

a. time for v=20

v =du/dt =32 -12¢- 15
a=dv/dt=6t-12

for
b. at vt = 5 sec
5 sec

o c.oattr =

x =

a:

V=O,t=-1,SSeCJ

—60m

18 m/s?
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= x(1)

v = %) |

0

x(m)

40

0

--60

|

|

|

N |
; |
o{m/s) - |
. |

|

|

f

|
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d. distance traveled from # = 4 to 6 sec
x(4) = -52m x(5) = -60m = Xpin
Xs - X4 = -8m Xx¢ - x5 = 10m

total traveled = 18 m

- Sample Problem 11.2

Applied Mechanics -- Dynamics

x(6) = -50m

for a freely falling body, a=9.81 m/s? |, 1(0) =20 m, v(0)= 10 m/s -

determine : (a) v(¢) and y(¢)
(®) ¥y = Yuax, ¢ =7
C©y=0,¢t=2v=27
() dv/dt=a=-981m/s
§'dv=v-v =-981 S‘;dt
v=10-981¢
de/dt =v =10 - 9.81¢
Ydy =y -y = 5 (10 - 9.81 1) di
Yo
y =20+ 107 - 49057
®
ie. 10-981¢t=0

1(1.019) = 25.1m

= Ymax OCCUrs at v = 0

(c) for y =0 v ,
ie. 20+ 10f-4905¢ =0
¢ =-1243 and 3.28 sec

w(3.28) =-222 = 222m/s |

Sarriple Problem 11.3
a=-kv w0)=0 x0)=0
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t = 1.019 sec | \Q/

10 /s

f/(.,,z .
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v

Uy

determine v(¢), x(f) and v(x)

(@ a=-kv=adv/dt

§ dviv=-kS§ dr 0 ;
In(v/w) =-kt or v = ve™

(b) v =¢eN = dx/dt

( dx= vy § e dr
0 0

0 £
x=-vwe™-1)/k ‘ -
() a=v(v/dx) = —kvn or dv=-kdx
Svdv————kS:dx v =w - kx
| R -0 ) . x
or from . (b) o o o L

x=v(l -eY/k =_Vo"(1 -v/iv) k= VO(VO - V) /mk

kx = vy - v same as above

11.4 Uniform Rectilinear Motion
| a = 0 for all time

‘dx/dt = v = constant
§ e = v di

X =Xx + vt be used only if v = constant

11.5 Uniformly Accelerated Rectilinear Motion

a = dv/dt = constant
$Vdv =al' dt
Vo 0 ’

v=wv tat for a = constant only

dx/dt = W(t) = vo + at
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S): dx = S;(vo + at) dt
X)) = x0 + vot + Voaf
a = vdv/dx = constant vdv = adx
vaovdv = aqa Sxtdx
B - v?) = a(x - x) or V' = v + a(x - xo)
important application : freely falling body

= 9.81 m/s*> = constant -

1‘1.6 Motion of Several Particles
relative motion of two particles - |
xpa is defined the relative position coordinate of B with respectto 4 |
XgA = X - Xa  OF  Xp T Xa t Xpa
Xga = +  means that B is to the right of 4
Xza = -  means that B isto the left of 4

Ve = dxia/ dt is known as relative velocity of B with respectto 4
VA = VB - VA or Vg = va T VB/A k ;
Veia = + means that B is observed from A to move in the + direction

vga = - means that B is observed from 4 to move in the - direction

apa = dvea / dt is known as relative acceleration of B with respect to 4

Qpa = A - aAa O as = aa + apa

dependent motion : position of a particle depends upon the position of
another or of several other particles : |

rope has conStaIit length

xa + 2 xg = constant
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one coordinate may be chosen arbitrary
i.e. one degree of freedom, differentiating

once and twice, it is obtained

VA+2VB:O

and arn+ 2ag = 0
in the case of three blocks of in figure
2xa + 2xg + xc = constant

two coordinates may be chosen arbitrary

i.e. two degree of freedom

differentiating once and twice and obtained

2vy + 2vg + vc' =0

and 2an + 2ag + ac = 0.

