Chapter 7  Analysis of Stresses and Strains

7.1 Introduction
axial load g = P/A
torsional load in circular shaft T = Tpll,
bending moment and shear force in beam

c = Myl/l T = VQ/Ib

in this chapter, we want to find the normal and shear stresses acting on

any inclined section

for uniaxia load and pure shear, this relation are shown in chapters 2

and 3, now we want to derive the transformation relationships that give

the stress components for any orientation

thisisreferred as stress transfor mation

when an element is rotated from one orientation to another, the

stresses acting on the faces of the element are different but they still

represent the same state of stress, namely, the stress at the point under

consideration
;

7.2 Plane Stress »_E

consider the infinitesimal element with its = [‘_,
edgespardlelto x, y, and z axes /‘g -----

if only the x and y faces of the @
element are subjected to stresses, it is called o
plane stress, it can be shown as a two " [ T -
dimension stress el ement l , L




equal normal stresses act on opposite faces, shear stress ¢ hastwo
subscripts, the first denotes the face on which the stress acts, and the

second gives the direction of that face

Ty . actson x facedirectedto y axis
7. actson 'y facedirectedto x axis

sign convention : actson + faceanddirectedto + axisas +

as discussed in chapter 1, Ty =  Tyx v

consider an element located at the same Y
point and whose faces are perpendicular to

\
) ) ) ~ 4 ’H|
x;,, Y1 and z axes, in which z axis / /\

coincides with the z axis, and x; and

Vi axes are rotated counterclockwise “5., \/ )
through an angle 6 wurat. x and vy gj
axes, the normal and shear stresses acting on
this new element are denoted oy, oy,
Tyay1 and Tyixi

(c)

also Tyt —  Tyixa

the stresses acting on the rotated  x,y; element
can be expressed in terms of stress on the xy
element by using equation of static equilibrium
choose awedge-shaped e ement

force equilibriumin  x;-direction

Ox, Agsec O - o4 AgCOS O - Ty AgSIN O

-ayAgtan0sin @ -t Agtan f con 6 =0

e T—
T, Agtan & {
oy Agtan &

force equilibriumin y;-direction (5 Forces

Tayy Aosecl + axAgsingd - 1,y Aycosl
- oyAgtanfcostd + rtAgtanfdsind = O

2



with Ty = Tyx

it is obtained

Oq = 0yC080 + oysin°0 + 2r1ysinfcosd

Tayp = -(0x - o)sinfcosf + 1,(cos’O - sin*0)
for 6 = 0° Oxu = Oy Ty = Txy
for 6 = 90° O = Oy Tap = - Ty

from trigonometric identities

1 1
cos ) = — (1+ cos26) snd = —(1-cos26)
2 2
1
sinfcosf = —sin20
2

the above equations can be expressed in a more convenient form
oy t+ Oy Ox -0y .
oy = + cos20 + 14 SN20
2 2

O-X-O-y

Txyr = - sn20 + 1, c0s20

2

thisisthe transfor mation equationsfor plane stress
substituting 60+90° for 6 in o, equation

O-X + O-y O-X - O-y
oy = - cos20 - 1,SN20
2 2

also we obtain the following equation for plane stress

o * oqp = ox t oy
I.e. the sum of the normal stresses actin on perpendicular faces for a
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//\/ i

plane stress element is constant,
independent of @

o. and

Txay1

versus the

e o

,,,,,,,,,,

_180°

angle of rotation 6 can be

plotted as

for uniaxial stresscase, g, =

0, 7y

490\¢//

\\_/// |

0w = 0xC0S0 = o,(l+cos20)/2 o F—| o
Txays -oySnfcosfd = -og,9n20/2
for pure shear stresscase, ox = gy = O
Ou = 27TgSINOCOSO = 14 SN20 l ] }
Tyayn Ty (COS 0 -sin®0) = 1, C0s20 —
same as derived in previous chapters
for biaxial stresscase, 7, = O "\.
ox + gy Ox- 0 V-‘
Oy = + cos 20
2 2 -
X O X -
O-X = O-y .
Txiy1 - sin 260
2 |,
Example 7-1
o, = 6,000 psi
ox = 16,000ps ¢, = 6,000 ps o
7, = 4,000 psi
Ty = Tyx = 4,000 pg 2 J n I o, =16 mmp i
determinethe stressesfor 6 = 45° BT
O-X + O'y . - y (a)
=11,000 ps = 5,000 psi
2 2



