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Abstract—In this paper, we address the problem of the state assign-
ment for synchronous finite state machines (FSM), targeted towards

Itilevel combinational logic and feedback register implementations.
Optimal state assignment aims at a minimum area implementation. All
previous work in automatic FSM state assignment has been directed at
programmable logic array (PLA) i.e., two-level logic implementations.
In practice, most large FSM’s are not synthesized as a single PLA for
speed and area reasons—multilevel logic implementations are gener-
ally used for smaller delay and area. In this paper, we present state
assignment algorithms that heuristically maximize the number of com-
mon cubes in the encoded network so as to minimize the number of
literals in the resulting combinational logic network after multilevel
logic optimization. We present results over a wide range of bench-
marks which prove the efficacy of our techniques. Literal counts aver-
aging 20-40 percent less than other state assignment programs have
been obtained.

I. INTRODUCTION

N THIS PAPER address the problem of encoding the

states (state assignment problem) of synchronous finite
state machines (FSM), targeted towards multilevel com-
binational logic and feedback register implementations.
We assume that an optimal state assignment is a state as-
signment which yields minimum area in the final imple-
mentation.

All previous work in automatic FSM state assignments
has been directed at the minimization of the number of
product terms in a sum-of-products form of the combi-
national logic [1]-[4], [5]-[8] and hence, the results ob-
tained are relevant for the cases where the combinational
logic is implemented using programmable logic arrays
(PLA’s). In practice, most large FSM’s cannot be synthe-
sized as a single PLA for area and/or performance rea-
sons—rmultilevel logic implementations are generally used
for smaller delays or smaller areas (or both). Results using
manual state assignment have shown that existing auto-
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matic state assignment techniques are inadequate for pro-
ducing optimal multilevel logic implementations [9].

In this paper, we present a strategy for finding a state
assignment of a FSM which heuristically minimizes an
estimate of the area used by a multilevel implementation
of the combinational logic.

1.1. Need for New Techniques of State Assignment

Existing automatic state assignment techniques target-
ing optimal PLA implementations of combinational logic
are inadequate for producing optimal multilevel imple-
mentations. This is illustrated in Figs. 1-3. Using a state
assignment program targeted toward PLA implementa-
tions the states of the FSM in Fig. 1 are given the codes
in Fig. 2(a). This encoding produces a six product term
PLA (Fig. 2(b)) after two-level minimization. After mul-
tilevel logic optimization, the resulting network contains
16 gates and is shown in Fig. 2(c). A different assignment
of codes (Fig. 3(a)) produces a larger PLA with seven
product terms (Fig. 3(b)), but a smaller multilevel logic
network with 15 gates (Fig. 3(c)). This example illus-
trates the need for state assignment techniques targeted
toward a different object, namely, optimal multilevel im-
plementations of FSM combinational logic.

1.2. State Assignment for Multilevel Logic
Implementations

In the sequel, we present a strategy for finding a state
assignment of a FSM which minimizes an estimate of the
area used by a multilevel implementation of the combi-
national logic. The estimate considered here is consistent
with the estimate used by multi-level logic optimization
algorithms [10]-[12]: the number of literals in a factored
Sform for the logic. We have developed algorithms which
produce a state assignment that heuristically minimizes
the number of literals in the resulting combinational logic
network after multilevel logic optimization.

Multilevel logic optimization programs like MIS {11]
and SOCRATES [12] primarily use algebraic techniques
for factorizing and decomposing the Boolean equations by
identifying common sub-expressions. Our heuristics are
based on maximizing the number and size of common sub-
expressions that exist in the Boolean equations that de-
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Fig. 1. Example FSM.
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Fig. 2. (a) State assignment. (b) Minimized PLA implementation. (c) Op-
timized multileve! implementation.
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Fig. 3. (a) State assignment. (b) Minimized PLA implementation. (¢) Op-
timized multilevel implementation.
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scribe the combinational logic part of the FSM after the
states have been encoded but before logic optimization.
The state assignment algorithms find pairs or clusters of
states which, if kept minimally distant in the Boolean
space representing the encoding, result in a large number
of common sub-expressions in the Boolean network.
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We have obtained results over a wide range of bench-
marks which illustrate the efficacy of our techniques. Lit-
eral counts averaging 20-40 percent less than the state
assignment program KISS [5] and random assignment
techniques have been obtained.

Preliminaries and definitions are given in Section II. In
Section I1I, the basic approach followed to obtain a good
state assignment is described. In Section IV, two algo-
rithms are presented. The embedding algorithm used is
presented in Section V. Results on the benchmark exam-
ples are presented in Section VL.

II. PRELIMINARIES
2.1. Basic Definitions

A variable is a symbol representing a single coordinate
of the Boolean space (e.g., a). A literal is a variable or
its negation (e.g., a or @). A cube is a set C of literals
such that x € C implies ¥ ¢ C (e.g., {a, b, T} is a cube,
and {a, @} is not a cube). A cube represents the con-
junction of its literals. The trivial cubes, written 0 and 1,
represent the Boolean functions 0 and 1, respectively. An
expression is a set f of cubes. For example, {{a}, {b,
©}} is an expression consisting of the two cubes {a} and
{b, ©}. An expression represents the disjunction of its
cubes.

2.2. Representations of FSM’s
An FSM is represented by two equivalent structures.

(1) Itis State Transition Graph G(V, E, W(E)) where
V is the set of vertices coresponding to the set of
states S, were || S || = Ng is the cardinality of the
set of states of the FSM, an edge (v;, v;) joins v;
to v if there is a primary input that causes the FSM
to evolve from state v; to state v;, and W(E) is a
set of labels attached to each edge, each label car-
rying the information of the value of the input that
caused that transition and the values of the primary
outputs corresponding to that transition.