‘- Sample Problem 11-4 - |
ball : | a=-981m/s> (vg) = 18m/s |
 elevator : | a=0 vg = 2 rn/s = constant

a. when and Where, the ball hits the élevator

b. va/E at that time
a. ball is a uniform accelerated motion

ve =v +at=18 - 9.81¢

B =y_o+yot+ YVoap
= 12 + 18¢ - 9.81 £

elevator is uniformly motion.

vg = 2m/s = constant

Ve =Yoot vt =5+ 2t
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ball hits elevator when yp = yg

12+ 18¢-981£2 =5+ 2¢
t = -0.39 and 3.65 sec

atl':3.658 YB = VE & 123m

‘ b VBE — VB - Vg — (18 - 9.81 f) -2
at t = 3.65s VBE = - 19.81 = 19.81 m/s |

Sample Problem 11-5

vp = 75 mm/s = constant

l

as = constant va=0attr=20

va(at L) = 300 mm/s

 determine Axg, vs, az when A paSs L

for particle 4

VAZ = (VA)02 + 2 aa [xA - (xA)o]
3002 = 0 + 2 a,x200
a, = 225 mm/s?

VA = (VA)vo +.at

300 =0 +225¢ = 1333 sec

for particle D

vp = 75 mm/s = constant

xp - (Xp)o = 100 mm

for particle B
| Xa + 2xp + xg = constant
VA+2vD+1}B=O

aA"i‘ 2aD+aB=0,"
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for distance x
[xa - (xa)o] + 2 [xp-(xp)] + [x8-(x8)] = O
200 + 2x 100 + [xg - (x8)o] = O
[xB - (XB)o] = -400 mm T

for the velocity v

300 + 2x75 + vg = 0 vy = - 450 mm/s 1

for the acceleration a

225+ 0 +ap =0 ag = - 225 mm/s* }

11.7 Graphical Solution of Rectilinear-Motion Problems | "

v = dx/dt slope of the x-t curve
a=dv/dt slope of the v-t curve
/ //“ ”

integrating those curves from fh to &

R ty ‘
X2 -x = § vdt
. tl

| (area under the v-r curve between # to t,) |

- R
v, -vi= § adt
t

(area under the a-t curve between # to z‘i),‘
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11.8 Other Graphical Methods
consider the v-t curve

Xx; - xo = area under v-f curve

=t § (- Ddv

Vo

but dv = adt
h t
‘xl—xo=vot+ So(tl-t)adt

the integral represents the first moment
of the area under the a-t curve

X1 - Xok: Vol + (h - _Z)A

A : areaunder a-t curve

consider the v-x curve

I

BC = ABtan 0 = v (dvidx)
= da

a : acceleration of the particle at that time

Sample Problem 1 1-6 |
initial conditions: =0, vo= -3.6 m/s, xo=0
t=0~4 a=06m/s’ »
t=4~10 a = 1.2m/s®

f=12~20 a=-1ms

vi-vo = 0.6x4 = 24m/s v = -1.2m/s
V10-V4 : 12X6 = 72m/s le - 6m/s
V12-V10 =-1X2 ;=' -2 m/s Vli =_4m/s
Vo-vip = -1x8 = -8 m/s vip = -4 m/s
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0<t<4s  x4-x =%2(-3.6-12)x4 = -9.6m x4 = -9.6m
4s<t<5s  x5-x4 =%2(-1.2)x1 = -0.6 m xs = -10.2m
58 <t<10s xj0-x5s =%2(+6)x5 = 15m X1 = 4;8m
10s <t<12s xpp-x10 =% (+6+4)x2 = 10m xp = 148 m
12s <t <16s x16-x2 =%2(+4)x4 = 8m xi6 = 22.8m
16s <t <20s xp-x16 =%2(-4)x4 = -8m X = 14.8 m
fort=12s vi2 = 4m/s xpz = 14.8m

distance traveled for =0~ 12s
for t=0~35s distance traveled = 10.2 m
for t=5~12s distance traveled = (10.2 + 14.8) = 25m
total traveled = 35.2m

