Chapter 4 Shear Forces and Bending Moments

4.1 Introduction

Consider a beam subjected to
transverse loads as shown in figure, the
deflections occur in the plane same as
the loading plane, is called the plane of
bending. In this chapter we discuss shear
forces and bending moments in beams
related to the loads.
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4.2 Typesof Beams, Loads, and Reactions

Type of beams

a. smply supported beam (simple beam)

b. cantilever beam (fixed end beam)

. beam with an overhang
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Type of loads

a. concentrated load (single force)

b. distributed load (measured by their intensity) :
uniformly distributed load (uniform load)
linearly varying load

c. couple

Reactions
consider the loaded beam in figure P%a Pr g
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for the cantilever beam
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4.3 Shear Forcesand Bending Moments
Consider a cantilever beam with a Ii

concentrated load P applied a the end 4

A, a the cross section mn, the shear ’4 X .

force and bending moment are found (a)

I
z Fy = 0 V = P A.T ,I,V)A M(r ¥ B
XM = 0 M = Px - x oV

sign conventions (deformation sign conventions)

M v M

the shear force tends to rotate the (T © l gA

material clockwise is defined as positive

1 ol
the bending moment tends to compress lv vl

the upper part of the beam and elongate the
lower part is defined as positive
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Example 4-1

a simple beam AB supports a force P
and a couple My,

find the shewr V and A f:) T__i
bendingmoment M at [ Lt -‘ L 1‘
(@ a x=(L2) () a x=(2)., " o
3P Mo = Mo
Re = — - — Ry = — + ,
4 L 4 L l :
@ a x = (L2 ~ }D
YF, = 0 Ry - P -V =0 I ®
V= R -P = -Pl4d - MJ/L
SM = 0 -Ra(LID+P4)+M = 0
M = Ry (LI2+P(L/4) = PL/8-My/2
(b) a x = (L/2), [similarlyas(a)] l” Mo
V = -P/4-M,/L /\:Dl)
M = PL/8+My/2 T .
R
Example 4-2

a cantilever beam AB subjected to a

linearly varying distributed load as shown, find
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the shear force V and the bending moment L
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q = Qox/L
SFy = 0 -V -%(@x/L® = 0 .;i’;v;l‘)‘”
Al ]
V = -qxX/(2L) b — Vv
Vmax = -qoL/Z



M =0 M + %(goXx/L)(X)(x/3)= 0

M = -qxX/(6L)
Mmx = -QolL?/6
Example 4-3
. . ‘_79“4,1{’-!-H
an overhanging beam ABC IS g =200 Ib/ft
supported to an uniform load of intensity 5 e Sk
g and a concentrated load P, calculate 151 . RT
the shear force V and the bending 2 T
moment M a D o
200 Ib/ 1 |Hk
from equations of equilibrium, itisfound M
s |)
Ra = 11Kk Re = 9Kk T
1k 200 Ib/ft
. t MxV ,
at section D C[%ﬁi—w
D _:‘5:;._[»'
SF, = 0 11-14-02x15-V= 0 Lo,
V — ) 6 k (c)
XM = 0
-11x15+14x6+02x15x75+M=0
M = 585Kk-ft

from the free body diagram of the right-hand part, same results can be

obtained

4.4 Relationships Between L oads, Shear Forces, and Bending Moments

consider an element of a beam of length q
dx subjected to distributed loads q ?, VIET | Meam
equilibrium of forcesin vertical direction N ] J)
dx V+dV

(a)



XFy, = O V-qdx-(V+dv) = 0
or dv/dx = -qg

integrate between two points A and B

B

B
§ dv = -§ qdx
A A

i.e. B
VB - VA = 'S qu

A

- (areaof theloading diagram between A and B)

the area of loading diagram may be positive or negative

moment equilibrium of the element

>M =0 -M-qgdx(dx2)-(V+dV)dx+M+dM = 0
or dM/dx = V

maximum (or minimum) bending-moment occurs at dM / dx = O,
I.e. at the point of shear force V = 0
integrate between two points A and B

B B
§ dM = § Vdx
A A

B
MB - MA = S,‘A\ V dX
= (areaof the shear-force diagram between A and B)

this equation is valid even when concentrated loads act on the beam
between A and B, but it is not vaid if a couple acts between A
and B



concentrated loads L

equilibrium of force MV MM,
vV - P - (V+V) = 0 \\I |
i dx -
or V, = -P ¥aH

(b)
I.e. an abrupt change in the shear force occurs
at any point where a concentrated load acts

equilibrium of moment

-M -P@@x2) - (V+Vy)dx + M + M; = 0
or M, = P@x2 + Vdx + Vidx =~ O
since the length dx of the element is infinitesmally small, i.e. M;