sn20 = sn90°® = 1 Cos 20

O-X+O-y O-X_Gy
= +

Ox1 =

2 2

O-X_O-y

cos20 +

cos 90°

Tyy SIN 20

11,000 + 5,000x0 + 4000x1 =

Taypy = - sn20 + 1, c0s20

2

- 5,000 x 1 + 4,000 X 0
= -5,000 ps

oyg = o0x + oy - On

Y

AN

®
\
oy, = 7,000 psi
}/

N |
Sy

15,000 psi

Yy =

; iy

ab=mm9//A§
' \

psi

\<§i=5nmnwx

=45

= 16,000 +6,000- 15000 = 7,000ps

Example 7-2

ox = -46MPa o, = 12MPa

Ty = Tx = -19MPa
determinethe stressesfor 6 = -15K°

O-X+O-y O-X_Gy

= -17MPa
2 2

sin20=sn(- 30°) =-0.5

O-X + O-y O-X = O-y
Ox1 = +

2 2

46 MPa

cos20 +

= -17+(- 29) 0.866 + (- 19) (-0.5)

O-X-O-y

Ty = - sin20 + 1,cos20

2

(a)

- 29 MPa

Tyy SIN 20

19 MPa

cos 20 = cos (- 30°) =0.866

- 32.6 MPa

X



= -(-29) (-0.5) + (- 19) 0.866 s

= -31MPa \‘\»f - 326MPa
i ,/“’J\\ j(iz—lsc
O * opn = ox *+ oy / 3.0MPa 3
Oy1 = Ox1 + oy - Ox -
= -46+12-(-326) = -14MPa

7.3 Principal Stresses and Maximum Shear Stresses

ox and 714, Vvary continuously as the element is rotated through

theangle 6

for design purpose, the largest positive and negative stresses are
usualy needed, the maximum and minimum normal stresses are called
the principal stresses

consider the stress transformation equation

O-X+O-y ax'o-y
Oy = + cos20 + 14 SIN20
2 2
to find the maximum normal stress, wemay set doy/d6 = 0
dow )
= -(ox - oy)sSn20 +2tycos20 = O
dé
2 Tyy
we get tan 20, =
O-X-O-y

0, defines the orientation of the principal plane, two values of 20,

from0~360° anddiffer by 180°
0, has two values differ by 90°, we conclude that the

principal stresses occur on mutually perpendicular plane



aso

cos20, =
sin20, =
Ox~-0y 2 v
where R = [( )+ 1]
2

substitute cos20, and sin20, intotheexpressionof oy

oxt oy Ox- 0Oy 2 .’
o1 = (Omx = + [( )t Ty ]
2 2
and the smaller principal stressdenoted by o, isobtained
o1 * 0, = o0x T oy
oxt oy Ox- 0Oy 2 .
g2 = (Ux1)m'n = - [( ) + Txy]
2 2
the principal stresses can be written as
Ox * gy Ox-0y 2 5
+ [( )t o]

01,2

2 2

+ sign givesthe larger principal stress

sign gives the smaller principal stress
can be determined, but we cannot tell from the

Qpl and 9 p2

equation which angleis 60, andwhichis 0,

an important characteristic concerning the principal plane : the shear is

zero on the principa plane

O-X- O-y
sn20 + 1, c0s20

Tx1yl

2



substitute 26, into this equation, we can get “— oL ——

Txayt  — 0

1
o
Q

for uniaxial and biaxial stressstates, 17,y

tan26, = 0 6, = O°

for pure shear stress, o,=0,=0

tan 20 p — r,\l\l

0, = 45° and 135°

by

for the three-dimensional stress e ement, ‘V

g, = 0 isadso aprincipa stress, note & 1,

-y ! ,J‘-A——ym—v —

that there are no shear stresses on the [ <>

principal plane

Maximum Shear Stress

O-X'O-y 3=
Tay = - sin20 + 1tyc0s20 <
2 (b)
de1y1
= -(ox - ogy)cos20 - 21ysn20 = 0
do
O-X_Gy
tanzgs = -
2 Ty

