Chapter 9 Deflections of Beams

9.1 Introduction

in this chapter, we describe methods for determining the equation of the
deflection curve of beams and finding deflection and dope at specific points
along the axis of the beam

9.2 Differential Equations of the Deflection Curve

consder a cantilever beam with a
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the deflection v is the displacement IT’// .
inthe vy direction
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the angle of rotation 6 of the axis \
(also called dope) is the angle between the = ‘f
X axis and the tangent to the deflection , \

curve

point m, islocated at distance x
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denote O' the center of curvature and \ &L

-~ v+ dv

p theradiusof curvature, then i
pdfd = ds | .

and the curvature x is
(b)
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p dS Positive Negative

curvature curvature

the sign convention is pictured in figure @
slope of the deflection curve

dy dy
—~ = tan0 or 0 = tant-—
dx dx
for 60 smal ds~ dx cosf~1 tanf~0, then
1 do dy
K = — = — and 0 = —
p dx dx
1 do d?y
K = — = — =
p dx dx®

if the materias of the beam islinear elastic

1 M
K = — = — [chapter 5]
p El

then the differential equation of the deflection curve is obtained
o dy M

+M -M

dx dx? El C ) C D

it can beintegratedtofind 6 and vy

dM dVv +_V| -V
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then
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sign conventionsfor M, V and q areshown

the above equations can be written in asimple form
ENV' = M Elv' = V EV" = -q

this equations are valid only when Hooke's law applies and when the
slope and the deflection are very small

for nonprismatic beam [I = 1(x)], the equations are

d%y
El, = M

dx?
d  dy dM
—(Ely—) = — =V
dx dx® dx
a2 d¥ .

(Elx ) = — = -¢
dx? dx? dx

1 V"
p [1+ W)

9.3 Deflections by Integration of the Bending-M oment Equation
substitute the expression of M(X) into |

A y B
the deflection equation then integrating to _Al_ é
satisfy A i
(i) boundary conditions =2
(i) continuity conditions =0 vp=0
(iii) symmetry conditions A l B
to obtan the dope 6 and the |
deflection v of the beam A B




A B
| ]

AN |
this method is cdled method of i &
successive integration A B
AN — A

Atpoint C: (Vac=W)cp
(ac=0")cp

Sempled T T
determine the deflection of beam AB ﬁ -
supporting auniform load of intensity
< L

adsodetermine Jpax and O, 0Og

flexural rigidity of thebeamis El

bending moment in the beam is

2

19~

gLx qXx

M

differential equation of the deflection curve

ql_x qx2 n 1 J/ vl l l
ElV' = - _.&_
2 2
al. .
Lx? qx
Ely = — - — + C
4 6
" the beam is symmetry, f=y= 0 a x=L/2
qL(L/2)? q(L/2)°
= - 1
4 6
then C, = qlL®/24



the equation of dopeis

y = - q (L2 - 6L + 4X)
24 El

integrating again, it is obtained

q
y = - Lx - 2L + X) + G
24 El
boundary condition: y = 0 at x = 0
thus we have C, =0

then the equation of deflectionis

q
y = - L’x - 2LxX + X)
24 El
maximum deflection .. Occursat center (x = L/2)
L 5qL*
5max - - V(_) = ( i )
2 384 El

the maximum angle of rotation occurs at the supports of the beam

qL’
On = YO = - ()
24 El
qL’®
and s = Yy(L) = (€)
24 El
Example 9-2 a4 .
determine the equation of deflection \‘r l l L l l v




curve for acantilever beam AB  subjected
to auniform load of intensity (

dsodetermine 0z and Js atthefreeend |

flexural rigidity of thebeamis El IA B

\E op !
bending moment in the beam o ~J0
qL’® qx°
M = -— + gqLx - — ;
? 2 LT,
ql_2 qX2 LZ(. A . l Q)
Ely' = -— + gLx - — = I v
2 2 o
i |
qL>x qLx qx
Ely = - + - — + G
2 2 6

gx

-—— (@BL* - 3Lx + X
6El

y' =

integrating again to obtain the deflection curve

o
y = -—— (6L% - 4Lx + X) + G,
24El
boundary condition y = 0 a x = 0
C2 = 0
then
¢
y = [

(6L* - 4Lx + X)
24E]