(2) It is a State Transition Table T(1, S, O) where I is
the set of inputs, S is the set of states as above, and
O is the set of outputs. We assume that the primary
inputs and outputs of the FSM are in Boolean form.
A row of the table corresponds to an edge in the
state-transition graph. The table has as many rows
as edges of state graph and as many columns as

N, +N, +2

where N; is the number of bits used to encode the inputs,
N, is the number of bits used to encode the outputs, and
2 refers to the present state and the next state. The matrix
has Boolean entries for the inputs and outputs and ‘‘sym-
bolic”> entries for the columns corresponding to the
present and next states, carrying the name of the present
state and of the next state, respectively. The rows of the
matrix are divided into two fields: the first field contains
the input pattern and the names of the present state, the
second field contains the output pattern and the names of
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the next state. Note that the input pattern may contain
don’t care entries.

2.3. State Assignment for Multilevel Logic

The state assignment problem consists of assigning a
string of bits (code) to each of the states, so that no two
states have the same code. After a code has been as-
signed, the FSM can be implemented trivially once the
storage elements (flip-flops) have been chosen, with a
PLA. For example, assume that the storage elements are
D flip-flops (one per bit). Then, each edge (v;, v;) of the
state transition graph or row of the state transition table,
corresponds to a product term, with the input part repre-
sented by the bits specified in the label w((v;, v;)) for
the primary input and the bits forming the code for v; (the
present state), and the output part represented by the bits
forming the code for »; and the bits specified in w((v;,
v;)) for the primary outputs. This representation of the
FSM can be optimized using a two-level logic minimizer
as ESPRESSO [13] to reduce the number of product terms
needed to implement the logic function. Of course, dif-
ferent encoding of the states yield different logic func-
tions. It is of great interest to assign codes to states so that
the final optimized PLA has a few product terms as pos-
sible. Algorithms have been proposed that solve this
problem by using a symbolic optimization step to deter-
mine a set of constraints on the encoding to guarantee that
certain product terms could be eliminated in the final im-
plementation [5], [7]. However, in some cases, the size
of the PLA remains too large to satisfy timing or area
constraints. In this case, a multilevel implementation of
the logic is in order. The two-level logic description is
then mapped into a multilevel implementation by factor-
ing and decomposing the logic functions corresponding to
the outputs. According to the particular target technology,
e.g., CMOS standard cells, CMOS static gates laid out in
the gate-matrix style or Weinberger arrays, a decompo-
sition and factorization will be more effective than others.

Algorithms have been proposed that perform this step
effectively (e.g., [10]-[12]). These algorithms represent
the logic to implement as a Boolean network, i.e., a di-
rected graph where each node corresponds to a logic func-
tion with one outpur and an arc is provided between two
nodes if the output of one function is an input of the other.
Because the output of each node is unique, a node and an
output are in one-to-one correspondence.

In principle, in these algorithms, a cost function that is
different according to the final implementation should be
used. However, due to the many different technologies
used, it is very difficult to identify a meaningful cost func-
tion that could be optimized effectively. Thus an estimate
for the final area is used. An estimate that has been used
successfully is the number of literals in a factored form
of the logic function. Then, the optimal state-assignment
problem can be formulated as the problem of assigning
codes to the states so that the total number of literals in
the factored form of the logic function is minimized.

It is certainly difficult to devise a measure of how many
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literals a particular state assignment will yield after mul-
tilevel logic optimization has been carried out, because of
the great complexity of the algorithms used for this pur-
pose [11].

III. THE Basic IDEA
3.1. Operations in Multilevel Logic Optimization

The key point in the proposed algorithms for the state
assignment problem is the model used to predict the re-
sults obtained by the multilevel logic optimizer after the
encoding has been performed. We focused on the opera-
tions of MIS [11], the Berkeley logic optimizer.

The algorithms in MIS [11] can be classified in two
categories: algebraic and Boolean methods. It is very dif-
ficult to model the optimization achieved by MIS with the
use of Boolean methods, while it is feasible to predict at
least some of the operations that the algebraic division
algorithms use to minimize the logic.

Among the several algebraic optimization algorithms
used by MIS are factoring of logic equations, common
sub-expression identification and common cube extrac-
tion. These three techniques are illustrated in Fig. 4. The
latter two techniques are algebraic division techniques,
expressions are divided by common cubes or sub-expres-
sions in order to produce smaller expressions with new
intermediate variables. Common cube extraction is ac-
tually a subset of common sub-expression identification—
a sub-expression may be a single cube.

As illustrated in Fig. 4, extracting common cubes re-
sults in a network with fewer literals than the original net-
work. The algorithm presented in this paper tries to max-
imize the number of common cubes that can be found by
the logic optimization algorithms in the encoded two-level
network. Maximizing the number of common cubes re-
sults in a large number of good factors that can be ex-
tracted during optimization to produce a reduced literal
multi-level representation.

3.2. Influence of Encoding on the Number of Common
Cubes

There are two basic processes behind the influence of
state assignment on the number of common cubes in the
encoded state transition table (a two-level representation)
which is the starting point for multilevel logic optimiza-
tion. We now analyze these two processes.

We focus on the second field (the present state field) in
the STT of the machine shown in Fig. 1. If we assigned
the states 570 and st2 with codes of distance N, then the
lines of the next state s¢z1 will have a common cube with
N, — N, literals (due to edges 3 and 8 in the STT). Similar
relationships exist between other sets of states.