Is dso infinitesmally small, thus, the bending moment does not change as

we pass through the point of application of a concentrated load

loads in the form of couples My
N\
equilibrium of force V; = 0 M,V MM,
I.e. no change in shear force at the point of L d
I éx \-"+:’|

application of acouple

(c)

equilibrium of moment

-M+Mg-(V+V)dx+M+M; = 0
or M: = -Mg

the bending moment changes abruptly a a point of application of a

couple



4.5 Shear-Force and Bending-Moment Diagrams

concentrated loads | | P
consider a smply support beam AB _g 2 Tg;_
with aconcentrated load P 1 N T
L 1
R. = Pb/L Re = Pa/L " . Ry
forr 0 < X < a 1)“!
A ]
V = R = Pb/L F .
M = Rax = Pbx/L J '
notethat dM/dx = Pb/L = V (b

for a < x < L

V = R\ - P = -Pal/L -
M = Rax - P(x-a = Pa(L-X/L
notethaa dM/dx = -Pal/L = V

with Mmx = Pab/L nl

uniform load i
consider a smple beam  AB  with a [dedddbididd

AT 1 B

uniformly distributed load of constant < £
A

. . ———» X

intensity  q ; . T
Ra Ry



R = Re = qL/2 v
]
V. = Ra - gx = gqL/2 -gx ‘
M=RaXx-qx(X2)=qLx/2-qx/2 ) LL
note that dM/dx=qL/2-qx/2=V %
L7
Mmx = QqL?/8 a x = L/2 nm
Py
several concentrated loads AT
.Hu|a}1|
for O<x<@g V=Ry, M=RyX A 1 —
M: = Raag . <
fOI’ a <X< ) V = RA - Pl Ry ' Ry
M = RsXx - P; (X- a.j_) g = P,
Mz-M; = (Ra-Pi)(@-a) o &
P;I_R

similarly for others

M, =My becauseV =0 at that point

Example 4-4

construct the shear-force and bending
-moment diagrams for the simple beam
AB

Ra = gb(b+2c)/2L
Re = gb(b+2a)/2L
for 0 < X < a

V = Re M = RaX
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cantilever beam supportedto P; and P,

for a < x < a + b M ax
M
q(x-a) 0

e —
(c)

RA -
= RaX - q(x-a)°/2

< <

for a + b < x < L
V = -Rs M = Rg(L-X
maximum moment occurswhere V.= 0

i.e. xx = a + b(+2c)/2L
Mmx = Qb(b+2c)(@daL+2bc+b?/8L?

for a = ¢, x = L/2

Mmx = qb(2L-b)/8

for b=L, a=c=0 (uniformloading over the entire span)

Mmy = ¢L?/8

Example 4-5
construct the V- and M-dia for the |” l”l ,
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x
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RB=P1+P2 MB=P1L+P2b

for 0 < x < a

V = -P; M = -P;x =P

for a < x < L
(b)

P =P,

V = -Pl- PzM

(c)
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Example 4-6 NIERERRRRRRRRINE] R
construct the V- and M-dia for the ol
cantilever beam supporting to a constant uniform I.i1 L ,T
load of intensity q (a) “
VO
Re = qL Mg = qlL?/2
then V = -gx M = -qx°/2 N =%
Vmx=-qL  Mmx=-qL?/2 w,
alternative method N ol
(c) :
V-V, = V-0 = V = —qudx = -gX
M-My = M-0 = M = -f Vix = -qx/2
Example 4-7
an overhanging beam is subjected to a T,OIML e~
uniform load of q = 1 kift on AB T A 7 é
and a couple M, = 12 k-ft on midpoint %.T._%zm 1 %ﬂgnﬁ;l
of BC, construct the V- and M-dia for Ry " Re
the bearn V(k) +1.25
Re = 525k Re = 125k ”\
shear force diagram - (b)
V. = -gx on AB 0 20
V = constant on BC \J ‘
-8.0 -10.0
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bending moment diagram
Mg = -qb®/2 = -1x4*/2 = -8kt

the dope of M on BC is constant (1.25 k), the bending moment
justtotheleftof Mgy is

M = -8+125x8 = 2k-ft

the bending moment just to theright of My is
M = 2-12 = - 10k-ft

and the bending moment at point C is

Mc = -10+125x8 = 0 as expected
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