Orex = O = Y(L) = -— (9)
6 El
qL*
Onec = <0 = -yL) = — ()
El
Example 9-4 lp
A B
determine the equation of deflection A" :é:
curve, 05 0O, Onmex and oc | J |
flexural rigidity of thebeamis El “_ | |
. A A cD \:r Oy B
bending moments of the beam PR ; é X
Pbx O 54.‘ ‘)‘m:u
M = — 0 =x=a 2”
L X1 \
Pbx (b)

=——-P(x-a) (a = x =1L)

L _A_ 115

IA

differential equations of the deflection curve b 4 x
T | x<a ‘
Pbx
Ev' = — (0 = x = a)
L . ’ ..lp
Pbx o W
ElV'=——-P(x-a)(a = x = L) AN lv
4
ﬂ{ i |
integrating to obtain L x>a
b
Pby "
Ely = — + C; (0 = x = a)
2L
Pbx* P(x - &)
Ey = — - —— + C (@=x=1)

2L 2



2" integration to obtain

Pbx’
Ely = — + C, x + C3 (0 = x = a)
6L
Pbx* P(x-a)®
Ely = - +Cx +Cy @a=x=1
6L 6
boundary conditions ‘ A _cov® s,
y S
O yo =0 )y =0 L [t
continuity conditions h
(b)
(i) y@) = y@) (iv) y@) = y@)
(i) y0 = 0 => C; =0
) PbL® Pb’
@ yL)y = 0 => - -— +GC,L+C, = O
6 6
. Pba’ Pba’
(i) y@ =y@) = — + C = — + G
2L 2L
Cl = C2
_ . Pba’ Pba’
(iv) y@) = y@) = —+Ca+CG=—-+Ca+ C
6L 6L
C3 = C4
then we have
Pb (L? - b%)
CG = C = -~ ———
6L
C3 = C4 = 0

thus the equations of sope and deflection are



Pb
-——(L%-b*-3d) (0 = x = a)

y' =
6LEI
Pb P(x-a)’
y = -—(L*-b*-3) - ——— (@ = x =1L
6LEl 2El
Pbx
y = -——(L*-b*-X%) (0 = x = a)
6LEI
Pbx P(x-a)®
y = -—(*-b*-¥) - ———— (@=x=1)
6LEI 6El
angles of rotation at supports
Pab(L + b)
Op = YO0 = -——— ()
6LEI
Pab(L + a)
g = y(L) = —— ()
6LEI

O isfunctionof a(orb),tofind (Oa)max, Set dfA/db=0

Pb(L? - b
HA - . @@
6LEI
dos/db = 0 => -3 = 0 = b = L/J3
PL%\3
Oh)ax = -————
27 El

formaximum ¢ occursat X, if a > b, x; < a

dy L? - b?
— =0 => Xy = (a
dx 3

1%

b)



Pb(l_2 _ bZ) 3/2

Omex = -Y(X)) = ———— (V)
9+3LEI
Pb(3L? - 4b%)
a x = L2 dc = -y(L2) = (V)
48 EI

." the maximum deflection always occurs near the midpoint, .". oc

gives agood approximation of the

in most case, the error islessthan 3%

animportant special caseis a = b = L/2
P
y = —(L2-48) (0 = x = L2
16El
P
y = —(BL%-4%) (0 = x = L)
48EI

y and y aesymmetricwithrespectto x = L/2

PL?
HA = HB = —
16El
pL3
Omax = Oc = ——
48E|

9.4 Deflections by Integration of Shear-Forceand Load Equations

the procedure is similar to that for the bending moment equation except
that more integrations are required

if we begin from the load equation, which is of fourth order, four

integrations are needed

10



Example 9-4

determine the equation of deflection curve
for the cantilever beam AB supporting a
triangularly distributed load of maximum
intensity Qo

asodetermine J0g and 0Og

flexural rigidity of the beamis El

Qo (L -X)
q = _—
L
Qo (L - %)
Ely" = -q = -——
L
the first integration gives
Go (L - X)?
Ely" = -~—— + C
2L
y' (L) =V = 0 =C =
Go (L - X)°
thus Ely" = -——
2L
2nd integration
L - x)°
By = _QO( ) + G
6L
y'(L) = M = 0 =C, =
Qo (L - %)°

thus  Ely" =
6L

11
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3rd and 4th integrations to obtain the slope and deflection