We shift focus to the third field (the next state field) of
the STT. If we assign the states 520 and s¢2 with codes of
distance N, then the present state s¢1 becomes a common
cube for N, — N, next state lines whatever its code is (due
to edges 5 and 6 in the STT). The number of literals in
the common cube is, of course, N,. Again, similar rela-
tionships exist between other sets of states in the machine.
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Factoring:
ace +bece +de -> ((a+b)c+d)e

Common sub-expression identification:
ace + bce + de -> sce + de
ade + bde + af -> sde + af
s=a+b

Common cube identification:
ace + beef +de -> fc + uc + de
ade + bdef + af -> ¢d + ud + af
t=bef u=ae
Fig. 4. Factoring, common sub-expression and common cube identifica-
tion.

The input and output spaces (the first and fourth fields)
also have an influence on the number of common curves
after encoding. If two different input combinations, i; and
iy, produce the same next state from different or same
present states, then we have a common cube correspond-
ing to iy N i, in the input space. Similarly, outputs as-
serted by different present states have common cubes cor-
responding to their intersections.

Given a machine, we have thus a large set of relation-
ships between state encoding and the number/size of com-
mon cubes in the network prior to logic optimization. We
can estimate the reduction in literal count or the ‘‘gains’’
that can be obtained by coding a given pair of states with
close codes so single/multiple occurrences of common
cubes can be extracted. Given these gains for each pair of
states, we can attempt to find an encoding which maxi-
mizes the overall gain.

There arises a complication in gain estimation. Firstly,
while the number of literals in the common cubes can be
found exactly, the number of occurrences of these cubes
depends on the encoding of the next states. In our exam-
ple, assume that st1 was assigned /7] and st3 was as-
signed /70. We have a common cube /1 (with 2 literals)
for the next state lines but the number of occurrences of
the this common cube depends on the number of 1’s in
the code of sr2 (which we do not know). This problem is
alleviated by treating the gains as relative merits rather
than absolute and using an average-case analysis (Section
4.1.2).

It should be noted that these statically computed gains
interact. Extracting some common cubes can increase the
level (to the outputs) of other common cubes and can also
decrease the gain in extracting them. For instance, a se-
quence of two cube extractions on a two-level network
can produce a three- or a four-level network. Statically
computing gains and maximizing the number of common
cubes works because, given a particular encoding, the op-
timal sequence of cube extractions to produce a minimal
literal multi-level network can be found by the logic op-
timizer. Our goal then is to find an encoding that maxi-
mizes the number of common cubes in the initial two-
level network.

3.3 The Global Strategy

Our approach is to build a graph Gy (V, Ey, W(Ey))
where V is in one-to-one correspondence with the states
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of the finite state machine, E), is a complete set of edges,
i.e., every node is connected to every other node, and
W (E), ) represents the gains that can be achieved by cod-
ing the states joined by the corresponding arc as close as
possible. These gains are statically and independently
computed by enumerating the direct relationships be-
tween the input, state, and output spaces.

Then, the states are encoded, using this graph to pro-
vide the cost of an assignment of a state to a vertex of the
Boolean hypercube.

A critical part of our approach is the generation of
W(E) ). We have experimented with two algorithms: one
assigns the weights to the edges by taking into consider-
ation the second and fourth fields of the state transition
table, and is henceforth called fanout-oriented. The sec-
ond algorithm assigns weights to the edges by taking into
consideration the first and third fields and is henceforth
called fanin-oriented.

The fanout-oriented algorithm attempts to maximize the
size of the most frequently occurring common cubes in
the encoded machine prior to optimization. The fanin-ori-
ented algorithm attempts to maximize the number of oc-
currences of the largest common cubes in the encoded
machine prior to optimization. These two algorithms are
based on the two different processes behind the influence
of state assignment on the number of common cubes in
the network described earlier.

IV. ALGORITHMS FOR GRAPH CONSTRUCTION

In this section, we present a fanout-oriented and a fanin-
oriented algorithm which define a set of weights for the
undirected graph Gy (V, E, W(Ey )). The weights rep-
resent a set of closeness criteria for the states in the ma-
chine which reflect on the number of common cubes in
the encoded machine prior to optimization. Both these al-
gorithms have a time- and space-complexity polynomial
in the number of inputs, outputs and states in the machine
to be encoded. In the sequel, the two algorithms are de-
scribed and analyzed.

4.1. A Fanout-Oriented Algorithm

This algorithm works on the output and the fanout of
each state. Present states which assert similar outputs and
produce similar sets of next states are given high edge
weights (and eventually close codes) so as to maximize
the size of common cubes in the output and next state lines.

4.1.1. Algorithm Description:

The algorithm proceeds as follows:

(1) Construct a complete graph Gy (V, Ey, W(Ey)),
with the edge weight set empty. For each output,
all the labels, W(E), ), in the state-transition graph
G, are scanned to identify the nodes which assert
that output. N, sets of weighted nodes which assert
each output are constructed. If a node asserts the
same output more than once it has a correspond-
ingly larger weight in the set.

