Chapter 6 Stressesin Beam (Advanced Topics)

6.1 Introduction
in this chapter we continue the study of the bending of beam for
severa speciaized topics
composite beams, elastoplastic bending, nonlinear bending
beams with inclined loads, unsymmetric beams, shear stress in
thin-walled beams, shear center (these topics will discuss in Machines of

Materials|l)

6-2 Composite Beams
beams are built of more than one materia, e.g. bimetallic beam,
plastic coated steel pipes, wood beam reinforced with a steel plate,

sandwich beam, reinforced concrete beam etc.
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composite beam can be analyzed by the same bending theory
& vary linearly from top to bottom, but the position of the N. A. is not

at the centroid of the cross sectional area
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normal stress o, can be obtained from ¢,, assume that the materias

behavein alinear e astic manner
ox = Eeé&

denoting E; and E, arethemoduli of elasticity for materials 1

and 2, andassume E, > Ej, then

o = -BEiky o = -BExy
>F« = 0 forceequilibriumin x-axis

S Ox1 dA + S Ox2 dA = 0 i ) o, =E, &
1 2 A ’ ’

2§ EyxydA+ § ExreydAz=o [ Y e N\
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El S y dA + E2 S y dA = O e op=E; %
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this equation can be used to located the N. A. of the cross section for
beam of two materials, the integrals represent the 1% moment of two parts

w.r.t.theN. A. v

if the cross section of a beam is —— e

[ ol

doubly symmetric, the N. A. islocated at

h

the midheight of the cross section 2 k;l
. il
moment equilibrium x;
M = - § ogydA = - § gquydA + - § opoydA
A 1 2

= xkE § yVdA + kE, § y*dA
1 2

= k(ENh + Ely
then
M

E.lh+Exl;



where |; and |, are moments of inertia about the N. A. of the
areaof materials 1 and 2, respectively (notethat | = 1;+1,)

this eguation is known as moment-curvature relationship

E.l.+E> I, istheflexural rigidity of the composite beam

the normal stressesin the beam are obtained

M Yy E1 M y E2
o = - g = -
. E L+, . E L+,
for E; = E, theaboveequation reducesto the flexural formula

Approximate Theory for bending of Sandwich Beams
consider a doubly symmetric

sandwich beam, if the materia of the i [

faces has a much larger modulus than the

materia of the core : o he |

assume the modulus of easticity E,

of the coreis zero, then L b H’
M
Oxy1 — - Y Oy =— 0
Iy
Where
b
L, = —(h* - hd) h. = h -2t
12

the maximum normal stresses in the sandwich beam occur at the top

and bottom
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21, 21,

Otop = -



If the faces are thin compared to the thickness of the core (t < h.), we

assume that the core carries all of the shear stresses
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Limitations

both materials obey Hooke's law

materials are isotropic and homogeneous

for nonhomogeneous and nonlinear material, the above equation can
not be applied, e.g. reinforced concrete beams are one of the most

complex types of composite construction

Example 6-1 © P

a composite beam is constructed from

wood beam and stedl plate 3
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M = 60kin E; = 1,500ksi
E, = 30,000ks " s
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cdculate o and o, 1N wood and steel

o)

firstly, we want to determine the N. A.

f,ydA = yiA = (m-3)(4x6) = (h-3)x24
§,ydA =y, A,=-(625-hy) (4x05)= (h;-6.25)x2

E§ ydA + Ef ydA = 0

1,500 (h, - 3)x 24 + 30,000 (h;-6.25)x2 = O
hl = 5031lin
h, = 65 - h = 1469in



moment of inertia

1
I, = E4x63 + 4x6(h -3 = 171.0in’

1
l, = E4XO'53 + 4x05(h,-025?% = 301in*

| = 1, + |, = 174in®

maximum compressive stressinwood (y = h; = 5.031in)

M h; E; 60 x 10° x 5.031 x 1,500 _
Gin= - =. =-1,310 psi

E.lL+E 1, 1,500 x 171 + 30,000 x 3.01

maximum tensilestressinwood [y = -(h,-05) = -0.969in)

