@iii&k&hﬂ;:&#&%ﬁfﬂ)\ﬁ#ﬁﬁﬂ
¢
FEAMH: R RERME(03,(2333 ARBH 02 F4A208 % 2 &

Arisis EMA%A  @H: Fa~K@ % | K. %3 K
KAEEA, WAL WAL - SRS (RB) MBFE L2 as RARAE LS
Linear Algebra = :

1  For each statement below, indicate whether it is true or not.  (5%)

a) If A isasymmetric matrix then rank(A)= rank(A*)

b) If Ax and Ay are linearly independent then x and y are linearly inde-
pendent. (A isamatrixand x and y are vectors.)

¢) If AB=0 then thenull space of A4 contains the column space of B,

d) If A and B are 2x2 matrices such that ABAB =0 then BABA=0

¢) If A=BC where B is a 5x4 matrix and C is a 4x5 matrix then A
is invertible.

2 Let F be the space of all functions from R to R, E be the subspace of F that
contatins all functions satisfying f(x) = f(-x),and O be the subspace of F
that contatins all functions satisfying f(x)=—f(—x),showthat F=E+0.
(5%)

For problems 3~5, give your answers directly.
No explanation or computation is necessary.

0O b bere
3 Llet A=|a a+b b |, where a#0,b%0,c#0.
" e 0

Factor the matrix A into PA = LDL, where P is a permutation matrix, L is a
lower triangular matrix, and D is a diagonal matrix. (5%)

3 3 1 0
4  Suppose the complete solution to the equation Ax =|6| is x= O[+s|0f+1]1
9 0 1 0

Find 4. (5%)

5  Define the square matrices

RS e B
_1 '..
A, = e i B nzl
¢ A ST
0O 0 =1 g,

and let d, =det 4,. Find arecurrence relation for d, . (Don’t solve it.) (5%)
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| 6.(1)In R , let T be the orthogonal projection onto the subspace S, where
; S=span {(1,1,0), (1,1,1)}.
Find the standard matrix representation A for this linear transformation.
(2) As in part (1), find the orthogonal projection of (1, 0, 0) onto the subspace S.  (5%)

7. Let A= [0 3 3] and let T be the linear transformation given by
40
T(x)=Ax. Find (1) kemel (T), (2)nullity (T), (3) range (T), (4)rank (T). (4%)
8. InK, letB and B be two basis, where
B, ={(a.b,c) (a,b,c) (a,b,c)}and
1 By={(x.y:%) &5:%2) (x,%,8)
. | Find the transition matrix from B, to B, . (2%)

9. In Rf , find the rotation matrix that rotates a point 30 about the y-axis. (2%)

-
10.  Are the following two matrices similar? If so, find a matrix P such that B =P AP.

(1) 100 '3 00

A=|0 2 0 B=]0 2 0

00 3 [0 1]

@) 500 3 1 0]

A=10 3 0 B={0 3 0
6.0 4 ieh g (4%)

11. Find a basis B for the domain of T such that the matrix of T related to B is diagonal.
T: R=K T(x,y)=(x+y, xty). (4%)
12. (1) For an invertible matrix A, prove that A and A—J have the same eigenvectors.
How are the eigenvalues of A" related to the eigenvalues of A ?

(2) Let A be a diagonalizable matrix with n real eigenvaluesA, 4, ... A.

What is the determinant of A ? Prove your answer briefly. (4%)
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Problem 1 (15%) :

A box contains N balls, labeled by numbers 1, 2, ..., N, respectively. We draw n balls from
the box randomly and without replacement, where n > 1. Let Y and Z be the random
variables for the minimum and maximum numbers labeled in the drawn balls, respec-
tively.

a. What is the probability mass function of Z?

b. What is the joint probability mass function of ¥ and Z?

c. Let W =Y + Z. What is the probability mass function of W?

d. For N = 8 and n = 6, what is E(W)?

Problem 2 (10%)

Let X, and X, be mutually independent exponential random variables with parameter
A. Find the cumulative distribution function for ¥ = X, — X,.

Problem 3 (5%)

You ask your neighbor to water a sickly plant while you are on vacation. Without water
it will die with probability 0.8; with water it will die with probability 0.15. You are 90
percent certain that your neighbor will remember to water the plant.

If the plant is alive, what is the probability your neighbor forgot to water it?

Problem 4 (5%)

The random variable X has probability density function

f(z)_{ax+hxz 0<x<1

0 otherwise

If E[X] = 0.6, find a and b.

Problem 5 (5%)
Suppose that the camulative distribution function of the random variable X is given by

Fx)=1-¢* x>0

nx"=1P{X > x} dxandj e""‘“dx = %toﬁnd\/ar(X).

Use the results E[X"] = I
0

0

Problem 6 (5%)
If n balls are randomly selected from an urn containing N balls of which m are white,
find the expected number of white balls selected.

Problem 7 (5%)

It is known that the moment generating function of a normal random variable N with
mean u and variance o? is given by My(1) = 1::1:[9-;-‘3 + ,ut]. Use this information to
show that if X and Y are two independent normal random variables with means u y and
pyand variances 0% and 0%, respectively, then X + Y is also a normal random variable
with mean py + uy and variance 0% + 0%




