Vector Mechanics for Engineers : Statics

by Beer and Johnston Jr

Chapter 9 Distributed Forces : Moments of Inertia

9.3 Deter mination of the Moment of Inertia of an Area by Integration
L, = Sy'dA 1, = §xXdA

to compute the moments of inertia, three types of element can be chosen,
small element dx dy, the strip parale to x-axis and the strip paralld to
y-axis

moment of inertia of a rectanguiar area
d, = Y"dA = bydy

Ik, = b SZ yvdy = Y%bh? !

computing I, and 1, usingthe same element strips

dl,
di,

14y dx
X¥dA = Xydx

'
| —



9.4 Polar Moment of Inertia

the polar moment of inertia of an area with
respecttoapole O isdefined

Jb = Sr?dA

notethaa r* = x* + V4, then

Fig. 9.6

J = S§rPdA = [(C+y)dA

9.5 Radius of Gyration of an Area
consgderanarea A whichhas |y
let us imagine that the area concentrate into a strip
parallel to x-axis with a distance k, from the

x-axis, if thesetwo areashave same |,, then

l, = kZA
or ke = (I,/A”
the disance k, is referred to as the radius of

gyration of the area with respect to the x-axis,
smilarly k, and k; canbedefined

ly = kA k= (y/A)” N

b = k'A ke = (Jo/A)”
and the relation can be found
k02 — kx2 + ky2

for arectangular area




ke =

o ki = h/,/3
Sample Problem 9.1
determine 1, of thetriangle
d, = ydA = yldy
/b = (h - y)/h I
h
Ik = § ydA =
0
h
= bh § (h - y)dy
= bh*/12
Sample Problem 9.2
Determine Jy and lgianae
dly = U*dA = U*2zudu

' 3 4
b = SdJQ = 5027'CU du = Y%anr

because of symmetry, I, = |,
o = Ik + Iy = 21
Sample Problem 9.3

determine Iy, 1, ki, and Kk

IL/A = (%bh)/bh

= h?*/3

t
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|

(h - y)b/h

;I - )b/ dy

h
bhihy*/3 - y'i4]

2 Idiameter



= kX

y

y = aa x = b k = b/
y = bx/&

A = Jsab

moment of inertia |,
d, = %yPdx = BB/ dx -
I, = (dl, = b3/3a630ax6dx = ab*/21

moment of inertia |,
dy, = ¥dA = xX*ydx = (bx'/a)dx
y = fdy, = b/@] xd = ab/5
radii of gyration ke and Kk

ke = (IL/A)” = [(@b%21)/(ab/3)]” = bl/7
k = (,/A)" = [(@/5)/(ab/3)]* = al/3/5

9.6 Parallel-Axis Theorem
consider | of theareaabout AA'is
| = §y2dA Ry

draw anaxis BB, forwhich BB/ AA" |
BB' through the centroid of the area |

let y =y + d
§y*dA
= §(y+ d’dA = [(y*+2dy+d)dA

IAA'



= (y?dA + 2dSydA + d*§dA
lan = | + Ad

| : the moment of inertia of the area with respect to the centroidal axis

BB, notethat | istheminimum | of the areawith respect to a set of
parallel axes
| = KA anddefine | = KA

then KCA = KA + Ad
thus K = K + d°

similarly for the polar moment of inertia
b = k + Ad k' = k* + o
where Jc isthe polar moment of inertia about its centroid C, and
d isthedistancebetween O and C
examplel foracircular area

= 1 + Ad g

= ar*/4 + ar’r® = 5nar*/4

example2 for atriangular area

lax = lgg + A

leg = laa - Ad 8 — s
= bh®/12-1%bh(h3)? = bhi/36 «

oo = lee + Ad®

= bh®/36 + ':bh(2h3)*> = bh’/4

note that | DD F IAA' + A h2



because AA' isnot the axis pass through the centroid C

9.7 Moment of Inertia of Composite Areas
consider a composite area A made of several component areas A,
Ao, ... €tC.

then (bda = (h)a + (K + (A

Sample Problem 9.4
determine |, k about axisthrough C and // the plate
first, we need to determine the location of C s

A(mm?)  y(mm) y A (mm?°)

plate 4351 1885 0.82 x 10°
wideflange 7,230 0 0

) 11,581 0.82 x 10°

Y = SyA/SA = 708mm |

for the wide-flange section

e = I, + AY® = 1602x10° + 7,230x 70.8
196.4 x 10° mm*

for the plate



e = I, + Ad® =229x19°/12+ 4,351 x (188.5- 70.8)°
60.4 x 10° mm®*

for the composite area
l, = 196.4x10° + 604x10° = 256.8x 10°mm®*

radius of gyration

ke = IJA = 256.8x10°/11,581
ke = 149 mm
Sample Problem 8.5

determine 1, of thearea

moment of inertia of rectangle
l, = bh®/3 = 240x120°/3 = 138.2x 10° mm*
moment of inertia of the half circle

= 4r /3 = 4x90/37x = 38.2mm
b = 120 - a = 81.8mm



sy = 7r*/8 = 790°/8 = 25.76x10°mm*
A = ar’/2 = 790°/2 = 12.72x10°mm?

Iy = laar - Aad® = 2576x10° - 12.72x 10°x 38.2°
= 7.20x 10° mm*

« = Lo + ADP® = 720x10° + 1272x10°x8L&
= 92.3x10° mm*

moment of inertia of given area

I, = 1382x10° - 923x10° = 459x10°mm*



