Chapter 3  Torsion

3.1 Introduction

Torsion : twisting of a structural member, 2

o P
7 /H 7 Axis
when it is loaded by couples that produce } .. ] T/J’iu?h{n
& P, |

rfl )

rotation about its longitudinal axis 3P W,
T) = Pyd, Ty = Pyd;
T. = P10 T, = Pyd; (a)
the couples T, T, ae cdled T T
torques, twisting couples or twisting
moments (b)

unitof T : N-m, I[b-ft
in this chapter, we will develop formulas T
. . ~
for the stresses and deformations produced E; \ </
in circular bars subjected to torsion, such as
drive shafts, thin-walled members

(c)

analysis of more complicated shapes required more advanced method
then those presented here

this chapter cover severa additional topics related to torsion, such
staticaly indeterminate members, strain energy, thin-walled tube of

noncircular section, stress concentration, and nonlinear behavior

3.2 Torsional Deformation of a Circular Bar
consider a bar or shaft of circular cross section twisted by a couple T,
assume the left-hand end is fixed and the right-hand end will rotate a small

angle ¢, cdledangleof twist



If every cross section has the same radius and subjected to the same
torque, theangle ¢(x) will vary linearly between ends

under twisting deformation, it is assumed

1. plane section remains plane

2. radii remaining straight and the cross sections remaining plane and

circular

3.if ¢ issmadl, neither thelength L noritsradiuswill change

consider an element of the bar dx, on its outer surface we choose an
small element abcd,

2 T

(b) ()
during twisting the element rotate a small angle d¢, the elementisin
astate of pure shear, and deformed into  ab'c'd, itsshear strain  ypa 1S
bb r d¢
ab ax

Ymax —



d¢ / dx represents the rate of change of the angle of twist ¢, denote

0 = d¢/dx astheangleof twist per unit length or the rate of twist, then

Ymax = [0

in general, ¢ and 6 are function of X, in the specia case of

pure torson, 6 is constant aong the length (every cross section is

subjected to the same torgue)
0 = — then Vmax = ———

and the shear strain inside the bar can be obtained

p }:!hlx
Yy = p0 = — yma AT
r // 7 j‘i_yy‘un \
_ _ ) [ / /'\_\I\l \w \
for acircular tube, it can be obtained \ y ] )
\ >{ B //i ,fJ
I \ Ty a /
Ymin =  — Ymax NEN
ra

the above relationships are based only upon geometric concepts, they are

valid for acircular bar of any materia, elastic or indlastic, linear or nonlinear

3.3 Circular Barsof Linearly Elastic Materials
shear stress 7 in the bar of a linear
elastic material is

t = Gy L &y

G : shear modulus of elasticity @



with the geometric relation of the shear strain, it is obtained
b

AT
L7l

Tmax = Gro

(c)

7 and vy incircular bar vary linear wiwn e rama distance p from
the center, the maximum values t»x and yma OCCUr at the outer surface

the shear stress acting on the plane of the
cross section are accompanied by shear
stresses of the same magnitude acting on
longitudinal plane of the bar

if the material is weaker in shear on
longitudinal plane than on cross-sectional

planes, asin the case of a circular bar made of wood, the first crack due
to twisting will appear on the surface in longitudinal direction

arectangular element with sides at 45° to

T /M N & T
the axis of the shaft will be subjected to *-{: o p—
tensile and compressive stresses
The Torsion Formula
consider a bar subjected to pure torsion, jem—

\

-

the shear force acting on an element dA / 1A

, _ ‘T f@ﬂp :

is 7 dA, the moment of this force about ( ‘: )

the axis of baris 7 p dA \\‘ e /},f
N

dM = z7pdA



equation of moment equilibrium

_ _ — 2 — 2
T = dM = tpdA =[ GOp?dA =GO ,2dA

= GOl [z = GOp]
inwhich 1, = fA p° dA  isthe polar moment of inertia
nr’ nd’
lp, = — = —— for circular cross section
2 32

the above relation can be written

T
g = ——
Gl,

G |, : torsional rigidity

theangleof twist ¢ can be expressed as

TL
¢ = 6L = —— ¢ ismeasured in radians
Gl
L
torsonal flexibility f = —
Glp
: : Glp
torsond stiffnress k = ——
L
and the shear stressis
T Tp
T = Gp@ = Gp— =
Glp Iy

themaximumshear stress 7 & p = 1 IS



for acircular tube

N
b =n (-1 /2=n(d"-di) /32 é\’“‘m\;\ﬂ -

s .