CURVILINEAR MOTION OF PARTICLES
11.9 Position Véctor, Velocity, and Acceleration
defined a fixed coordinate system Oxyz

consider a particle moving in space, the position

P occupied at time ¢, the vector r joint O and P is
called the position vector of the particle at time ¢
consider the vector r’ defining the position

P’ occupiéd by the particle at time ¢+ At

PP = Ar
the average velocity over the time internal Af is
Vave = Ar/ At

and the instantaneous velocity is defined

v = ltzrzz (AFIAE) = dr ] dt
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the magnitude of velocity v is called speed

v =|v| = ltzn(q) (ArINE) = ltm(a) (As/AF)

v = ds/dt

‘ A o

the velocity vector v is tangent to the path /
3

of the moving particle

4 .
similarly for the acceleration vector NG
\‘\
a =dv/dt 12 et
; 720
also a is tangent to the curve described by | R
the tip Q of the vector v when the latter is | F 1
drawn from a fixed origin O’ ’ %ﬁ

this path is called hodograph

Note that in the moving path of the particle,

a is not a tangent - /

11.10 Derivatives of Vector Func‘tio'ns

dP+ Q) _dp  dg

+
du du  du
a(f P d - dP
p &, e
du ’du"‘ “du
dp - daP . d
AP0 _ AP 5, p.
du | du v du
d(P aP d
Px0) = xQ + Px ¢
du du du

for a vector function in component form
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P= P+ Pj+ Pk

dpP dPy dPy dP,
—_— = [ + j+ k
du du du du

the rate of change of the vector is
aPp dp, . dP, . dP,
— = i+ j+ k
dt dt dt dt

P =P+ Pj+ Pk

the rate of change of a vector, as observed from a moving frame of
reference, is, in general, different from its rate of change as observed from a
fixed frame of reference

but if two frames only in translétioh, then P is the same in both frames
at any given Ainstant, thus P is also the same | |

Hence, the rate of change of a ‘Vector is the | V'\ }V
same with respect to a fixed frame and with | |

respect to a frame in translation /2
X

P =P+ Pj+ Pk

P =P +Pj + Pk
but Lj,k=7,j,Fk

then P = i” :

11.11 Rectangular Components of Velocity and Acceleration

consider the position vector into rectangular component form
r=xi+yj+zk o N

then the velocity and acceleration vectors are

y = dr/dt = xi +);j +zk
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a=dvidi=xi+yj+zk
the scalar components of velocity and acceleration are
Ve = X Vy =y v, =z

ax = X ay =y a, = z

in general ay depends only upon ¢, x and/or vy

a, depends only upon #, y and/or v,

a, depends only upon ¢, z and/or v,

in the case of motion of a projéctile
ax=.jc'=0 az='z.=0‘
a=y=-g
let (xo, yo, z0) be the pdsition of the gun and
vo = [(Wo, (Wos (V2)o]
then v = x = (v v, = z= (V2o | uniform motvion

Vy y = (i)y)o -gt uniformly acceleration motion
and x =x0 + (Wt z = 2 + (Voo t
Y=yt (Wt -Yagt
if (0, 30,20) = (0,0,0) and (v) = 0
then Vy = (Vx)()‘ Vy = (Vy)() - gt ‘ v, =.(
x = ! Y=t -thgt  z=0

the projectile is moving in xy plane, the motion of vertical direction is
uniformly accelerated | -
the motion ‘of projectile may thus be replaced by two ihdepen’dent

rectilinear motions
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11.12 Motion Relative to a Frame in Translation
fixed frame of reference : attached to earth

moving frame of reference : other frame

consider two particles 4 and B moving in

space, the vectors rx and rp déﬁne their

positions

the vector rgs jointing 4 and B defines the position of B relative to
the moving frame Ax’y’z’ is called relative position vector
Fpia = I - Ia
- or rg = Fa t Fpa

similarly, the relative velocity and acceleration of B relative to the

moving frame Ax’y’z’ are

Vea = VB - Va OF  vg = va + Vi

apa — A - Ap or dapg = aa + agia

Sample Problem 11-7
v = 180m/s 7 30°

" determine a. the horizontal distance ‘x‘

b, the greatest elevation

vertical motion : uniformly accelerated motion

(v) = 180 sin30° = 90 m/s | e |
‘ . R ?" . a=-981m/s?
ay = -9.81 m/s? . y | I--l~—— 18D s
vy = (W) +agt =90 - 9.81¢ A
y=w+t Wt +%2a,f