(2) For each next state, sets of present states producing
that next state are found (N, sets are constructed).
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The pseudocode below illustrates these steps of the pro-
cedure. nw stores the weight of the nodes in each of the
different sets.

for(i=1;i<N,;i=i+1){
foreach( edges e(vy, v))e G ) {
if ( W(e).output[i] is 1) {
OUTPUT_SET, = OUTPUT_SET; U v,
nw(OUTPUT SET,, v,) = nw(OUTPUT SET,,
Uk) +1
!
}

foreach( edges e(v, v)) € G) {
N _STATE _SET, = N_STATE_SET, U v,
nw(N_STATE_SET,, v;) = nw(N_STATE SET,, v;)
+1

}

(3) Using these N, OUTPUT SET AND N, N_
STATE _SET sets of nodes, W(Ey ) is constructed.
The edge weight, we, is equal to the multiplication
of the weights of the two nodes corresponding to it
across all the sets. The weights corresponding to
the next state sets have a multiplicative factor equal
to the half the number of encoding bits, N, /2. The
reasoning behind the use of a multiplicative factor
is given at the end of the section. The pseudocode
for the calculation of we is shown below.

foreach( (v, v)) € Gy ) §
for(i=1;i<N;;i=i+1)

we  (ey(ve,v)) = we (em(r, v1)) +
nw(N_STATE SET;, vy) * nw(N_STATE _SET;,
v;)

we (ey(vi,v;)) = we (epl(vi, vy) * Nb/2
for(i=1;i<N,;i=i+1)

we (em(vp,v) = we  (ey(yp,v))
nw(OUTPUT_SET,, v,) * nw(OUTPUT_SET,,
v)

4.1.2. Analysis:

We now analyze the fanout-oriented algorithm. The first
step of the algorithm entails enumerating the relationships
between the present states and the output space. If two
different present states assert an output, it is possible to
extract a common cube corresponding to the intersection
of the two state codes. By constructing the N, different
output sets and counting the number of times a pair of
states occurs together in each output set, the algorithm
effectively computes the number of occurrences of the
common cube X N Y, for all states X and Y. We have to
take into account the fact that a state may assert the same
output for many input combinations—this corresponds to
the weight naw (). For two states that assert the same out-
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put a multiple number of times, each pair of edges will
have the common cube. Accordingly, the weights nw( )
are multiplied.

In the second step, the next states produced by each pair
of present states are compared. A state pair which pro-
duces the same next state has an associated common cube
corresponding to the pairwise intersection. The number
of occurrences of this common cube is dependent on the
number of 1°s in the code of the next state and therefore
cannot be estimated exactly (unlike in the first step). We
assume that the average number of 1’s in a state’s code is
N, /2. Since we are concerned with relative rather than
absolute merits, the approximation that each common
cube occurs in N, /2 next state lines is a good one. Thus
we have a multiplying factor of N, /2 in the second step.
Ideally, this factor should be a function of the encoding
and not a constant for all state pairs.

Given the number of occurrences of different common
cubes in the machine, this algorithm assigns weights so
as to maximize the size of the most frequently occurring
cubes.

4.1.3. An Example:

The graph generated by the fanout-oriented algorithm
for the example FSM of Fig. 1 is shown in Fig. 5. The
output set corresponding to the single output is (5207, st1 3,
st3?%). The next state sets are st0 — (5102, sr1'), st1 —
(st0!, st st2Y), 512 = (st Vost2!' st3') and 513 —
(512", st3'). The superscripts denote the weights aw( )
for each state in each set. The weight of the edge between
the states st2 and st3 with N, = 2is (1 X 1 + 1 X 1)
X N,/2 + 3 X 2 = 8. Similarly, the other edge weights
can be calculated.

4.2. A Fanin-Oriented Algorithm

The algorithm described above ignored the input space.
The algorithm works well for FSM’s with a large number
of outputs and small number of inputs. However, the
number of input and output variables could both be quite
large. In this section, we describe a fanin-oriented algo-
rithm which operates on the input and fanin for each state.
Next states which are produced by similar inputs and sim-
ilar sets of present states are given high edge weights (and
eventually close codes) so as to maximize the number of
common cubes in the next state lines.

4.2.1. Algorithm Description:

The algorithm proceeds as follows:

(1) The graph Gy, is constructed. N; sets of weighted
next states which fan out from each present state in
G are constructed as shown below. nw stores the
weight of each node in all the sets.

foreach( edge e(vy, v,)e G) {
P_STATE SET, = P_STATE_SET, U v,
nw(P_STATE_SET,, v,) = nw(P_STATE_SET,, v;)
+1

}
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Fig. 5. Graph generated by fanout-oriented algorithm.

(2) For each input, sets of next states are identified
which are produced when the input is 1 and when
the input is 0. 2 X N; such sets are constructed as
shown below.

for(i=1;i<N;;i=i+1){
foreach( edge e(v;, v,)e G ) {
if( W(e)-inputli] is 1) {
INPUT _SETY, = INPUT SETN; U v,
nw(INPUT _SET®",, v)) = nw(INPUT_SET®V,,
v) + 1}
if (W(e)-input[i]is0) {
INPUT SET'F, = INPUT SETFF, U o,
nw(INPUT_SET°",, v)) = nw(NPUT_
SET°T ., v) + 1
}
!
}

(3) The weights on the edges in the graph, we, are
found using the N; INPUT SET®V, N; INPUT-
_SETFF and N, P_STATE_SET sets of nodes as il-
lustrated in the pseudo-code below. Between each
pair of nodes in Gy, an edge with weight equal to
the multiplication of the weights of the two nodes
across all the present state sets (scaled by N,) and

all the input sets is added

foreach( (v, v))e Gy ) {
for(i=1;i<N;;i=i+1)
we (eq(vi,v))) = we (ey(vi,v;)) + nw(P_
STATE_SET;, v;) * nw(PASTATEvSETi, v;)
we (ep(vi,v1)) = we (ep(vy,v))) *

for(i=1;i<N;i=i+1){
we (em(viovr)) = we  (ep(vy,v))) +nw
(INPUT_SET®";, vy) * nw(INPUT _SET®V,, v))
we (em(vev))) = we (ey(vy, v))+nw
(INPUT SET°'*,, v;) * nw(INPUT _SET°",,
vy)
}