if the hollow tube isvery thin L‘/ )
A4

l, =~ w2+ 1) (ra+ 1) (ra-r0)/2 NS

= 7@2@)@M = 2zr’t = nd’t/4

limitations

1. bar have circular cross section (either solid or hollow)

2. material islinear elastic

note that the above equations cannot be used for bars of noncircular
shapes, because their cross sections do not remain plane and their maximum
stresses are not located at the farthest distances from the midpoint

Example 3-1
asolid bar of circular cross section
d=15in,L=54in,G =115x 10°ps
@ T=2501b-ft, 7Thyex, ¢ = ? ¢ .

(D) 741 = 6000 pSi, oy = 2.5°, T=7? ‘ ]

d=15in.

€) 16T 16 x 250 x 12in-1b _
Tmax = = = 4530 ps
nd 7 (L5in)®
l, = nd'/32 = 0497in*
TL 250x 12x 54
p= —— = = 0.02834rad = 1.62°

Gl, 11.5x 10° x 0.497



(b) dueto 1ty = 6000 ps
T.=nd®ry /16 =7 1.5 x 6000/ 16 = 3980 in-Ib = 331 Ib-ft
dueto ¢y = 25° 7 25xmrad/180° = 0.04363rad

T, = Glpga/L = 11.5x10°x0.497 x 0.04363 / 54
= 4618in-lb = 385Ib-ft

thus Ty = min[T,T] = 331Ib-ft
Example 3-2 i
asteel shaft of either solid bar or circular tube . Va4
/ \ (/ / /’\)
T = 1200N-m, 75 = 40MPa ‘\\ /) \,\I\:; B Z/
Ou = 075°/m G = 78GPa L ‘\~j _;’;j
(a) determine  d, of the solid bar 0 L e
(b) for the hollow shaft, t = d, / 10, determine d; w '“’

(C) determine dz / do, Wholiow / Wi

(a) for the solid shaft, dueto 7y = 40MPa

d® =16T/ 77y =16x1200/740 =1528x10°m’
d = 00535 m = 535mm

dueto Oy = 0.75°/m =0.75x nrad/180°/ m= 0.01309 rad/ m
l, =T/G0y =1200/78x 10°x 0.01309 = 117.5x 10° m"
do' =321,/7n =32x1175x10°/7 =1197x10°m*
db = 00588m = 588mm

thus, we choose dy=58.8 mm [in practical design, dy = 60 mm]

(b) for the hollow shaft
d]_ = d2 - 2t = d2 - 02d2 = 08d2



l, =n(dy'-d*)/32 =n[d*-(0.8d)% /32 =0.05796d,"

dueto 74 = 40MPa

l, = 005796d,* = Tr/ry = 1200(dy2)/40

d;’ = 2588x10°m> d; = 0.0637m = 63.7mm
dueto 6y = 0.75°/m = 0.01309rad/ m

Oa =001309 =T/Gl, =1200/78x 10°x 0.05796 d,"
d* = 2028x10°m* d, =0.0671m =67.1mm
thus, wechoose dy=67.1mm [in practical design, dy = 70 mm]

(c) the ratios of hollow and solid bar are

d,/dy = 671/588 = 114

Woow Ahoow 7Td2‘d2/4
holl _ Il - (2 1) - 047

Waiig Agjiid 7 do2l4

the hollow shaft has 14% greater in diameter but 53% less in weight

Example 3-3
a hollow shaft and a solid shaft has same
material, same length, same outer radius R, %‘/:\N Jy” ’\\\
and r; = 0.6Rfor the hollow shaft (VT fese ()
\\\:// \\\g////

(a) for same T, compare their z, 6, and W —

(a)