Qo (L - X)4
Ely = -— + G
24L
Qo (L - X)5

120L

Ely = + C3X + C4

boundary conditions:V(0) = v(0) = O
theconstants C; and C, can beobtained

QoL® qoL*

C3 - - C4 =
24 120

then the slope and deflection of the beam are

CloX
' (AL - 6L + 4L - X

24LEI
qOX2 3 2 2
y = - (10L® - 10L% + 5L - X0
120LEl
QoL°
s = yL) = - ®)
24 El
oL’
dg = -y(L) = (¥)
30 El
Example 9-5
an overhanging beam ABC with a A
concentrated load P applied at the end A
determine the equation of deflection pi L

curve and the deflection Jc at theend

12
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flexural rigidity of the beamis El

v

the shear forcesinpartsABandBCare 24— —_ 8 c
A é_ \ i I‘l)‘(“
V. = -— (O<x<L) (b) X
2
3L
V = P (L<x<—)
2

the third order differential equations are

P
-— (0<x<L)
2

Ely"

3L
P (L<x<—)

2

Ely"

bending moment in the beam can be obtained by integration

Px
M = ElYy' = -— + C; O =x=1
2
3L
M = Ely' = Px + G L=x=-—)
2
boundary conditions:v'(0) = Vv'(3L/2) = O
we get 3PL
C]_ = 0 C2 - -—
2
therefore the bending moment equations are
Px
M = Ely' = -— O =x=1
2
P(3L - 2x) 3L
M = EY' = -——M— L =x=—)

2 B 2

13



2" integration to obtain the slope of the beam

PxX?
Ely = -— + G 0 = x
4
Px(3L - x)
EV = -— "+ C, (L = X
2
continuity condition : y(L) = y(L)
PL®
-——— + C = -PL® + G
4
3PL°
then C, = CG + ——
4
the 3™ integration gives
P
Ely = -— + GC3x + GCs O =
12
PX(9L - 2x)
Ely = -— " + C;x + GCg
12

boundary conditions: yO) = ylL) = 0

we obtain
PL?
C5 =0 C3 =
12
5PL>
and then C, = ——
6

the last boundary condition: y(L*) = 0

pL3
then Ce = -——
4

the deflection equations are obtained

14
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Px

y = — (L2 - X 0=x=1)
12El|
P 3 2 2 3 3L
y = -——(3L° - 10Lx +9Lx° -2¥X) (L = x = —)
12El 2

- L @0 L-29
12E]

deflectionat C is

3L PL3
doe = -y(—) = — (1)
2 8El

9.5 Method of Superposition
the dope and deflection of beam caused by several different loads acting
simultaneoudy can be found by superimposing the dopes and deflections

caused by the loads acting separately

consider a smply beam supports two l
loads : (1) uniform load of intensity q l
and (2) aconcentrated load P ?A_
the slope and deflection due to load 1 %J‘ N—
are
5qL* y ,
Oc)h = _Aﬁ_\ " %‘5 B
S oc
384E| Eb—/%
qL’
(Oa)r = (Og)1 = —— PR -k
24El - -

(b)

the slope and deflection due to load 2

are

15



PL®

PL?

(Oc)2 = (Oa)2 = (Op)2 =

48El 16El

therefore the deflection and slope due to the combined loading are

5qL* PL3
oc = (©0c)1 + () = +
384E| 48E]
qL® PL?
Oph = Og = (01 + (Op)2 = — + ——
24E| 16EI

tables of beam deflection for simply and cantilever beams are given in
Appendix G

superposition method may also be used for distributed loading

consider a ssimple beam ACB with a I‘fu
triangular load acting on the left-hand half 1 I .
AE— v _ 9 — '+ i
the deflection of midpoint due to a  /\ AN
concentrated load is obtained [table G-2] S R
| 1 | 2 |
Pa @
5(; = — (3L2 - 4a2) . g dx
48El 2 -
A { c :B
substitute qdx for P and x for a A A
(qdx) x x| dx
e = (3L% - 40
48El {b)
theintensity of the distributed load is ) | - \’f
AN = A
200X e \}f““—‘—’” — £
i 4]
L L =l