4.2.2. Analysis:

We now analyze the fanout algorithm. The first step of
the algorithm entails enumerating the relationships be-
tween the input and next state space. A next state pro-
duced by two different input combinations i, and i, has a
common cube i; N i,. The size of this cube can be found.
By constructing the 2 X N; different input sets and count-
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Fig. 6. Graph generated by fanin-oriented algorithm.
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ing the number of times a pair of states occurs together in
each input set, the algorithm computes similarity relation-
ships between all next state pairs in terms of the inputs.
Giving next state pairs that are produced by similar inputs
high edge weights will result in maximizing the number
of occurrences of the largest common input cubes in the
next state lines.

In the second step, the present states producing each
pair of next states are compared. If two different next
states are produced by the same present state. the state is
common to some next state lines. The number of occur-
rences of this common cube is dependent on the intersec-
tion of the two next state codes. To maximize the number
of occurrences of these cubes, next state pairs which have
many common present states are given correspondingly
high edge weights. Since each of these cubes have N, lit-
erals (as opposed to a single literal for a single input), we
have a multiplying factor of N, while combining the
weights computed in the two steps.

Given the sizes of the different common cubes in the
machine, this algorithm assigns weights so as to maxi-
mize the number of occurrences of these cubes.

4.2.3. An Example

The graph generated by the fanin-oriented algorithm for
the example FSM of Fig. 1 is shown in Fig. 6. As can be
seen, the weights of the edges in the graph are different
from those generated by the fanout-oriented algorithm
(Fig. 5). Here we have the input sets i;(0) — (s1 3, 5137y,
i(1) = (5102, 5123), i,(0) - (510", st1', s12 ") and ip(1)
— (st0?%, st1', 512!, 5¢3"). The present state sets are st0
= (102, sr1'), st1 = (5101, se1t, 5221y, 562 > (st1!,
s12', st3')y and 513 — (st2'). The weight of the edge
between st0 and st1 for N, = 2is (1 X 1 + 2 X 1) +
Ny, X (2 X1+ 1x1)=29. The other edge weights are
calculated in a singular fashion.

V. THE EMBEDDING ALGORITHM

The algorithms presented above generate a graph and a
set of weights, like the graphs of Figs. 5 and 6, to guide
the state encoding process. The problem now is to assign
the actual codes to states according to the analysis per-
formed by the fanin and the fanout-oriented algorithms.
This problem is a classical combinatorial optimization
problem called graph embedding. Here G, has to be
embedded in the Boolean hypercube so that the adjacency
relations identified by G, are satisfied in an optimal way.
Unfortunately, this problem is NP-complete and there is
little hope to solve it exactly in an efficient way.

Several heuristic approaches have been taken to solve
variations of this problem (e.g., [14], [8], [15]). In [14]
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and [15] distance relations are required to be satisfied dur-
ing graph embedding. Of course, it may not be possible
to satisfy all of them and some constraints (which are
heuristically picked) may be relaxed. Similarly in [8],
where clusters of states are recognized as in the fanin/
fanout-oriented algorithms, join and fork rules are speci-
fied which if satisfied result in the merging of product
terms. Our problem is different in sense that the goal is to
minimize a cost function rather than attempting to satisfy
distance relations. We use a heuristic approach to this
embedding problem that has given satisfactory results.

The heuristic algorithm is called wedge clustering. This
algorithm is used to assign codes to the nodes in Gy, to
minimize

NN
Z]] }11 we (ey(v;, v;)) * dist (enc (v;), enc (1))

where the v, are the vertices in Gy, we (ey (v, v;)) is
the weight of the edge, e, between vertices v, and v,, enc
(v,) is the encoding of vertex v;. The function dist ( )
returns the distance between two bindary codes.

The graphs generated by the fanout- and fanin-oriented
algorithms have a certain structure associated with them,
especially for large machines. In these graphs, typically
small groups of states exist that are strongly connected
internally (edges between states in the same group have
high weights) but weakly connected externally (edges be-
tween states not in the same cluster have low weights).
The embedding heuristic has been tailored to meet the re-
quirements of our particular problem. The heuristic ex-
ploits the nature of the graph by attempting to identify
strongly connected clusters and assigning states within
each cluster with uni-distant codes.

The embedding algorithm proceeds as follows. Clusters
of nodes with the cardinality of the cluster no greater than
N, + 1 and consisting of edges of maximum total weight
are identified in Gy;. Given Gy, the identification of these
clusters is as follows—a node, v, € Gy, with the maxi-
mum sum of weights of any N, connected edges is iden-
tified. The N, nodes, y, 5, - * * , Y5, Which correspond
to the N, edges from v, and v, are assigned minimally
distant codes from the unassigned codes (v, may have
been assigned already, so may the other y; ). A maximum
of N, nodes are chosen so the y; can be (possibly) assigned
unidistant codes from »,. After the assignment, v, and all
the edges connected to v; are deleted from Gy, and the
node section/code assignment process is repeated till all
the nodes are assigned codes. The pseudocode below il-
lustrates the procedure.

while ( GG is not empty) {
Select v, € GG, y; € GG so ;1 we (ey(vy, y; ) is

maximum

assign the y; and v| minimally distant codes from
unassigned codes
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GG = GG = v,
}

We can prove the following optimality result about the
embedding heuristic. For convenience in notation, we as-
sume that we (y;, y;) = 0V i3y € Gy.