=90t - 4907
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v = (v + 2a,y = 8100 - 19.62y

horizontal motion : uniform motion

(vo = vx = 180 cos 30° = 1559 m/s

X = Xp + (Vx)of = 1559¢

a. horizontal distanceat y = - 150 m
-150 = 90¢ - 4902 => ¢t = 1991sec
then x = 1559x1991 = 3100 m

b. greatest elevation
dyldt =v, =90 -981¢t=0 => = 9.174 sec
y =90x9.174 - 490x9.174* = 413 m
or v = (' + 2a,y
0= 90%- 1962y = y=43m
gréatést elevation = 150 + 413 = 563 m |

Sample Pfoblem 11-8
| the projectile is fired to hit a targetat B
vo = 240 m/s " a a, = -9.81' m/s’

- determine the angle a |

Vi =

(v)o = 240 cos a (v = 240sina o s

vx = (W) = 240 cosa

'x=(vx)ot=24000saxt |
vy = (wo + at = 240sina - 9.8'1 t
y= (ot + Ysaf = 240sinaxt - 490~

for x = 3600 m
. vyl = 24050 a

3600 = 240 cosaxt => l“'—'15/‘,cos‘a:'"z’
for y = 600 m
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600 = 240sinaxt -4.90 7

Applied Mechanics

= 240 sin a (15/cos @) - 4.90 (15/cos a)*

= 3600 tana - 4.90 x 15* (1 + tan® @)

1103 tan’a - 3600 tana + 1703 = 0
tana = 0.574 and 2.69
a = 29.9° and 69.6°

the corresponding times are 17.3 and 43.03 sec

Sample Problem 11-9

va = 36 km/h — = constant
ag = 12m/s> | (v)o =0 () = 35m
determine rga, Vea, and app at t = 5 sec

va = 36 km/h = 36,000 m /3600 s

= 10m/s = constant

A: ﬁnifdrm motion

a, =0 vy = 10 m/s —

XA = (xA)o + vat = 50m (at t = 5 sec)

ra = 50m—

l

B : uniformly accelerated motion (at ¢ = 5 sec‘)

as = 12m/s? |

Cvp = (vpo t apt=-12¢=-6m/s® |

8 = (8o +'(vB)ot + Yoag 2 = 20m
rg = 20m 1

then the motion of B relativeto 4 are

-- Dynamics

36 km/h

Foa = rs - ra = 20j - 50§ = 53.9m N\ 21.8°

VB/A

11-18
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o
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A
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dpa — A - Ap — -12j = 1.21’11/82 l

11.13 Tangential and Normal Components
plane motion of a particle
consider a moving path in xy plane, let the

unit vectors e; and e’ be the tangent vectors

at P (time= ¢) and P’ (time = ¢+ Af)

Ner = et’ - €

|Ae| = 2 sin(A6/2)

Ae. L e for AO — 0 then Ae // e, _
- 2 sin(A6/2) _ - sin(A6/2) _ o

7. Aet _
lim| =1 = Im—4 m=—on !
%
e = lim28_ = de
e N
v is tangent to the path, then v = ve
S av dv _ de .
. = = -+ ) >
and  a o g etV 0
‘de. de, dO ds v b
e Y R |
p : radius of curvature of the moving path
dv
= d: et‘+‘7)"'en ='atet+anen

0 b

a = dvl/dt is the tangent component of accelératioﬁ (rate of change of
the speed of particle), may be positive or negative (spéed ‘inérease
or decrease)