(b) determine the strength-to-weight ratio

@ =t = TR/, 0 = TLIGI,
". theratioof 7 or O istheratioof 1/l
(lgh = nR/2 - 7(06R?/2 = 043527 R
(s = nR/2 = 05zFR
(I)s/ (lgn = 05/04352 = 1.15



thus ﬁl = TH / Tg = (lp)sl (Ip)H = 115
also ﬁz = ¢H / ¢S = (lp)sl (lp)H = 115
s =Wy /Ws=Ay/As=7n [RP-(0.6R)?] /R’ =0.64

the hollow shaft has 15% greater in ¢ and ¢, but 36%

decrease in weight
(b) strength-to-weightratio S = Tg /W

Th = Toax lp/ R = Tyex (04352 1 R) /R =0.4352 11 R Ty
Ts = tmxlp/R = rmax(O.SnR4)/R = 057 R 1
Wy = 0647FRLy Ws =nRLy
thus S = Tu/Wy = 0687 R/yL

S = Ts/Ws = 057, R/yL
S, is 36% greaterthan Sg

3.4 Nonuniform Torsion
(1) constant torgque through each segment

Tep = -T1 - T + T3 f%

f\L/}
Tec = -Ty -T Tae = -Ty 4 (;L D
T L o Ly —sie— Ly Lep—
b= Lh o= E—
1= 1= G| |p|
(2) constant torgue with continuously varying
Cross section " "
" T dx ey
= A |
G 1,(X) %«-—.x——“ﬂ-—m-
L L T dx " L :
$ = 1 dp = §

G 1p(x)



(3) continuously varying cross section and

4
I LLrma | Ts
continuoudly varying torque “"ﬁf_ﬁf— >
S L §_ T(X) dx ._\_.,| dx
¢ = dp = |
0 ° GI,x) ' f‘) |
Example 3-4 5 = 8
asolid steel shaft ABCDE, d = 30mm /& 0 N /=
T, = 275N-mT, = 450N-m 17 e
T; = 175N-mG = 80GPa

L, = 500mm L, = 400mm

determine 75 ineachpartand ¢gp

TCD = T2 - Tl = 175 N-m 'y
Tee = -To = -275N-m o
16 Tgc 16 x 275 x 10°
fae = = = 51.9MPa
nd 7 30°
16 Tep 16 x 175 x 10°
Tep = = = 33MPa
nd n 30°
$ep = dec + dop
nd* 7 30
lpb = — = = 79,520 mm’
32 32
Tec Lt - 275 x 10° x 500
¢BC = = = -0.0216rad
Gl, 80 x 10° x 79,520
Teo Lo 175 x 10° x 400
$co = = = 0.011rad
Gl, 80 x 10° x 79,520

$sp = ¢actdep =-0.0216 +0.011 = - 0.0106 rad = - 0.61°

10



Example 3-5
a tapered bar AB of solid circular B
[ ) T
cross section istwisted by torque T -«—: | }»

d= dA aA, d= dB a B, dB = dA “—-"—'LI“—-H'-\' 7

determine 7., and ¢ of thebar

(@ T = constant over thelength, O O
thus Tme OCCUrS@  Oin [ENd A] L!_”:
16T dy
Tmax —
7'lfdA3

(b) angleof twist

ds - d
dx) = da + — 2x
L
7'Cd4 T dB-dA 4
() = — = —(du + X)
32 32 L
then L T dx 32T L dx
R GI(): G o ds-d
X T -
p (dA + B AX)4
L
to evaluate the integral, we note that it is of the form
; dx 1
(a+ bx)* 3b(a+ bx)®
if wechoose a = dy and b = (dg - da / L, then the

integral of ¢ can be obtained

32TL 1 1
- ( 3 ) 3 )
37'[G(d|3 - dA) dA dB

11



a convenient form can be written

TL “+f+1
¢ = (ﬁ ﬂg )
G lpa 3B

where ﬁ = dB/dA IpA = ﬂdA4/32
inthe special case of aprismaticbar, f=1, then ¢ = TL/GlI,

3.5 Stresses and Strainsin Pure Shear

for a circular bar subjected to torsion,

shear stresses act over the cross sections

and on longitudinal planes

an stress eement abcd iIs cut r

between two cross sections and between l” v b Ir
T

two longitudina planes, this element isin a

state of pure shear ¢

we now cut from the plane stress sz

element to a wedge-shaped e ement, denote

A, the area of the vertical side face, then .

the area of the bottom face is Ay tan 0, 2
and the area of the inclined face is Ag
sec 0 }