Theorem 1: At a given iteration, if the N, states y(, y,,
- - -, yy, are given unidistant codes from the selected state
v, and if

we (ey(v1, y1)) = we (ey (i ) + we (en(is %)),
l<i,jik<Ngi#j+k (1)
then the assignment is optimum for this cluster of N, + 1

states, i.e.,
Np

22 we (ey(vy, y;)) * dist (enc (v,), enc (y;))

i=1

No Nb
+ E;] j=1‘z+l we (ex (i, ¥7))

* dist (enc (y;), enc (y;))
is minimum.

Proof: We have to prove that no assignment of codes
to states can produce a cost which is less than the cost,
C(v,), produced by assigning the N, states with uni-dis-
tant codes from v,. We have

Nb
C(Ul) = igl WC.(eM(U], yl))
No Nb
+ 2 % 231 j=f2+1 we (eM(yi’ )’j))

since the y;, - * -, yy, have uni-distant codes from v, and,
therefore, are distance-2 from each other. To decrease the
cost, the distances between the codes of the y; have to be
reduced from 2 to 1. This can only be done at the expense
of an increase in the distance between some of the y; and
v, from 1 to 2. There are three possible ways of doing so.
First, we can select any state yg from y;, * - -, yy, and
code the rest of the y; and v, with unidistant codes from
ys. Without loss of generality, assume we select y,. We
know, since we selected v initially, that
Np Nb

igl we (eM(vlv )’i)) = j:zl we (eM(yk, yj))

+ we (ey(y v1)) Yk (2)
Using (2) above, it can easily be shown that

Np
C(y) = E:z we (en(ys, yi)) + we (v, 1))
Np Np
+2x 2 2 we (en(y,y))
i=2j=i+1
No

+ 2 % A§2 we (ey(v1, yi)) = C(v))

and similarly, for C(y,), * * -, C(yn,)-
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The second alternative in assigning codes is to select a
ys and assign it a code which is unidistant from two other
y; (Only two y; can be chosen since the y; are distance-2
from each other). This code will be distance-3 from the
unselected y, and will be distance-2 from v,. Without loss
of generality, assume that y, was selected and assigned a
unidistant code from y, and y;. We have

Nb

3
C(y) = E:z we (ey(v1, y1)) + i; we (ey(y1, yi))

+ 2 = we (ey(v), y1)) + 2 * we (ep( 2 ¥:))

Nb Ny
+ 2 % 24 Z we (eM(YU)’J))
i j=i+
3 Np
+ 2 % 22 Z we (C‘M()’n y]))
i j=i+
Np

+ 3 * i§4 we (ey(y1, ¥i))-

Expanding C(v,), we have
No

3
C(vy) = EJZ we (eM(vls )’i)) + 2 % E:z we (eM()’h )’i))

+ we (ey(vy, y1)) + 2 * we (ey( 2, 1))

Np Np

+ 2% Zi 2 we (eM()’n)’J))
i j=i+
3 Np

+ 2 % 22 Z we (en(yir ;)
i J=i+
Np

+2% X we (eu(y. 3)).

Canceling terms from C( y,) and using relation (1), shows
that C(y;) = C(vy).

The third alternative in assigning codes is to select a
state ysand 2 < p < N, — 1 states from the remaining
y; and make these p states uni-distant from ys. ys will be
uni-distant from v, and p states will be distance-2 from
v, and will be distance-2 from each other. If p < 2 then
we are back to the second alternative (or worse) which is
nonoptimal. Similarly, p = N, — 1 brings us back to the
first alternative which is nonoptimal. Assuming y; and y,,

*, Yp+1 are selected, we have

p+1
C(y) = we (ey(vr, y1)) + 2% i§2 we (eM( v1, ¥i))

No
+ i:§+2 we (eM(Ul’ )’i))

p+1
+ i% we (eM()ﬁ, )’i))
Np Np
+ 2 % Z Z We(eM(yl’ yj))

i=2 j=i+
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Expanding C(v;), we have

p+1

C(v)) = we (eM(Uh i )) + ’;2 we (eM( U1, )’i))

Nb
+ 2 we(eM(v,,y,))

i=p+2
pt+1
+ 2 % E}Z we (ey(y1, vi))

Np Np
+2>!<Z2 > we(eM Yo ¥i))-
i j=i+

Canceling terms from C( y,) and using relation (1), shows
that C(y;) = C(v;). In the general case, more than one
ys, each with an associated set of states from the remain-
ing y;, may be selected and each set made unidistant from
ys. The proof for this case is more involved but follows
in a similar way as for the previous case, expanding C(v,)
and using relation (1). Q.E.D.

Thus we have a heuristic which is optimal for a graph
satisfying relation (1) at each iteration of the embedding
if sets of minimally distant codes can be found. It pro-
duces good (though perhaps sub-optimal) solutions for
graphs satisfying

RAT * we (eM(yi, )’j))

+ we (ey

we (eM(vlv yi)) =

(yi9 yk))a

l<i,j;k=Nyji+j+k
where RAT is close to 1. This, coupled with the fact that
typical graphs produced by the fanout- and fanin-oriented
algorithms have strongly connected clusters of states,
makes the embedding algorithm eminently suitable for our
purpose.