>an = i;i/p -iswt”he}'r’lbrmavcombovneﬁt» ‘;)f acé’eleration, alwayé directed

toward the center of curvature C of the moving path
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a=0 onlyif g =a, =20
for a particle move with constant speed on a curve, @ = 0 ("." a, # 0),

unless at the point of inflection or when the curve is a straight line (p = o0)

motion of particle in space

_Osculating
plane

e, = de /df principal normal at P
e = € X € binormal at P

e, L the osculating plane

the acceleration can be resolved into two

components, one along the tangent and the

other one along‘ the principal normal, but no

component along the binormal

11.14 Radial and Transverse Components
in some problem of plane motion, the position of
P may be defined by polar coordinates » and 0, it

is convenient to resolve the velocity and acceleration

into radial and transverse components

e unit vector along radial direction

e;  unit vector along transverse direction

notethat e L ey

similarly as in the previous section

derv__:e - dey - e

do - df ' o

derz'derg_’gzéglg deg _ deg_c_z’_H_:_eg’Q

dt do dr 't dt do  dr vdr
or . e;-—‘éeg e.g=—0'er
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consider a particle in plane motion described by polar coordinate

r=re
‘then v=;*=1:er+rér=z:er+r9.eg
a =y = (.r'e,- + e.r) + (}: éeg + r'9.e9 + 70 ég)
= (7 - ro?) e + (r"9.+ 27 0)es

Ve = 1 v9‘= rH

a,:_'r'—réz ap = r0 + 27 0 ]
‘note that ar" £ ap # Ve
for a particle movihg along a circle

r = constant r=r=0

v=rbe = ve ~ ‘ | “

a= SrPe + 1’.0.69:: -(Vr) e + \;eék

motion in space

r = Re + zk

v=r= I‘Qe,-+Rée9’+ zk

a=v=(r- réz)er’+ (r0 + 2r 0.‘)89 +zk

Sample Problem 11-10

p = 750 m ‘ (vA)O = 90 km/h ‘ vy =90 km/h
va = 72 km/h after 8 sec |

determine a for break applied immediately 250 m
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90 km/h = 90,000 m/ 3600 s = 25 m/s
72 km/h = 20 m/s

a = Av/ At = (20-25)/8 = - 0.625 m/s>
a, = Vv /p = 27*/750 = 0.833 m/s’
Ctana = a,/a = 0.833/0.625 = 1.3328
a = 53.1°

a = (a + a?)” = 1.041 m/s?

Sample Problem 11-11
for the projectile in sample problem 11-7
determine the minimum radius of the trajectory
vo = 180 m/s 7 30°
}' (vx)§ = v = 155.9m/s = constant
at the top of the trajectory, v, = 0 |
v = W + VA% = vy |

v has a minimum value at the top

Applied Mechanics -- Dynamics

4, = 0.5 k2
G\

lal = (a + a’)* = aw = g (ax = 0 atthe top)

a, has a maximum value at the top

vz(min)

~ Ap(max)

= 155.92/9.81 = 2480 m

| Sample Problem 11-12

a collar B slides along a fo_tation arm

04 = 09m
0 = 0.15# (radius) » = 0.9 - 0.12# (m)

- determine vg, @z and apoa at 8 = 30°

11-22
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for 6 = 30° = 0.524 rad
t = (0.524/0.15)” = 1.869 sec

for the block B at r = 1.869 sec

V=08, + Uty
' a=ae, +age
r =09 -0127=0481m o
° v = (0270 mdsley
r=-024¢t=-0449 m/s R

7= -0.24 m/s?
0 = 0.15£ = 0.524 rad | < |
6 = 03¢ = 0.561 rad/s | M"«“P‘% e e

-
0 = 0.3 rad/s?

PR
AN /
\ A

r = -0.449 m/s

Ve = ap = (-0.391 mADe
ve = rf = 0.481x0.561 = 0.27 m/s P |
v = 0.524 m/S ﬁ =3 ].O » . \ //ilg =(-0.359 m/s2)eqy

A

a=r-r@ =-0391 m/s | |
dg — 7".9. + 27’.' é = -0.359 m/s2 | féll/(.)z\‘“”‘?"'“) mistle,

a=0531m/s> y=426 /

Gos = 7 = -024 = 024 m/s* / toward O

=09 - 0127 =09 - 0.12(0/0.15¢ = 0.9 - 080
dr/df = -0.8m/rad radius Variation due to unit angle

forr =0 6 = 9/8rad = 64.46°

11-23




