Chapter 10 Statically Indeterminate Beams

10.1 Introduction
in this chapter we will analyze the beam in which the number of
reactions exceed the number of independent equations of equilibrium
integration of the differential equation, method of superposition
compatibility equation (consistence of deformation)

10.2 Types of Statically Indeter minate Beams
the number of reactions in excess of the number of equilibrium equations

Is called the degree of static indeterminacy
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the excess reactions are called static redundants
the structure that remains when the redundants are released is called
released structure or the primary structure

10.3 Analysis by the Differential Equations of the Deflection Curve
Ely' = M Ely" = V ElyY = -q

the procedure is essentialy the same as that for a statically determine
beam and consists of writing the differential equation, integrating to obtain
its genera solution, and then applying boundary and other conditions to
evaluate the unknown quantities, the unknowns consist of the redundant
reactions as well as the constants of integration

this method have the computational difficulties that arise when a large

number of constants to be evaluated, it is practical only for relatively smple

case
Example 10-1 ‘\
a propped cantilever beam AB . L l | lql | 1 |
supports auniform load g M{: Fa BA )
determine the reactions, shear forces T o v

L—— s}
bending moments, slopes, and deflections R *RH

choose Rg astheredundant, then



and the bending moment of the beam is
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M = RX - My - ——
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qL? opé
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Ely = - - - Rilx - — + C
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Ely = - - - - +Cix+GC,
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boundary conditions

y0 = 0 y@©@ = 0 ylL) =0

it is obtained e
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the maximum shear forceis A | A T

Vmex = 5QL/8 at the fixed end L
2

the maximum positive and negative moments are
Mps = 99L%/128 M,y = -gL%/8

slope and deflection of the beam

gx

y = — (6L + 15Lx - 8
48E]|
e

y = -—(3L%2 - BLx + 23
48E|

todeterminethe 6., St V. = O
6L2 + 15Lx - 8¢ = 0

wehave x;, = 0.5785L
qL*

Omex = -~V = 0.005416——
El

the point of inflectionislocatedat M = 0, i.ee x = L/4

Kk < 0 and M < 0 forx < L/4
k > 0 and M > 0 forx > L/4



thedopeat B is

qL’
g = (Y)eo = —
48El
Example 10-2
a fixed-end beam ABC supports a ’ l
concentrated load P at the midpoint K 5 %1
determine the reactions, shear forces,  m, L; L ! 'l“ My
bending moments, slopes, and deflections Ry 2T 2 R
becausetheload P invertical direction and symmetric
Hn = Hg = O R« = Rg = P2
Ma = Mg (1 degreeof indeterminacy)
Px
M = — - My (0 = x = L2
2
Px
Ely = M = — - Mxa (0 = x = L2
2
after integration, it is obtained
Px
Ely = - Max + C (0 = x = L2
4
Px M
Ely = — - + Cx + G (0 =x=1L1/2
12 2

boundary conditions
yo) = 0 y@© =0

symmetric condition



= N = B ),
y(© = 0 q s
L 42
the constants C,, C, and the ° PL—%—-<—~—>’P L
moment M, are obtained _ )
P
C, = GC =20 v "2
PL 0
Ma = — = Mg an
8 2
: PL
the shear force and bending moment L | 8 L
diagrams can be plotted Yoo < J
L
thus the slope and deflection equationsare - %’ - LSL
Px
y = -—(L - 2 0 = x = L2
8El
Px°
y = -——(@3L - 4% 0 = x = L2
48El
the maximum deflection occurs at the center
pL®
omax = -Y(L/2) =
192El
the point of inflection occurs at the pointwhere M = 0, i.e x =
L/4, the deflection at this point is -"
cg{l a‘ll'lzi_‘: (5(]
PL LN RS S |
o = -ylL/4) = | T
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10.4 M ethod of Superposition
1. selecting the reaction redundants
2. establish the force-displacement relations
3. consistence of deformation (compatibility equation)

consider a propped cantilever beam TTTTTTT
(i) select Rg asthe redundant, then g.l? B/
qu R,,} L 1]: Ry
Ra=qL-Rs  Ma=—--Rgl )
2
force-displacement relation =
A
qL’ RsL® (b)
(I 8— Op)2 = 3— J
El El
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compatibility equation I
-
o8 = (@)1 - (@)1 = O © ‘
| ’//(“"‘ﬂ.)z
qL* Rel® | T_T
8El 3El o R
3qL 5qL qL®
RB = => RA = MA =
8 8 8
(i) select themoment M, asthe redundant 11 lql [T
gL M, L M. it Lo
RA = —+— = — - R,\. 7 —tRB
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force-displacement relation
qL® MaL
(On)1 = —— (0a):2 =
24El 3El

compatibility equation

On = (On)1 - (On)2 =

24El|

thus M, = qL%8
and Ry = 5qL/8 Rs =

Example 10-3

a continuous beam ABC supports a

uniformload ¢
determine the reactions

select Rgs astheredundant, then

qL

force-displacement relation

5gL(2L)* 5qL*

(58)1 = =
384El 24El
Re(2L)® ReL®
(53)2 = -
48El| 6El

compatibility equation

3qL/8

MaL
= 0
3El
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5qL* RsL®
og = (@)1 - ()2 = - = 0
24E| 6El

thus Rs
and Ra

5qL/4
Re = 3qL/8
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Example 10-4 C )