TAq secd
% \ﬂn Ay secd

summing forcesin the direction of g,

1:'.‘\.. tan &

g, Agsecl = tASn0 + tAgtanfcosd ©

or g, = 2tsSnfcosfd = tsSn20

summing forcesin the direction of 7,

12



T,Agsecl = tA cosl - tAtanfdsSnd

or 1, = 7(cosd - sn’d) = tcos20

g, and 7, varywith h isplottedin figure

(Tg)rmx ) T a[ 0 - OO ‘_.-r - I=\_* /v\\\\\_/‘ig:;::
cm=e o o=ar | S
Odre=%7 @ 0=£45 — /\/\

the date of pure shear stress is gt X =
equivalent to equal tensile and compressive N G OF Ty |
stresses on an element rotation through an ,r”/’; “\’;’\ﬂ;;
angle of 45° _9n--%\_ —45 ¢ 4;‘.\1;\ oo
if atwisted bar is made of materia that | \/ | 5/ N\ |
is weaker in tension than in shear, failure

will occur in tension along a helix inclined To{ W0 4T

at 45°, such as chalk ST
e ——
—

Strainsin pure shear
iIf the material islinearly elastic
y = 1/G
where G isthe shear modulus of easticity

consder the strains that occur in an (@)
element oriented at 0 = 45°, Gpx = T
applied at 45° and o, =-7 applied at
0 =-45°

thenat 0=45°

13



a 0=-45° & = -emx = -t(1+V)/E

it will be shown in next section the following relationship

_ 7
Emax = —
2
Example 3-6
acircular tubewith d, =80 mm, d; =60 mm o
T = 4kN-m G = 27GPa L —
determine (a) maximum tensile, compressive - _ﬁ_
and shear stresses  (b) maximum strains ‘
60—+
(@ the maximum shear stressis 80—
Tr 4000 x 0.04
Toax = = = 58.2MPa

|
P Z [(0.08)* - (0.06)]

32

the maximum tensile and compressive stresses are

o = 582MPa a4 0 = .45
Oc = - 58.2 MPa a 6 = 450
:%_ MPa //\\CT j%:mm
v N

¥ / ‘ N
nas = ¥

-~
=

(b) maximum strans
Ymex = Tmax!/G = 582/27x10° = 0.0022

the maximum normal strainsis T
Emex = Ymex /2 = 0011 0,002 rad -.‘\

(]

14



e & = 0011 g = -0011 o Vi

3.6 Relationship Between Moduli of Elagticity E, G and v

an important relationship between

a
E, G and v canbeobtained |

consider the square stress element |
t.{( [

abcd, with the length of each side  «—n—

(a) (b)

denoted as h, subjected to pure

shear stress  t, then b

y = 171G -55 +)

the length of diagona bd is /2 h,
after deformation

Lbd = \/_Zh(1+8max)

using the law of cosinesfor A abd

2 T T
Leg = h°+h?-2h%cos(—+7) 2h?[1-cos(—+7)]
2 2

T
then (LI+éem)® = 1l-cos(—+7y) = 1 + sny
2

thus 1+28max+en2ax:1+siny

emax iSvery small, then & — 0, and siny —

the resulting expression can be obtained

emax = 12

with Emax t(1+v)/E and y = 1/G

15



the following relationship can be written

E
G = ——
2(1+v)

thus E, G and v arenotindependent propertiesof alinear elastic

material

3.7 Transmission of Power by Circular Shafts

the most important use of circular shafts isto transmit mechanical power,
such as drive shaft of an automobile, propeller shaft of a ship, axle of bicycle,
torsona bar, etc.

a common design problem is the determination of the required size of a
shaft so that it will transmit a specified amount of power at a specified speed
of revolution without exceeding the allowable stress

consider a motor drive shaft, rotating at angular speed w, it is
transmitting atorque T, thework doneis

W = T¢ [T isconstant for steady state]
where ¢ isangular rotation in radians, ant the power is dW/ dt

dw d ¢

P = — = T —
dt dt

-1

w = 2xnf f isfrequency of revolution f:Hz = s

= Tw w . radl/s

P = 2#fT

denote n the number of revolution per minute (rpm), then n=60 f

2nnT
thus P = — (n=rpm, T=N-m, P=W)