20s hastwovauesbetween 0 and 360°
0s hastwovaluesbetween 0 and 180°, and differ by 90°

comparing theangle 6s and 0, itisshown that



1

tan20s = - = -cot 20,
tan 20,
e, 20 L 20, 20 = 20, £ 90°
or 0s = 0, = 45°

the plane of maximum shear stress occur at 45° to the principa
plane

similarly we have

T Ox -0
c0s20, = — sn20, = -—
R 2R

and the corresponding maximum shear stressis

Ox~-0y 2 21/2
) + Txy]

Tmax = [(

2

the algebraically minimum shear stress 1, has the same
magnitude
a usually expression for the maximum shear stress can be obtained by

o1 and (op)
01- 02

2

Tmax —

the 7. ISequal to one half the difference of the principal stress
normal stresses also act on the planes of maximum ¢, substituting

0s intheformulaof oy, Iitisobtained

oxt oy

Ox1 —

Oae — Oy

2

ae &Ctson both the plane of maximum and minimum ¢ planes



TG)} Gy | Tmar \i Save

LA o o S R
}‘———r U_x ave
Op =6p+ 45"
if we make a three-dimensional analysis, . %
we can establish that there are possible 7 | P
positions of element for maximum shear - Ul"—’f,
1
stress »
o1 .
(tre)e = *—  rotatetheelement 45° about x; axis
2
02
(tma)yy = = —  rotatethe element 45° about y; axis
2
01-02 )
(thex)a = *——— rotatetheelement 45° about 2z, axis
2
if o0 > 0, > 0, then 7 = 01/2 = (tmay. for the
element
Example 7-3
ox = 12300ps o, = -4,200ps

4.200 psi

Tyy — -~ 4, 700 pSl o ——

12,300 psi
determine the principal stresses and f ¢ l 4
4,700 psi

maximum shear stress and thear

directions (a)

the principal angles 6, can be obtained
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27y 2 (- 4700)

tan 20, = = = -0.5697
Ox - Oy 12,300 - (- 4200)
20, = 150.3° or 330.3°
0, = 752° or 165.2° g /«
ox t oy _ / (.;L:\T.:'\_"\..E“
= 4,050 psi Vo= —saaops
2 o, = 13.1{» p7 \I \
~/ | 7 )
Ox- 0O _ e
7 = 8250ps ,\/
2 /
oxt oy Ox - Oy ()
Oy = + cos20 + 14SiN20

2 2

for 260,=330.3° (6,
for 20,=150.3° (0,

165.2°) o = 13540 ps

75.2°) o, = -5440ps
check g1 + 02 = ox t oy (O.K))

alternative method for principal stresses

oxt oy Ox- 0Oy 2
01,2 = [ ) + 7~'xy2]l/2
2 2
= 4050 + [(8,250)% + (-4,700)%]"
= 4050 + 9,490
thus oy = 13,540ps o, = -5,440psi
0, = 165.2° Op = 75.2°

the maximum shear stresses are given by -
Ay ph]

O1-0 -
L 72 = 9490ps &

2 \0

11 (c)

Tmax —




s = 0On -45° = 120.2°
and 0y = 1202° - 90° = 30.2°
and the normal stress acting on the planes of

maximum shear stress are
oxt oy

Twe = = 4,050 ps
2

7.4 Mohr'sCirclefor Plane Stress
the transformation of plane stress can be represented in graphical form,
known as Mohr's circle
the equation of Mohr's circle can be derived from the transformation
equations for plane stress
oxt oy Ox - Oy

Oy - = cos20 + 14SiN20
2 2

O-X_O-y

Tayr = - sin20 + 1, cos20

2

to eliminate the parameter 260, we square both sides of each

equation and then add together, it can be obtained

oxtoy 2 2 Ox~-0y 2

(0' 1 - ) T Tan = ( ) + TXYZ
2 2
O-X + O-y O-X - 0 y 2
let Oae = R = ( )+ Ty
2 2

then the above equation can be written

12



(¥ O'ave)z + Tx1y12 = R

this is a equation of circle with ¢,, and 7., as coordinates, the

radiusis R andcenterat ou = Oae Tap = O

a, —
0 W % 0 kTR)/ o,
[~ Pave er 1

positive shear stressis plotted downward and apositiveangle 260 is

plotted counterclockwise
positive shear stress is plotted upward and a positive angle 26 is
plotted clockwise
Construction of Mohr's Circle
(1) locatethecenter C a 0w = Oae Ty = O
(2) locatepoint A whichisat 0=0, ou=0x Tau=1Tx
(3) locatepoint B whichisat 0=90° o0xu=0y, Tan=-Tx
[Note that theline AB must passes through point  C]
(4) draw thecirclethrough points A and B withcenterat C
thiscircleisthe Mohr'scircle withradius R