. ) M;l M
a fixed-end beam AB is loaded by a Rl}euH *I’HI"RB ’

force P actingat point D I S ——
determine reactions at the ends (u"
also determine dp &
(0.),)| (OH/)(

thisis a 2-degree of indeterminacy problem
select My and Mg astheredundants

Pb M M —
Ra = — + — - — MAA/ VoL
L L L (E4)> (g)>
(c)
Pa Ma Mg
RB = — - — o+
L L L 2’& )
. . A_ ’MB
force-displacement relations (Um (Uﬂ)x
(d)
Pab(L + b) Pab(L + a)
On)1 = ——— 0g)y = ——
6LEI 6LEI
ML ML
On)2 = (Op), =
3El 6El
MgL MgL
(Oa)s = (Os)s =
6El 3El

compatibility equations



On = (Oa)1 - On2 - (Oa)s = O
0 = (Bg)1 - (Og)2 - (O)s = O
i.e. ML N MgL _ Pab(L + b)

3E 6El 6LEI
Mal ML _ Pab(L+a)
6El 3E 6LEI

solving these equations, we obtain

Pab’ Pa’b
M

L2 L2

and the reactions are

Pb? Pa’
(L +2a) Rse =

£ £ (L +2b)

RA =

thedeflection oJp can be expressed as

op = ©p)1 - ©p)2 - (Op)3

Pa’b?

(5D)1 =
3LEI
MAab Pa’h’

0p). = (L + b = (L + Db)
6LEI 6L3El
Mgab Pa’b?

Op)s = L + a = (L + a
6LEI 6L>El
Pa’o®

thus 5D = p
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determine the reactions of the beam ‘ 5

then MA = MB = — RA = RB = —
8 2
PL®
and 5(; =
192El
Example 10-5
a fixed-end beeam AB supports a ; ]
uniform load g acting over part of the z A 5 | a
span M, /I-,_ . /t/ ,
R, | Ry
|

to obtain the moments caused by qdx,
replace P to qgdx, a to x, and b

to L-X SN By
E. .| EWE ]
ox(L - X)%dx B 5|
dMy = —— |
E dM, /I’ | L M,
dR, [

opé(L - X)dx

dMB = 5
L

integrating over the loaded part

2

qd a ga
Ma = §dMa = —§ x(L-x%x = (6L? - 8aL + 3a°)
L> ° 1212
q a ga’
Mg = §dMg = —§ X(L-Xdx = (4L° - 3a)
L2 © 1212

Similarly
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q(L - X)*(L + 2x)dx

LS
opé(3L - 2x)dx

dRs = E

integrating over the loaded part

9 a 2 qa 3 2 3
Ra=§dRa=—§ (L-X(L+2X)dx=——(2L°-2a°L +a°)
L3 0 2L3

ga’

{T@EL-2dx = —— (2L-a)
0 2L3

q
E

Re = [dRs =

for the uniform acting over the entirelength,i.e. a = L

qL? e

the center point deflections due to uniform load and the end moments are

5qL* MaL (qL¥/12)L> qL’
(50)1 = (50)2 = = - @@=
384E| 8EI 8EI 96El

qL’

oc = (0c)1 - (©Oc) =
384El

Example 10-6
a beam ABC rests on supports A ___®

A

and B andissupportedby acableat C “f— w&ﬁ' 2ATE
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findtheforce T of thecable

S|

takethecableforce T asredundant

the deflection (dc); due the uniform

/]
E . .
A "r Y Y ¥ \l« l i lr l |

load can be found from example 9.9 with 4k — = C &
a=L o .
L4 (b)
Oc)1 =
4E|},
the deflection (dc), dueto aforce T
actingon C isobtained
use conjugate beam method
TL® TL L2L
©Oc) = M = L + ———
3El, Eoly 2 3
A
3Eulp

the elongation of the cableis
Th
Oc)z = ——
EA

compatibility equation

Oc)1 - (©Oc)2 = (9¢)3

qL* 2T Th
4Epl,  3Eply EA
30L"EA.
T =

8L3EA. + 12hE,l,
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10.5 Temperatur e Effects

10.6 Longitudinal Displacementsat the Ends of the Beams
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