16



then oJc duetotheconcentratedload qdx actingon Xx is

QOXZ 5
dc = (3L7 - ) dx
24LE|

thus oJc duetotheentiretriangular loadis

4

o X QoL
72T @B d = —
O 24LEI 240E|

5(;:

smilarly, thedope 6, dueto P actingonadistance a fromleft

endis

Pab(L + b)
d0y = —— —
6LEI

replacing P with 2gpxdx/L, awith x, and b with (L-X)

200¢(L - X)(L + L - x) Co
df, = dx = (L-X) (2L - X) X* dx

6L°El 3L°El
thusthedopeat A throughout the region of theload is

> Qo 41qL°
(L-X) (2L-x) ¥ dx =
3L2El 2880E|

L/
Opn =
0

the principle of superposition isvalid under the following conditions

(1) Hooke's law holds for the material

(2) the deflections and rotations are small

(3) the presence of the deflection does not alter the actions of applied
loads

these requirements ensure that the differential equations of the deflection

curve arelinear

17



Example 9-6 l l 4 l P
a cantilever beam AB  supports a < | B
uniformload g and aconcentrated load P i } bl
as shown L ”
determine Jg and 0Op y
El = constant
A B
from Appendix G : | 5,
for uniformload q (b) Sl
ga’ ga’
@01 = ——([4L-9) O = —
24E| 6El
for the concentrated load P
pL® PL?
©p)2 = —— Og) = —
3El 2El
then the deflection and dope due to combined loading are
ga’ PL?
o8 = (@)1 + (©Og)2 = —@4L-a) + —
24El 3El
ga’ PL?
g = (Og)r + (0g)2 = — + —
6El 2El
Example 9-7
a cantilever beeam AB with uniform ) l ﬁ .

load q acting on the right-half

determine J0g and 6g

El = constant

18
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consider an element of load has magnitude ’ o qdv
g dx andislocated at distance x fromthe |2 | 5

support | x dx

from Appendix G, table G-1, case 5 ()
by replacing P with qdx and a with x

(qdX)(x)(3L-X) (qdX)(x")

B B

6El 2E|

by integrating over the loaded region .

L é(3L-X) 419L* | -
op = § —dx = ~it"
H2 6El 3B4E| © B
L ¢ 7qL°
g = § —dx = ——
! = 48E|
Example 9-8 !‘_z_i-;_.,, | a4
a compound beam ABC supports a 4I ] l Ié?i_l | l l l |
A
concentrated load P and an uniform £ 8 ¢
load q asshown I G b "
determine Jg and 0Oa ()
El = constant
IP
we may consider the beam as composed 'F%‘JB -
of two parts : (1) smple beam AB, and == 7
(b) | F
(2) cantilever beam BC ! 3

N
theinterna force F =2P/3 isobtained Bl J l | |
¢

for the cantilever beam BC (¢)

19



qb’ Fb® qb’ 2Pb*
53 = — 4+ — = — 4+
8El 3El 8El 9EI

for the beam AB, 0, consists of two

¥ .
()”

A

parts : (1) angle BAB' produced by g, and o ——

— I =

B
- T
L U F
= '*‘-‘-n:)" X
A B

(2) thebending of beam AB by theload P

(dy

g ab’ 2Pb’
(HA)l = _ =
a 8aEl 9aEl

theangledueto P isobtained from Case5of table G-2, Appendix
G withreplacing a by 2a/3 and b by a/3
P(2a/3)(a/3)(a + a/3) 4Pa’

(HA)Z = =
6aEl 81El

note that in this problem, Jg is continuous and 6z does not

continuous, i.e. (0g). # (Op)r

Example 9-9
an overhanging beam ABC supportsauniformload g asshown

determine Jc BEERERRRRERRRRREE

El = constant — o

oc may be obtained due to two parts

P=yqa
(2) rotation of angle 6g 0 l i
_ , Plidbl il ] )m=T
(2) a cantilever beam subjected A= ym_\:
touniformload q L |

firstly, wewant tofind 6z

20



Point of inflection g
3 ; Dy B B
qL ML  * -

0 = - + & - “‘"—;3\“‘{‘ 1 .<’c
24E]| 3EI it
_oa® @l | guEe’-L)
24E| 6El 24E|
gaL(4a’ - L?)
then 01 = abg =