Ox~-0y 2 Vs

R = [( )+ Tyl

2

the stress state on an inclined element with an angle 6 is
represented at point D on the Mohr's circle, which is measured an

angle 20 counter- clockwisefrom point A

13



y al
\ |
‘ 7 Ty B(0 =90%)
W g, Vi
l e [ B T - S
— '\
l A =1, D
(a) p!
O P } T I,
2 B rT \-
F M i
le— 4,| 20 ¥ Tiy
N D(d =@)
A@ =0
o, + 0, o -0,

(c)

to show the coordinateat D

Oux = 0Oae + RcoOS(20,-20)

= o0ae + R(c0s20,cos20 + sin20,sin20)

O-X-O-y O-X-O-y
Rcos20, = R =
2R 2
Txy
R
O-X-O-y .
Opw = Oae T cos20 + 14SN20

2

Ty = RsSIn(20,-20) = R(sin 20, cos 20 - cos 20, sin 20)

O-X-O-y .
= - sin20 + 1, cos20
2

same results as the transformation equations

point D' represents the stress state on the face of the face 90° from

the face represented by point D, i.e. vy, face

14



A (O-Xi Txy) B (O-y, - Txy) C (O-ave, O)

D (G XLs Tx1y1) D' (O'yl; - Tx1y1)
atpoint P, onthecircle, Ow = Omax = 01
hence, P; representsthe stress state at principal plane

the other principa plane (omin = 02) Iisrepresentedby Ps

oxt oy
01— oC + CP]_ = + R
2
oxt oy
0o = oC - CP2 = - R
2
the principal angle 0, can be obtained by
Ox - Oy Tyy
cos20, = or sin20, =
2R R
and sz = le + 900

comparing the Mohr's circle and the stress element, it is observed

Mohr's Circle stress element

A — P, (20, S) X = X (On €

A — P, (20,,+180° €) x — X3 (Gu+90° €)
or (180°-20, ) or (90°-0n )

P, — S (90° 9) X1 — Tmax (45° )

points S and S representing the points of maximum and
minimum shear stresses, are located on the circleat  90° from points
P, and P,

I.e. the planes of maximum and minimum shear stress are at  45° to

15



the principal planes, and

O-X-O-y 2 21/2
)+ Txy]

Tmax = R = [

if either o, of o, isnegative, part of the circle will be located to
the left of the origin

Mohr's circle makes it possible to visualize the relationships between
stresses acting planes at various angles, and it also serves as a simple

memory device for obtaining the stress transformation equation

Exampl e’-4 n ;a\.= 20 MPa
o, = 90MPa oy = 20 MPa o OL ﬂoﬂi
Tty = O 0 = 30° —\
ox+ oy 90+ 20 £
Oae = = = 55MPa
2 2

A0 =0) o = 90 Tap = O
B(#=90° oy 20 Ty = O

[«—20

Ox~-0y 2 o B

) +1,2]%=35MPa |

R=[(
2

0 = 30° 20 = 60°(point D)

Ox1 = O ave + R Ccos 600 ! (b}
= 55+ 35c0s60° =725 MPa

ij_yl = - R S| n 600

-35sn60° = -30.3MPa

0 = 120° 20 = 240° (point D)

16



O-Xl = g ave = R COS 600
= 55 - 35 cos60° = 37.5MPa
tay = RSINGO°
= 35 sn60° = 30.3MPa
Example 7-5

o = 15000ps o, = 5,000ps
Ty = 4,000 ps
determine the stresseson thefaceof 6 =

determine o4, o0, and Tpe

ox+ 0o, 15000+ 5,000
2 2

Oave —

A(O=0) 0,=15000 7y, = 4,000
B(O=90° 0,=5000  tup=-4,000

O-X'O-y 2 N 9 1/2_6403 )
) Ty 1 7=6, pS

2
0 = 40° 20 = 80°(point D)
tan ~ACP; = 4000/5000 = 0.8
~ACP;, = 26, = 38.66°
+«DCP; = 80°- ~ACP,=41.34°
Ox = 0ae + RC0S41.34° = 14,810 psi
Ty = - RSIN41.34° = - 4,230 psi
principal stresses are represented by P, and P,
01 = ome + R = 16,400 psi