60

in U.S. engineering practice, power is often expressed in horsepower (hp),

16



1hp

= 550 ft-lb /s, thusthe horsepower H being transmitted by a

rotating shaft is

2nn T 2nn T
H = —— = —— (n=rpm, T=Ib-ft, H=hp)
60 x 550 33,000
1hp =550Ib-ft/s=550x 4.448 N x 0.305 m/s= 746 N-m/ s

=746 W (W : watt)

Example 3-7

H
(@
(b)

(@)

= 40 hp, a1 = 6000 ps

n=500rpm, determine d @
n = 4000 rpm, determine  d " Y
33,000H 33,000 x 40
T= = = 402.2 |b-ft = 5042 |b-in
2nn 2 7 x 500
16T , 16T 16 x 5042 .
Trex = d° = = —— = 428in
nd? T Tall 7 6000
d = 1.62in
33,000 H 33,000 x 40 _
T = — = — =52521b-ft=630.3 Ib-in
2nn 2 7 X 4000
16T 16 x 630.3 _
d3 = = ——— = 053in®
7 Tal 7 6000
d = 08lin

the higher the speed of rotation, the smaller the required size of the size

17



Example 3-8

awlld St%l Shaft ABC, d = 50 mm B otor _“"_1 0 m— ,‘ “_ 12 m _.‘
I | = l EH . E

motor A transmit S0KW a 10Hz ==& =

PB = 35 kW, PC = 15 kW A )0 2

determine 7y and ¢dac, G = 80GPa

Pa 50 x 10° Ty=796N-m  Tp=SSTN-m T-=239N-m
Ta = = = 796 N-m o 7 Ce
2nf 2710 c ot

similarly Ps =35KkN Tg =557 N-m
Pc = 15kN Tc = 239N-m
then TAB = 796 N-m TBC = 239N-m

shear stress and angle of twist in segment  AB

16 Tag 16 X 796
TAB — = = 32.4MPa
nd? 7 50°
Tas L 796 x 1.0

dng = AGB| AR = 0.0162 rad

7T
P 80 x 10° — 0.05*

32

shear stress and angle of twist in segment BC

16 Tgc 16 x 239
TBCc ~— = = 9.7 MPa
nd? r 50°
Tec L 239x 1.2
b = —— = = 0.0058 rad
Gl o 7 .
80 x 10°— 0.05
32
Tmax — 7TaB — 32.4 MPa

drc = dpst dc =0.0162 + 0.0058 = 0.022 rad = 1.26°

18
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3.8 Statically Indeterminate Torsional Members
torsonal member may be satically indeterminate if they are constrained
by more supports than are required to hold them in static equilibrium, or the
torsonal member is made by two or more kinds of materials
flexibility and stiffness methods may be used
only flexibility method is used in the later

discussion
consider acompositebar AB fixedat A ]
the end plate rotates through an angle ¢ n((ﬁj\”
. AN/
T, and T, are developed in the e
solid bar and tube, respectively
) . ) A ‘/Tuhe(l) %
equation of equilibrium ' b | "
.+ T, =T i L | E:!:i
eguation of compatibility ‘
#,
b = ¢ TR vy
Bari(1) L ‘ —»M-l
torque-displacement relations
(d)
T, L T,L
¢1 = ¢ =
Gi lpt Gz lp2 P | b
=
then the equation of compatibility becomes .
\'I'ubu (2)
T]_ L _ T2 L (&1
G1lp Gz lp2
now wecansolvefor T, and T,
G]_ |p1 GZ |p2
T, = T( ) T2 = T(

19



and

TL
¢ =
Example 3-9
abar ACB isfixed at both ends 7, d;
. . . < A li |d.'.-
To isappliedat point C ;nl‘@\n\ 3
o> Ts