M h, E; 60 x 10° x (-0.969) x 1,500 _
= = 251 ps
Eili+E 1500 x 171 + 30000 x 3.01

gic—-

minimum tensilestressinsteel (y = -0.969in)
MyE, 60 x 10° x (- 0.969) x 30,000 _
Ooc = - =- = 5,030 psi
E.l,+E> 1,500 x 171 + 30,000 x 3.01
maximum tensilestressinsteel (y = -h, = -1.469in)
MyE 60 x 10° x (-1.469) x 30000 _
oo = - =- = 7,620 psi
E.l;+E 1500 x 171 + 30000 x 3.01
note that
(e _ E2 _ 5,030 _
o B 251
Example 6-2

a sandwich beam having aluminum-alloy faces with plastic core, M

= 3 kN-m



y

®
/ [r=5 mm
v -

E, = 72GPa E, = 800GPa @ | ;. ‘

_ 3 - 9 150 mm =
t - 5 mm hC - 150 mm %‘. f(D l [ﬁé-mm
h = 160 mm b = 200mm L_ =200 mm _" Tr =5mm

determine o and onin 1N thefaces and core
(@) using genera theory

(b) using approximate theory

"." the section isdouble symmetric, .". N. A.islocated at midheight

b 200
I, =—(h*-h’)=——(160°-150°) = 12.017 x 10° mm*
2 12
b 200
l, = —hd = —150° = 56.25x 10° mm®
12 12

the flexura rigidity of the composite beam s

E/l;, + E,l, =72x10%x12.017 x 10° + 800 x 56.25 x 10°
= 910,224 x 10° N-mm?
= 910,224 N-m?

the o for tension and compression in aluminum faces are

M (h/2) E, 3x10°x 80x 72 x 10°
=+ =+ =+19.0 MPa

E.lL+E I, 910,224 x 10

the o fortension and compression in plastic core are

M(h/2) E,  3x10°x 75 x 800
Omax =1 =+ —=10.198 MPa
E.l;+Ex s 910,224 x 10
from the approximate theory for sandwich beam
My M2  3x10°x80
=+ =+

I, I, 12.017 x 10°

= +20.0MPa

Omax =T



thistheory is conservative and gives slightly higher stresses

6.3 Transfor med-Section M ethod Jl‘—‘*\
consider a composite beam, the N. A. of ’@ L\\

the cross section can be determined by the A \

equation of equilibrium as state before @

E.§, ydA + E{ ydA = 0 fara
[®] \
denote n the modular ratio as == \
/ )
n = E/E L nby >|

then the equilibrium equation can be written

{, YAA + § nydA = 0

if each element of dA inmaterid 2 x n, anew cross section
isshown, the N. A. of the new areais the same of the composite beam
i.e. the new cross section consisting only one material, material 1,

this section is called the transformed section

" only one materia is considered, the based equation can be used
ox = -EBEixy
and the moment-curvature relation for the transformed beam is

M = - SAaxydA = - SlaxydA + - SzaxydA

kE§ VVdA+xE;§_ y*dA [dAinmateria 2isequa
! 2 n dA of the original area]

k(Els + nEily)
= K(Elll + Ezlz)



same result as before

for the transformed section, the bending stressis

My E,
Oy = -— lt = 1L + nl, = 1; +

I+
MyE;
same as before
E.lL+E 1,

stress in material 1 can be calculated direct from the above

equation, but in material 2 the stressin transformed section are not the

same as in the original beam, it must be multiplied by n to obtain the
stress in the transformed section, i.e.

My Mynk My E;
O = -N— = -——— _

I+ E.li+E 1, E.li+E 5
the result is same as before

it is possible to transform the original beam to a beam consisting
material 2, use n = E/E

the transformed-section method may be extended to composite beam
of more than 2 materials

Example 6-3

a composite beam is formed of

wood and steel plate as shown '

Iy 6in.

M = 60kin E = 1500ks il e ull oo
@ —H—4in—
E, = 30,000ks

(a)

using the transformed-section method determine
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and compressioninwood, and o and o for tension in steel
[same problem asin example 6-1]

n = E,/JE;j = 30,000/1500 = 20
the N. A. of the transformed section can be cal culated

_Zy A 3x4x6+625x80x05 322

h, = = 5.031in

A 4x6 + 80x05 64
h, = 65 - h = 1469in

the moment of inertia of the transformed section is

1 1
lr=—4x6°+4x6(h,-3)°+—80x05>+80x0.5x (h, - 0.25)?
12 12

= 171 + 603 = 231.3in

bending stressesin the wood (material 1)

My 60x10°x 5.031

oA = = -1310 pS|
I+ 231.3
My 60 x 10° (- 0.969) _
oic = -——— = - = 251 ps
I+ 231.3
the bending stressesin steel (material  2)
My 60 x 10° (- 0.969) _
o c = -n—— = -20 = 5030 psi
I+ 231.3
My 60 x 10° (- 1.469) _
opg = -Nn—— = -20 = 7620 psi
I+ 231.3

the results are the same asin example 6-1

6-4 Doubly Symmetric Beamswith Inclined L oads



6-5 Bending of Unsymmetric Beams

6-6 The Shear Center Concept

6-7 Shear Stressesin Beams of Thin-Walled Open Cross Section

6-8 Shear Centersof Thin-Walled Open Sections

6-9 Elastoplastic Bending

6.10 Nonlinear Bending