17

= 10,000 _

A

v

5,000 psi

4,000 psi

15,000 ps1
-— 0 — _l

N
\

ae |

T

o 5,000 "‘
D( =40°
- (B0 =90%) { g
I | \

| g
4,000 /4000 G

| ||

55 (6, = 64.3%)

P 80°
=
o VoL Pty =193

5,000
P (0, =109.3%)
&
o

10,000

¥
W5, 38.667
2 / / 4,000

(6, =-257%
—e— 5000 —>

i
T
-

15.000

.‘-

(b}

3,600 psi
&)\

()

5.140 psi 14810 psi 4
N = 40°
> \“ .
N X ‘\43309m\
-
N ¢ D
0\ ’
L% 7
N A\
rd N

16400 psi

\/’ f, =19.3°



20,

- 38-660 le = 19_330
02 = Oae R = 3,600 ps
Op. = 0 + 90° = 109.3° l"
. 10,000 psi
maximum shear stress /
Tmax = R = 6,400 ps / /\Fﬁb 400 |:IsJ :
Os = Qpl - 450 = _-257° /\')/m 1 T
Ox1 Oave 10,000 pSI .
Example 7-6 i
T 10 MPa
ox = -50MPa ¢, = 10MPa N /,1
4y = -40MPa 6 = 30° - 0L1£MP“
. 40 MPa
determine Oxy Ty on O = 45° T
determine o1, o0, and T »
oxt oy -50+ 10
Tave = = -20MPa
2 2
A (9 = 0) Ox = - 50 Ty = - 40
B(=90° o, = 10 Tayp = 40
O-X = O-y 2
R = [( ) + 14°]" = 50MPa
2 ¥
D‘—‘-\/ \wj’lp ‘t\!\'\:-h
SN
Py @p, = 116.6%) 111)
B (0 = 90°)
(@, =71.6% o =
20 |10 \h<
{b) e '




0 = 45° 20 = 90°(point D)
tan ~ACP, = 40/30 = 1333
/ACP, = 20, = 5313°
DCP, = 90° - _~ACP, = 36.87°
ou = -20 - 50c0s36.87° = -60MPa
Ty = 50sin36.87° = 30MPa

a D o = -50 + 10 -(-60) = 20MPa
Twy, = -30MPa
principal stressesarerepresentedby P, and P,
o1 = o + R = 30MPa
20, = 20, + 180° = 23313° 6, = 116.6°
g, = 0Oae - R = -70MPa 0, = 266°
maximum shear stress |
Tmax = R = 50MPa
0 = O, - 45° = 716°

O-Xl = O-ave = = 20 M Pa. ‘/r‘

7.5Hook'sLaw for Plane Stress

for the plane stress with normal stresses : _’ H
ax and oy, the normal strains are jQE:;: ------ ;
=
ex = (ox—voy)lE :
&g = (oy—voy)lE '~
coy (AT ]
82 = -V (O-x + O-y) / E /’{ M T Tibc

the first two equations can be solved for

the stresses in terms of strains

19



E(ex+ve)/ (1-)
E(ey+ve)/ (1-19)

Ox

Oy

for the pure shear stress ty,, the shear

strain yy, is
Py = Tyl G
or 1y = Gy

the three material parameters with the relation

G = E/[2(Q1+V)]
volume change
Vo = abc
Vi = a(l+eg)b(l+g)c(l+e)
= Vo(l+e) (Qte) (1+ey)

1R

Vo(l+ext+ey+e)
and the volume changeis
AV = Vi - Vo = Vol(extete)
the unit volume change or dilatation e isdefined
e = AV/IVy = gtete
for uniaxia stress o, only
e = AV/Vy, = o,(1-2Vv)/E
for planestress o, and oy
e = AV/Vy = (oxto)(d-2V)/E
Strain-energy density in plane stress

20



= (0x2+0'y2—2v0'x0y)/2E + TXyZ/ZG

E(el+e +2vee) [20-1)] +Gypyl2

7.6 Triaxial Stress

a stress element subjected to normal stress

oy, oy and o, is said to be in a triaxial stress e .