24El

bending of theoverhang BC produces an additional deflection o,

ga’
52 =
8El
therefore, the total downward deflectionof C is
gal(4a’ - L) ga’
Sc = 0 + 6, = +
24E]| 8El
ga
= — (a+L)(Ba*+aL-L?
24El
for a large, oJc isdownward;for a smal, Jc isupward
for 6c = O 3@+aL-L*> = 0
L(V13 - 1)
a = —— = 04343L
6
a>04343L, oc isdownward; a<0.4343L, Jc isupward

point D is the point of inflection, the curvature is zero because the

bending moment is zero at this point
at point D, dyldé = 0

21



9.6 Moment-Area Method

the method is especially suitable when the deflection or angle of rotation
at only one point of the beam is desired

consider asegment AB of thebeam v i

denote 0Og, the difference between

Og and 0Oa %
Osn = O - 0Oa i , TA
consider points m; and m, o x
i ds Mdx M I
= — = — El I L i |
p El T

’ |
1

X

Mdx / El is the area of the shaded
strip of the Mdx/ El diagram
integrating both sidebetween A and B

B B M
§ d0 = § —dx
A A El

Ogin = 0Og-0n = areaof the M/El diagranbetween A and B
thisisthe First moment-area theorem

next, let us consder the vertical offset

tga between points B and B; (on B / -
thetangent of A) /?.}i‘fﬂ T
i /74}7\ B
Mo L
dt = X1 dg = X1 —T i
El 0 g ‘

M i E i X
integrating between A and B E /HJ; L

0
x| Lirf{

22



B B Mdx

§d = § x
A A El
i.e. tga = 1% moment of the area of the M/EI diagram between

A and B, evauatedw.r.t.B
thisif the Second moment-area theorem

Example 9-10
. / B
determine 6 and Oz of a I1 — s
i 3B
cantilever beam AB  supporting a . o
concentratedload P a B l_ | ’
| |
sketchthe M/EI diagram first 0 C\ _—
1 PL pL il
A = - —L— = -—— /_%_‘
2 El 2| !
PL®
Ogn = Og - On = Og = -—— ()
2El
2L pL®
Q = Ax = A— = -——
3 6El
PL®
og = -Q = — (1)
6El
Example 9-11 -"
anpes A cl i1,
determine 6 and s of a ‘ ’
cantilever beam AB  supporting a % | ’? .
uniform load of intensity q acting )
over the right-half
]A B
| - “‘\_‘\\: %\

23 B



sketchthe M/EI

diagram first

%
AA = —(—) = — A, Ar
3 2 8El 48El| gL
2 3 Az 8EI
L q qL :
2 8El 16E| 3L
SEI
1 L qL? gL®
A3 = ——(—) =
2 2 A4El 16El
7qL°
QB/A = 95 = A1+A2+A3 = (3)
16El
o = lga
= Axr + AXo + Agxs
gt® 1 3L 13 1 5L 41qL*
- et o T o) (1)
El 48 8 16 4 16 6 384El
j)
Example 9-12 A 5 l 5
a smple beam ADB supports a L\ L
concentrated load P asshown ) a e b —r
I { & ‘
determine 0, and Jp )
r)l—'
L Pab Pab 4 T D‘ _,’I = _B —X
A = D AT
2 LE 2E] S, i
o=
L+b  Pab(L+b) S
tea = As = B 3
3 6El ay,
= \\\
BB Pab (L + b) — —=,
QA = = - p= 25
L 6EIL
Ay, |18
S C

24




to find thedeflection op a D

5D = DD]_ - D2D1

Pa’b (L + b)
DD]_ = aHA =
6EIL
D:Di = ton = AoXo
_ APaba _ Pab
2 EIL 3 6EIL
Pa’b?
5D =
3EIL

to find the maximum deflection 0, a8 E, wesat 0O =

X1 Ple PbX12
A; = — =
2 EIL 2EIL
HE/A = HE - HA = -A3 = -PbX12/2E|L
Pab (L + b) Pbx,*
0p = —— =
6EIL 2EIL

then x, = [(L*-b%)/3]”