The algorithm is quite fast and has a worst case time
complexity of O(N}(log (Ns) + N,)). Initially, the N
— 1 fanout edges from each of the N states are sorted in
decreasing order of weights which takes 0(N§ log (Ng))
time. The embedding itself may require a maximum of N,
— N, iterations. This is because in the first iteration, N,
+ 1 states are encoded and in the worst case only one
state is encoded in following iterations. To select a state
with maximum weight of any N, connected edges can be
accomplished in O(NgN,) time, giving an overall time
complexity of O(N3(log (Ng) + Ny)).

The embedding algorithm is illustrated in Fig. 7 using
a small example with 5 states, to be encoded using 3 bits.
Initially, the node corresponding to state st3 is selected—
it is the node with the maximum set of any 3 edge weights.
The states corresponding to these three edges are 510, szl
and sz2. The three states are given codes uni-distant from
st3. st3 and its edges are deleted from the graph. The
selection process continues, picking st1 from the modi-
fied graph and encoding sr4. This completes the encod-

ing.
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st3 (stO, stl, st2)

st3 — 000 st0 — 001
stl — 010 st2 — 100

stl (stO, st2, st4)
st4 — 110

Fig. 7. An embedding example.

VI. RESULTS

We have run 20 benchmark examples (which have been
obtained from various university and industrial sources)
representing a wide range of finite automata on different
state assignment programs as well as on our two algo-
rithms. The size statistics of the examples are given in
Table I, with the minimum possible encoding for each
FSM indicated under the column #enc.

The results obtained via random state assignment
(RANDOM-A and RANDOM-B), using the state assign-
ment program KISS (KISS), the fanout-oriented algorithm
(MUST-P) and the fanin-oriented algorithm (MUST-N)
for multi-level implementations are summarized in Tables
II and III. The number of literals after running through
two optimization scripts in the multi-level logic synthesis
tool MIS [11] are given for each of the state assignment
techniques. The literal counts of Table II were obtained
using a short optimization script and those of Table III
using a much longer optimization script (which produces
better results).

The literal counts under RANDOM-A were obtained
using a statistical average of 5 different random state as-
signments (using different starting seeds) on each exam-
ple. RANDOM-B was the best result obtained in the dif-
ferent runs. RANDOM-B is significantly better than
RANDOM-A especially for the smaller examples. MUS-
TANG is the best result produced by either the fanout or
the fanin-oriented algorithm for each given example.

MUSTANG can be constrained to use any number of
encoding bits greater than or equal to the minimum. For
all examples MUSTANG was run using the minimum
possible bit encoding. Minimum bit encoding has been
found to be uniformly good for multi-level logic imple-
mentations. KISS typically uses a 1-3 bits more than the
minimum encoding length. The time required by MUS-
TANG for encoding these benchmarks varied between 0.1
CPU seconds for the small examples to 100 CPU seconds
for the largest example, scf, on a VAX 11/8650.

The algorithms developed have achieved the goal of
producing encodings which produce minimal area imple-
mentations after multilevel logic optimization as illus-
trated in Tables II and III. The literal counts obtained by
MUSTANG are on the average 30 percent better than ran-
dom state assignment and 20 percent better than KISS. In
some cases, the fanout-oriented algorithm does better than
the fanin-oriented algorithm, when ignoring the common