state
on the inclined plane paralé to the z axis,

only ¢ and 7 on this plane, the maximum

shear stress occurs on the plane by a 45° & «-
rotation about z axisis ok

O-X-O-y
o,
(Tma)z = =
2 (b)

similarly
O-y'O-Z O-X_O-Z

(tma)y = T
2 2

the absolute maximum shear stress is the ﬁ
difference between algebraicaly largest ande ’

=t

(Tmax)x

smallest of the three principle stresses

the Mohr’scirclesfor a3-D element is shown

Hooke’s law for triaxial stress, the normal strains are

ex = oxlE—v(oy+0)/E
&g = oylE-v(ox+o,)/E
& = o0,/E-v(ox+ay)/E

21



stresses in terms of strains are

ox = [E@Q-v)et+viey+te)]/(1+v)(1-2y)
g = [E@-v)e+v(exte)]/ (1+v)(1-2v)
o, = [E@-v)e+v(sta)]l/ (L+) L-2v)

in the special case of biaxia stress, g, = 0, theresult are the same asin

section 7.5
the unit volume change is al so obtained

(oxtoy+o)(1-2V)/E
and the strain energy density is

u = Y (oxextoye +0¢8)

E[(1-v)(&’+ 8y2 +&) + 2v (exey + &xez + &y87)]

2(1+v)(1-2v)
for spherical stress

T”n
j— —_— j— | | .
O-x - O-y - O-Z - O-O E /’P’ 0
- g(-l e ;( — O‘(]
then the normal strains are PP —
ab&f "l
& = O'o(l—ZV)/E C/ J?”n

and the unit volume changeis
e = 3g = 30’0(1—2V)/E
define the bulk modulus of elasticity as

K = E/3(1-2v)

22



then e may expressed as e = go/K
and the bulk modulusis K = gple
for an object submerged in water, the stress is spherical state, it is

often called hydrostatic stress

7.7 Plane Strain

the normal and shear strains at a point in body vary with direction, for

plane strain, the strain components are

& &y Vxy and & = e = W = 0

planestress : o, = 17, = 7, = O 4“'} - )
bute, = 0 T

planestrain @ & = P = p, = 0 o ,,,,,, 4’
but o, # O = )

plane stress and plane strain do not occur simultaneously in genera

special casesfor planestress ==> planestrain

1. o = -0y & = -v(ox + o)/E = 0

2. v =0 &, = 0 for o, = O

we will derive the strain transformation equations for the case of plane
strain, the equations actually arevalid even when ¢, exists
assume &, &, Jxy associated with
Y1

x and y axes are known, to determine 0]

& & Yy associated with x;  and

X1

y; axeswhere are rotated counterclockwise

through an angle 6 form x and vy 0 ?

aXes
23



consider first the strain &, in x direction \
b
\\
OX = g.dX A\
o
0Xy = egdxcosd N
¥ Eyely sin!’) o
similarly for ¢, in y direction W N -
: ’,r'.‘: 7‘\' &.dy
_ \ 7|
5y - gy dy \ ‘,/'/;’ﬁ \g jt; a"_\'
ox, = gdysing U|’ ——
(b)
¥ Fepdly cos l} - e
consider shear strain  y,, in xy plane \ oy S 1 '
P ’_/”\ ay | ¢ 4y
OX1 = pxdycoso i l
()~—rl.|'——| *

thenthetotal increase Ad in Xx; directionis

Ad = gadxcosf + g dysinf + ydycosd

andthestrainin x; directionis

Ad dx dy dy
o = —— = &—C€0sO + e—sin@ + y—cosl
ds ds ds ds
but dx/ds = cosf anddy/ds = sné
thus &, = &C0s0 + &S0 + pysindcosd
substituting 6 + 90° for 6, the e, isobtained
_ . 2 .
en = &SiN0 + g cos0 - pysindcosl
hence 8)(1 + 8y1 = 8)( + gy .
to obtain the shear strain = y,,,,, this rem=atf  a
strain is equal to the decrease in angle >~
o
1

between lines that where initially along

24



X, and y; axes

Yap = a4 F ﬂ
a = -a1 t a2 - a3
dx dy dy
= -g—sSinf + g—cosl - ypy—sing
ds ds ds
= -(&x - g)sinfcosh - ypySNO
similarly
B = -(ex - &)sinfcosh + y,c080