X1 Pb s Lo 32
and Omax = X10p - Ag— = ——(L°-b)
3 9.3EIL

of Omx = Offsetof point A fromtangentat E

2X1 Pb ) 2312
- A N

Omax = Ag
3 9J3EIL

25



Conjugate Beam Method

Elv' = Eldf/dx = M
Integrating
M
0 = §—dx
El
M
v = § § —dxdx
El
beam theory
dM/dx = V dv/dx = -qg
V = -{qdx M = -§§ gdxdx

suppose we have a beam, called conjugate beam, whose length equal to
the actual beam, let this beam subjected to so-caled "déastic load" of
intensity M/EI, then the shear force and bending moment over a portion
of the conjugate beam, denotedby V and M, can be obtained

M M
vV = -{—dx M = - §§ —dxdx
El El
then
(1) the dlope at the given section of the beam equals the minus shear
force in the corresponding section of the conjugate beam
(2) the deflection at the given section of the beam equals the minus

bending moment in the corresponding section of the conjugate beam

e 6 = -V
o = -

< |

26



the support conditions between the actual beam and conjugate beam can

be found
Actual Beam Conjugate Beam
fixedend 6=0, v=0 V=0, M=0 freeend
freeend 0+0, v+0 V+0, M+0 fixed end
smpleend 6+ 0, v=0 V+0, M=0 smpleend
interior support 6 +0, v=0 V+0, M=0 interior hinge
interior hinge 6+0, v+0 V+0, M+0 interior support
/ {
# A # ke
% P
1 —) A A
4
7 P #?
Example 1
P
1 PL PL? ; l
Og=-Vg=-— L=- (3) A4 B
2 El 2El A
PL> 2L PL® , /
T O I
M
PL £l

27



T Y
Example 2 ALY 3t wt}g o)
1 2Lw?  wl ST €1
w2t o LT T
2 3 8EI 24El s ol
3 2 A'AF B
wL> L wL°L L Y
oc=-Mc=- — - — Wk
24El 2 8ElI 2 4 24E1
1 wil?L 3L 1 1 1  w?
+—— =+ —)—
3 8EI2 8 48 64 128 EI
5wL*
= (V)
384El
Example 3 M
1 M2L ML g g
Op=-Va=-Ry =-———=-—— (®)
A 2 El 3 3El e 224‘—‘7
|
Y Y Y ¥ IV v L ——
1 ML ML A’? ;1%5
HB_'VB_ - = () _ﬂi‘- ML
2 EI3 6El 12 =
ML L 1 L M L
oc=-Mc=-(—-————7-—)
6EI 2 2 2 2ElI 6
1 1 ML? ML?
=-(—-—)— = -— (V)

12 48 EI 16El

28



4
ML A
Og = -Vg = —— ( ) A Bé)
El M/E1
ML L ML2 [y v v ¥ ¥ v ?
ds=-Mg=——= — (1) A B
El 2 2E|
Example 5 7
, . Aad VL1l id
L gL qL A4 B
Og=-Vg=-— =- (?) A %_ %L {
3 2El 6El }
A 7 3
q®* 3L qgL*
5B='MB='—_:'— (‘L) 7
6EI 4  SEI £l
Bt
Example 6
P
1 L PL PL? l
Or=-Va=-—— =- (@)
2 2 4El 16El A’Q’ C ’p’g
L
PL’? L 1 L PL L Alﬁaz
eyl
16EI 2 2 2 4El 6
Ay e
C
PL> 1 1 PL® Aﬂfz B
= (—-—)= -— (1) i

El 32 96 48El

29



9.7 Nonprismatic Beam

El =+ constant

Example 9-13

A B

a beam ABCDE is supported a
L\

L
concentrated load P a midspan as }7

shown

|
IBD = 2|AB = 2|DE = 21

determine the deflection curve, 6, and ¢
L A
2

then Ely'=Px/2 (0 = x = L/4)
EQNY' =Px/2 (L4 < x = L/2)

A

v

B
21

(b)

B lc

1

D

D

E

E x

P oSS

thus y=——+C; (0 = x = L/4)
4E|

PX?
y=——-+GC, (L/4 = x = L2
8El
y = 0 a x = L/2 (symmetric)
PL®
C2 = -
32El

continuity condition V(L/4) = V(L/I4)"

5pPL>
128El

Cl = -

30
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therefore vy (5L - 323¢) (0 = x = L/4)

