Bl R BB — B BIE A S E R

#8446 B i % (094) WA O F4A208 % 2 6
RARHER B MR A £ /oo N

RAPBA, FAME M - B 5% (RE) BpL B2y itdsg REAAT!!

Problems 1~3: 3 points each

1 For each statement below, indicate whether it is true or not.
a)  O(f(n)-0(f(n)=0(f(n))
b) f(n)+0(g(n) = O(f(n)+ g(n))
) log f(n)=0(logg(n)) implies that 7(n)= O(g(n))

2 let R and R, be two binary relations on a set. For each statement
below, indicate whether it is true or not.
a) If R and R, are symmetric, soare R, UR, and Ry R;.
b) If R and R, are asymmetric, so are R/ UR, and R NR,.
¢) If R and R, are antisymmetric, so are R U R, and RyCrily

3  For each statement below, indicate whether it is true or not.

a) There is an infinite sequence of infinities.

b) Any k-dimensional space, k > 1, has the same cardinality as the set
[0,0.999...) of real numbers.

¢) The set of computable numbers is countably infinite.
(N.B. Areal number is computable, if, for any positive integer », there
is an algorithm which gives the nth digit of the decimal expansion of
the real in finitely many steps.)

Problems 4~7: 4 points each
4 Let D, be the set of all divisors of a positive integer .

a) When is the poset (D,,,l) a totally ordered set?
b) When is the lattice (D,,|) a complemented lattice?

5 a) The following algorithm decides whether an integer » =2 is composite.
for d=2 to |Vn] do

if nmodd =0 then Answer “yes”
Answer “no”

Is this a polynomial-time algorithm?
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b)  The following algorithm decides whether i = x; forsome i, 1<i<n

for i=1 to »n do
if k=x, then Answer “yes”

Answer “no”

Is this a polynomial-time algorithm?

6 Given a labeled tree with n>3 vertices, the Priifer code of the tree is an
n~2 tuple of integers 1,2,K ,h defined as follows:

() Choose a vertex of degree one of the tree with the smallest label

(if) Make the unique vertex adjacent to the vertex chosen in (i) the first
item in the tuple

(iii) Remove the vertex chosen in (i) and its adjacent edge from the tree

(iv) Repeat these steps until there are only two vertices left in the tree

a) Determine the Priifer code for the labeled tree

1
5 3
‘“X_v
5
6 7

b) Determine the labeled tree whose Priifer code is (3,3,4,4).

7 a) Anatural number may be represented as a set, as described below.

0=0
1={2}
2={2,{2}}
3={0,{2},{2,{2}}}, and so on

With this representation, define the successor function succ(n),

where » is a natural number.

b) A natural number may also be represented as a function, as below.

0=Af Ax.x
| =Af Ax. f x
2= x.f(fx)
3=2f.ﬂx.f(f(fx)), and so on

Define the successor function within this representation.

(Y
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8. (7 points) Mathematical induction is a very common method for
proving mathematical theorems. Please explain why theorems proved
with the mathematical induction is always correct.

9. (3 points) Please show that the set of real numbers between 0 and
1 (excluding 0 and 1) is an infinite set.

10. (3 points) Please show that the set of real numbers between 0
and 1 (excluding 0 and 1) is an uncountable set.

11. (6 points) Let (A, x) be an algebraic system. Let e € A. Assume
that e is a left identity. Show that either e is also a right identity or
there is no right identity at all.

12. (6 points) Show that the transitive closure of a symmetric rela-

tion is also symmetric.
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( 5%) 1. An urn contains b black balls and r red balls. One of the balls is drawn at random,
but when it is put back in the urn, ¢ additional balls of the same color are put in with
it. Now, suppose that we draw another ball. Find the probability that the first ball
was black, given that the second ball drawn was red.

( 5%) 2. Let the random variable X have probability density fy. Find the probability density
function of the random variable aX + b, where a and b are constants, a = 0,

(15%) 3. A group of N people throw their hats into the center of a room. The hats are mixed
up, and each person randomly selects one. Let X be the number of people that select
their own hats. Find the expectation and variance of X,

( 5%) 4. List the three axioms of probability.
(10%) 5. A discrete random variable X is called geometric if

PX=n=Q0-p" p n=12,..

Find the variance of a geometric random variable.
(10%) 6. Suppose that the joint density of X and Y is given by

m bex~ o 0<y<
fex,y) = y
0 otherwise

Find P{X > 1|Y = y}.