STATISTICS OF BENCHMARK EXAMPLES

TABLE I

12, DECEMBER 1988

{EXAMPLE _#inp ' #out ' #states | #enc
| bbara 4 | 21 10 4|
. bbsse 70 7 4 16 | 4
" pbuas 2 1 2 ¢ 6 1 3
L e 7 7 1 16 | 4
[ dkisx_ | 3 s . 4 | 2
T dk1ex 2 3 127 s
keyb 7 2 19 5
lion P21 4 2
liond 2 11 9 4
mark1 5 16 14 | 4
me 3 5 4 2 |
modulo12 1 111 4 !
planet 7 19 | 48 6
i sl ‘8 6 i 20 | s
I sla | 8 6 20 ' s
scf 27 i 56 128 7
shiftreg 1 1 8 . 3 .
tav 4 4 4 2 !
tbk.min 6 ' 3 1 16 | 4 |
train1 1 2 11 10 ! o4
TABLE 11
RESULTS OBTAINED USING SIMPLE CHART
g L RANDOM-A | RANDOM-B | _ KISS MUST-P | MUST-N | MUSTANG
#lit_ __ RAT | #lit | RAT | #lit . RAT . #lit #hit | #lit
bbara 120 1.48 91 1.12 103 127 81 108 81
bbsse 214 1.48 190 131 145 101 | 144 177 144
bbtas 37 | 115 26 | 081 34 1106 . 5t 32 32
cse 405 | 133 | 339 . 111 ' 264 | 0.87 . 304 319 304
dk15x 122 ] 117 ] 109 © 104 1 91 1 087 104 128 104
dik16x 553 | 159 | s5i6 | 149 | a1 | 1.8 383 346 346
keyb 810 | 245 | 663 . 200 | 474 | 143 495 330 330
lion 20 0 11 18 | 100 | 21 | 116 18 2 18
lion9 61 ( 3.05 52 | 260 | 37| 185 25 20 20
mark 1 112 | 128 89 1.02 134 1.31 130 87 87
mc 40 | 111 37 | 102 | 43 119 37 36 36
modulol2 431 119 40| 111 49 | 136 40 36 36
anet 1063 | 124 | 1012 | 118 | 869 | 1.01 1033 854 854
st 852 | 426 | 80S . 402 | 690 | 345 | 639 200 200
sla 649 40 | 583 i 350 | 382 0 235 | 514 162 162
scf 1674 | 131 | 1596 | 125 | 1441 | 113 | 1390 1274 1274
shiftreg 37 185 32 1160 8 | 400 | 2 8 2
tav 25 1.04 24 1 1.00 24 1 1.00 25 24 24
tbk.min 540 | 112 | 532 | 110 | 563 | 116 515 482 482
trainl 67 | 134 53| 106 46 | 092 50 55 50
TOTAL | 7444 | 162 | 6807 | 1.48 | 5809 | 126 4586
#lit : Number of literals after multi-level logic optimization using simple script
RAT: Ratio 10 number of literals produced by MUSTANG using simple sctipt
TABLE III
RESULTS OBTAINED USING INTENSIVE SCRIPT
ExAMpLE | _RANDOM-A | RANDOM-B _Kiss MUSTP | MUST-N | MUSTANG
#lit_| RAT | #lit | RAT | #it | RAT #lit #lit #lit
boara 95 [ 139 | 76 | 111 | 79 | 116 68 75 68
bbsse 153 | 129 ] 131 [ 111 | 118 | 1.00 118 144 118
bbtas 2] 145 ] 24| 109 28| 127 41 22 22
cse 273 | 124 | 240 | 109 | 203 | 0.92 224 220 220
dk15x 109 | 118 | 94| 102 8 | 092 92 108 92
dk16x 406 | 140 | 394 | 135 | 315 | 1.08 326 290 290
keyb 369 | 175 | 311 | 148 | 213 | 101 320 210 210
lion 19 | 118 16 | 1.00 16 | 1.00 16 16 16
lion9 S5 | 275 | 43 | 215 36 | 180 22 20 20
mark] 12 | 122 99 119 ] 99 [ 119 115 83 83
me 39 | 1.08 37 102 ] 42116 37 36 36
modulol2 41 | 124 | 36 | 109 | 47| 142 38 33 33
planet 697 | 123 | 654 | 1.16 | 547 | 097 597 563 563
51 424 | 265 | 354 | 221 | 352 | 220 376 160 160
sla 363 | 257 | 337 | 239 | 258 | 182 307 141 141
scf 939 | 110 922 | 108 | 861 | 101 881 852 852
shiftreg 36 | 180 2 [ 120 8 | 40 2 8 2
tav 2§ 095]| 22| o091 22 | 091 24 %4 24
thk.min 3ss | 119 | 342 | 115 | 381 | 128 348 297 297
trainl1 64 | 130 | 54| 110 | 44 | 090 49 55 49
TOTAL | 4594 | 139 | 4210 | 127 | 3754 | 114 3296

#lit : Number of literals after multi-level logic optimization using intensive script
RAT: Ratio to number of literals produced by MUSTANG using intensive script
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TABLE IV
RESULTS AFTER INTENSIVE SCRIPT AND TECHNOLOGY MAPPING
M-B KISS -N
EXAMPLE | [ sl | sy
L | feme | S ]

cse 240 | 115 | 203 | 95 | 220 | 105
dk16x 394 175 315 143 290 124
keyb 311 158 213 112 210 112
planet | 654 | 290 | 547 | 249 | 563 | 267
s1 354 174 352 173 160 93
sla 337 169 258 131 141 83
[ scf 922 | 445 [ 861 | 401 | 852 | 393
tbk.min 342 170 381 169 297 130

sub-expressions in the input space is a good approxima-
tion.

MUSTANG does comparatively better than random as-
signment or KISS in the shorter optimization script case
than in the more complex optimization script. This is to
be expected since MUSTANG models only the common
cube extraction process in multilevel logic optimization.
In the short optimization script, cube factors dominate in
the reduction of the size of the network. More compli-
cated factors, not modeled by MUSTANG, come into play
in the complex optimization script.

For any given example, the literal counts obtained using
MUSTANG and short or long optimization scripts are
comparatively closer than using KISS or random assign-
ment. For example, in bbara, using random assignment
produces 120 literals after quick optimization versus 76
after a long optimization (on an average). The corre-
sponding number for MUST-P are 81 and 68, respec-
tively. MUSTANG eases the job of the multi-level logic
optimizer, by providing a larger number of easily detect-
able factors in the network before optimization—a short
script can produce good results. Also, the time taken by
MIS to optimize MUSTANG encoded examples is signif-
icantly shorter (20-40 percent) than to optimize examples
encoded using different techniques. Again, this is because
a large number of easily detectable factors exist in the pre-
optimized network.

Both MUSTANG and MIS optimize for literal counts
rather than the number of gates in the network. MIS may
produce arbitrarily complex gates in an optimized net-
work. In many cases, these gates have to be mapped to a
specific technology library. It is worthwhile to see if the
gains in literal counts do produce networks with fewer
gates. The number of gates in the benchmark examples
after intensive logic optimization and technology map-
ping are given in Table IV for the different state assign-
ment techniques. Only the largest examples are shown,
the small examples had insignificant numbers of complex
gates.

VII. CONCLUSIONS

All previous work in automatic state assignment has
been targeted toward two-level logic implementations of
finite state machines. Multilevel logic implementations
can be substantially faster and/or smaller than corre-
sponding two-level implementations. We have shown the
need for new techniques for state assignment directly tar-
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geting multi-level logic implementations and developed
algorithms for this purpose. As compared to existing tech-
niques, significant reductions in literal counts, averaging
20-40 percent have been obtained on benchmark exam-
ples. Further work includes attempting to merge the fanin
and fanout-oriented approaches and predicting more com-
plicated multilevel logic optimizations like common ker-
nel extraction and Boolean factoring.
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