P
(2 - D (UA = x = L2

y

theangle of rotation 6, is

5PL2
HA = Y(O) = - (?)
128El

integrating the slope equation and obtained

32x°
y = - (5L - —) + C3 (0 = x = L/4)
128El 3
ax°
= (X - —/) + G, (L4 = x = L/2)

boundary condition v(0) = O

we get C =0
continuity condition wv(L/4) = w(L/4)"
pL®
we get C, = -
768El

therefore the deflection equations are

Px
y = - (15 - 32¥) (0 = x = L/4)
384E|
P
y = - (L + 24% - 32) (L4 = x = L2
768El

the midpoint deflection is obtained
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3PL3
S5c = -v(L/2) = (1)
256El

moment-area method and conjugate beam methods can aso be used

P
Example 9-14 n Cp B
a cantilever beam ABC supports a ‘ "
concentrated load P at the free end e
IBC = 2 IAB = 21 @)
P 1
determine oa R C B
denote ¢, the deflection of A dueto C fixed . | 2l
(b)
P
_ PR P oM 5
1= - & | _— |
3El 24E| T
(c)
P(L/2)® (PL/2)(L/2)*>  5PL3 PL 1P
and oc = + = — 2 _ Bl
3E(2l) 2E(21) 96E| =1 |
(E;_ |'/'
P(L/2)?  (PL/2)(L/2) PL? <
Oc = + e @)
2E(21) E(21) 16EI
addition deflection at Aduetodcand Oc A r1
| i “ ()‘r
L 5PLY /",Q/N
52 = 5C + QC _— = — e €
2 48E]| ©
5PL® )
5A = 51 + 52 = — l )
16E| A _£ B{
| /’
B ~
moment-area method and conjugate beam & | #

methods can also be used i v (f)
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9.8 Strain Energy of Bending
consider asimplebeam AB subjected -
to pure bending under the action of two
couples M ) \.ﬁ../“ ,
theangle 0 is . VA
L ML 4/ LB
0 = — = kL = — ﬁ A,
’ . 1
if the material is linear dlastic, M and 1
0 haslinear relation, then |/ P
/;/
M6 M?L El6? |
w=yy=— == —, "
2 2El 2L
do)
for an element of the beam oA
,,,,,,,,, f. e
d%y adn. R¥
d0 = wdx = ——dx C r—-f-f%—l.)
dX2 if l‘l\
Mdo M %dx El(d)?
daw = —— = =
2 2El 2dx

by integrating throughout the length of the beam

L M de
u = § =
= 02 d¥
shear force in beam may produce energy, but for the beam with L/d > 8,

the strain energy due to shear isrdatively small and may be disregarded

deflection caused by a single load
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Uu = W = — U = W =
2 2
2U 2U
o = —— or 0 = —
P Mo
Example 9-15
a smple beam AB of length L |’ J
supports auniform load of intensity g A EERRRER l B

evauate the strain energy

qLx X q
M = — - — = —(Lx -X)
2 2 2
L M?dx 1 L q 2
Uu = § = § [—(Lx-x)] dx
° 2EI 21 ° 2

2
q L
= —§ (L%¥-2C+xXDdx = gL/ 240E
8El °

Example 9-16

a cantilever beam AB is subjected to

three different loading conditions
() aconcentrated load P at itsfree end (a)

M,

(b) amoment M, atitsfreeend A

(cboth P and M, actingsmultaneoush | .,

determine J, duetoloading (a)

determine 0, duetoloading (b) ®

My lP
L

@ M = -Px ( A

————— =X

34
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L MP?dx L (-Px)%dx P23

U = _ = =
° 2F| °  2E| 6El
Pon PL° pL®
W=u - 5A -
2 6El 3EIl
(b) M = -M
L M?dx L (-Mg)%dx Mo’L
Uu = S - = S - =
o 2F| °  2F| 2EI
Mofa ML M,L
W= U = Op =
2 2EI El
() M = -Px - M,
. M?dx L(-Px-Mg’dx  PL] PML® M¢L
U= - = S = + +
° 2E| °  2FEl 6El 2EI 2EI
= MoBa P23 PM,L? ML
W=U + = — + +
2 2 6EI 2EI 2EI
1 equation for two unknowns o0, and O
9.9 Cadtigliano's Theorem (Energy Method)
du Pdo W P Pl
= - = |
dé C |
dc U
dC = odP — =99 ‘5"”}/ j
dP f— 5
where C iscomplementary strain energy Fdé
for linear dastic materialsC = U
du
then we have — = 0