AC : dA, LA, | pA HT‘ il )\

CB : dB, LB, | pB “”
determine (@) Ta, Te (B) tacs 7cs () dc

equation of equilibrium
TA + TB = TO

eguation of compatibility

¢ + ¢ = 0 c % B

torque-displacement equations

¢1 = ToLA/GlpA , @
TeLa Tele = b =8 1,
b = - - -t
GIpA GIpB

(d)
then the equation of compatibility becomes

Tola TeLa Tels

T, and Tz canbe solved

LBIA I—AIB
Ta = To( ° ) Te = Tof P

Lglpa+ Lalps Lglpat+ Lalges

20



if thebar isprismatic, 1,a = Il = |

then To LB TO I—A

L L

maximum shear stressin  AC and BC are

TA dA TO LB dA
‘L'AC = =
2 1o 2 (Lg Ipa + La lg)
TB dB TO I—A dB
2 lg 2 (Lg Ipa + L lg)

angleof rotation at section C is

y Tala Tels TolLals
c = = =
if thebar isprismatic, 1,a = Il = |
then Tolals
¢C = -
GL Ip

3.9 Strain Energy in Torsion and Pure Shear

consider a prismatic bar AB A
subjectedto atorque T, thebar twistsan }i;?ax_% B
angle ¢ Tl X O™

if the bar material is linear eastic, then
Torgue

thestrainenergy U of thebaris

T

U= W = T¢/2
¢ = TLIGI,

0°

Angle of rotation

21



strain energy density in pure shear

side having length h  and thickness t, l

then = _ T'L Gl
2G 1, 2L

If the bar is subjected to nonuniform torsion, then
T L
'2G 1y,

-
1
M=
<
1
Ms

1 i

if either the cross section or the torgque varies along the axis, then

[T(x)]° dx L [T()]° dx
= u = fdu = § ——
2 G ly(%) 0 2GI,x)

consider a stressed element with esch T — 1, f/f/

'|r

under shear stress 7 with shear strain e —_

I

(@) ih)

the shear force V is 5

V = tht

and thedisplacement ¢ is

for linear elastic material, strain energy stored in thiselement is
Vo Ty h°t
2 2

and the strain energy density u = U/ per unit volume, then

22



u = t9/2 = 7?12G = G)*/2

Example 3-10 A BT,

asolid circular bar AB of length L

)
1

() torque T, acting at thefreeend
(b) torque T, acting at the midpoint

. A C T_;, B
(¢ both T, and T, acting /% — )
simultaneously P2
T,=100N-m T, =150 N-m (b)
L=16m G=80GPa . - .
= 3 4 : o—pi- A
lp=79.52 X 10° mm ]
determine the strain energy in each case . 2
(c)
@ , L 3
T L 100° x 10° x 1.6 x 10
U, = = = 1.26J (N-m)

2Gl, 2 x 80x 10° x 79.52 x 10°
(b)

T2 (L/2) T L
Ub = - = = 2.83J
2Gl, 4Gl,
(C) 2 2 2
n Ti I—i Ta (L/ 2) (Ta + Tb) (L/ 2)
U = 2 = —  +
2G 1, 2Gl, 2Gl,
T2 L T.ToL T2 L
= + ——— - 0+
2Gl, 2Gl, 4G,

= 126J + 189J + 283J = 598

Notethat (c) isnotequato (@ + (b), because U ~ T?

23



Example 3-11

a prismatic bar AB is loaded by a

. ) ) A /*/“/*/*/*/* /7B

distributed torque of constant intensity t & bbb )

per unit distance Py J L‘#
t = 4801lb-infin L = 12ft '

G = 115x10°psl, = 18.17in*

determine the strain energy

T(X) = tx
L (0017 dx 1 L t? L3
u = § ——— = § ()dx =
° 2Gl, 2Gl1, ° 6Gl,
480° x (12 x 12)° _
= = 580in-lb
6x11.5x 10°x 17.18
Example 3-12
a tapered bar AB of solid circular s .
o La B
Cross section issupported atorque T 1‘+" () 1@,
d = dy ~ ds fromlefttoright b i
determine ¢, by energy method e L -
w o= 1/
2
T T dB-dA 4
) = —[dX¥]* = —(da + X)
32 32 L
L [TPPdx 16T | dx
0 2610 0 G ° ds -
p() Tt (da+ B AX)4

24



16 T°L ( 1 1
3nG (dB - dA) dA3 dB3

with- U = W, then ¢, canbeobtained

32TL 1 1
N ( s 3
337G (dB - dA) dA dB

)

same result asin example 3-5

3-10 Thin-Walled Tubes

3-11 Stress Concentrationsin Torsion

3-12 Nonlinear Torsion of Circular Bars
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