then the shear strain  y,y, IS
Yo = -2(e&x - &)SNOcosh + py(cos’O - sin’0)
use some trigonometric identities, the transformation equations for

plane strain are

exte Ex - & Y
& = SR > cos20 + ﬁsinZH
2 2 2

Vxay1 &~ ¢ 12
> L2 ysin20 + —xyCOSZQ
2 2 2

the equations are the counterparts of plane stress

stresses strains
Ox Oy & &
Tny Pxyl 2
Ox1 Oyl &1 éy1
Txiyl Pxayal2

principal strains exist on perpendicular planes with angles 0,
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Ty
(c;X = (c;y

the principal strains can be calcul ated

8)( + gy 8)( - (c;y 2 yxy 2 ]
ez = + [ )+ (=) 1"
2 2 2

the maximum shear strains exists at 45° to the direction of the
principal strains
Vmax Ex =& 2

M2
—= [—) + O
2 2 2

and the normal strains in the directions of maximum shear strains are

éx t &y

2

Emax

the principal strains and principal stresses occur in the same
directions

Mohr's Circle for Plane Strain

&
Ey | B(0=90%)
1 S:
Yoy B
=,
Py
[y + i
2(; /V.UH :
B 2 %y
20 ¥ —=
D@ =d) il
A(9=0
F':r_ “y
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plane strains at a point can be measured by strain rosette, then the
stresses at this point can be calculated, also the principal strains and

principal stresses can be obtained

_ 110 % 10-6
Example 7-7 i

& = 340x10%, = 110x10° ]

180 % 10-6 1

7y = 180x10° o

o

determine the strains for 6 = 30°, principal (@)

_,! ‘,_ 340106

strains, maximum shear strain

Ex + &y (340 + 110)10°
= = 225x10°
2 2
Ex - &y (340 - 110)10°
= = 115x10°
2 2
Myl 2= 90x10°
6 = 30° 20 = 60°
& te Ex- € Y
& = Yoy 27 cos20 + ﬁsinZH
2 2 2

= 225x107° + (115 x 10°) cos 60° + (90 x 10°®) sin 60°

= 360x10°
Vxay1 &x-¢&y Vxy
= - sin20 + —cos20
2 2 2
= -55x10° |
Yayp = -110x10° o /\ N
x 105 : Gl
&y = & + & - &x %/{f’/,- \ v/i;\:\.w
-~ 90x 10—6 HOx 10-6 AN 360 10-6 \
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8)( + gy (c;x = gy 2 yxy 2 ]
2 = + [ )+ (=) 1"
2 2 2

= 225x10° + [(115x10%% + (90x 107"

(225 + 146)x 10°

g = 370x10° e = 80x10°
the angles of principal directions are
Yy 180

tan 20, = = — = 0.7826
Ex - &y 340 - 110

20, = 38° and  218° g
SOXIOX

O, = 19° and 109° A
,\/ 4)
B 6 B i /1\ 1
& = 37/0x10 9p =19° /,\U?(‘};H gﬁ" = 19.0°
&2 = 80x10° 6, =109° 0
(c)
note that &t & = & t g

the maximum shear strain is

Vmax Ex =&y 2 yxy2] 6

= [ ) o+ ()]% = 146x10

2 2 2

v = 292 % 10° | ,i\
VNS /f/

—_ O — (¢) 225x 105/ 7,
g = 0y+90° = 64 S
" Lagyx 106

s = Op-45° = -26° N SN S
\/ /?;25x|c1 "‘\\.

the normal strains at thisdirection is

&t &
= = 7 - 255x10°

2

Cave

al of thisresults can be obtained from Mohr'scircle
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B
D(6=36")
|
FZ < & z8 Pi E’/‘
fi
D?
A (6=0°)
S,f'g:éi.}
Loy
>

Example 7-8

the plane strains measured by a 45° ﬁ

strainrosetteare ¢, & and &

determine &, ¢ and 7y

8)( = ga gy = gb
(a)
8)( + 8y 8)( = 8y y)(y
&a = + cos20 + —sSn?20
2 2 2
for 6 = 45° ¢, = g
Eatéc €a~ & My .
& = + cos90° + —sin90°
2 2

solvefor y,, weget

T = 2& - & - &
the strains &, ¢ and 1y, can be determined from the
strain-gage reading

dsothestrains ¢, enand p., canbecalculate at any angle 0
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