dP
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du

similarly — =0
dMm
forboth P and M actingsimultaneoudy, U =
ou ou
— =) — = f
oP oM
in example 9-16 (c)
p2L3 PM,L? ML
Uu = — + —
6El 2El 2El
au pL3 M,L?
o = = +
oP 6El 2El
oU PL? MoL
6 = = +
oM 2El El

in general relationship

oU

o = —— Castigliano's Theorem
oP;
aU o M2dx M oM

o = — = —§{— = {(—)(—)dx
OP; oP;i 2El El oP;

thisisthe modified Castigliano's Theorem

in example 9-16 (c)

M = -Px - M

oM ouU

— = -X = -1
oP oM ¢

36
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1 pL® MoL?
0 = —§(EPx-My)(-x)dx = —— +
El 6El 2El
1 PL? Mol
0 = — §(-Px-My)(-))dx= —— +
El 2El El
P
Example 9-17 g l
a simple beam AB supportsadllllllllll,
uniform load q = 1.5 kfft, and a L\ o
concentratedload P = 5k L . L
L = 8ft E = 30x10°ps ] ]
| = 75in’ ¢
determine ¢ ) 1 J, J' >M
Px qlx o 'K %
M = — + — - — 'F )
2 2 2
P gL
method (1) Ra=73 +72
M?dx 1 PX qLx pé
Uu = §{— = 2§ (— + - ) dx
2F] °© 2Bl 2 2 2
2 3 4 21 5
_ P oseglt gl
96El 384El 240El
U = 5qL?
5C = = — +
oP 48El 384El
method (2)
M/IoP = X2
M oM w21l Px glx o x
oc = §(H=)dx = 2§ —(—+—--—")(—)dX
El opP ° Bl 2 2 2 2
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pL3 5qgL*
N q

48El 384El
= 0041 + 00614 = 0.1024in

_____ 4 - P
Example 9-18 I |
A
a overhanging beam ABC supports a baN £ 8 ‘
uniform load and a concentrated load as ‘ L 4 L
ShOWI’] (a) .

A C
determine oJc and Oc LS é\ ”
thereactionat A duetotheloadingis © e

| P
_& P g
Ry = A e
2 2 L WANE
qX12 L, Yy +—
Mag = RaXi- | I | L
2 gl. P )
5 BRi=9 =7
gLx Px gx
_ 1 1 1 0= x <L)
2 2 2
Mge = -Px (O = X = L/Z)
then the partial derivatives are
aMAB/ oP = 'X1/2 (O = X1 = L)
aMB(;/ oP = - X2 (O = X2 = L/Z)
oc = S (M/EDN(eM/aP)dx

= | (M /E(@Mas/aP)AX -+ " (Mao/E1)(2Msc /o Pl
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1 . g Pxx g X 1

=— 7 ¢ - - (-—)dxs + — § (-Pxo)(-X2)dx;
El °© 2 2 2 2 El ©°

P qL’
8EI 48E|

to determinetheangle 6., weplaceacoupleof moment Mc a C

q P
ol P M [T rpwe
A — — - — - A : -
2 2 L L. AN
5 . X) A2
X1 Ry
Mg = Raxi- L - s
2
glxa Px,  Mcxs  ox?
= - - - 0=x =1L)
2 2 L 2
MBC - - PX2 - MC (O = X1 = L/ 2)

then the partial derivatives are

0 Mpg | o Mc = - X1/|_ (O = X = L)
0 MBC | ¢ MC = -1 (O = X2 = L/2)
0c = § (M/EI(M Mdx

L /2
= SO (MAB/EI)(MAB/M(;)CIX + §0 (MB(;/El)(MB(;/Mc)dX

1 | gbx Px1 McXa X X

0 )(- —)dxy
El 2 2 L 2 L

1 L/2
+ —§ (-Px - Mo)(-Ddx,
El ©

since Mc¢ isavirtua load, set Mc =0, afterintegrating 6c is
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7PL? qL*
HC = - .

24El 24E|

9.10 Deflections Produced by I mpact

9.11 Discontinuity Functions

9.12 Use of Discontinuity functionsin Deter mining Beam Deflection

9.13 Temperatur e Effects
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