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Problem 1: 9 points
A1 For each statement below, indicate whether it is true or not.
a) The determinant of an idempotent matrix is either 0 or 1.
b) The only vector space that contains a finite number of vectors is the
zero vector space Z = {0}.
¢) Square matrices 4 and B are invertible if and only if AB is invertible.
d) A square matrixis a nilpotent matrix of index % if and only if its
transpose is a nilpotent matrix of index % . "
e) Let £ andF be subsets of a vector space, then span(E) cspan(F)
ifandonlyif EcF.
“f)  The product of two orthogonal matrices'is orthogonal, so is the sum of
two orthogonal matrices.

g) det:M,, — R is alinear transformation.

h) The column space of a 2 by 2 matrix has the same dimension as its
row space.
i)  The only possible eigenvalues of a projection matrix are 0 and 1.

Problems 2~5: 4 points each
A2  Consider the linear system
ax+y+z=1
x+ay+z=0
x+y+az=0
For what values of a does the linear system have a unique solution?
Also, use Cramer's rule to find the solution.
A3  Find the orthogonal complement of the following subspaces in R.
o a) {(oy,2)|x+2y+3z=0}
b) {(x,y,2)|x+y+2z=0 and X=y+z=0}

1
A4 Compute 4"y, where A=Ll) ;J and v=H.

A5 Let T:R® - R® be the linéar transformation given by the formula
T(x,y,2)=(y+2z,x+2z,y+x)
Compute the matrices 4, B and P that satisfy 4= P.B.P" where

A is the matrix of T relative to the standard basis of R?, and
B is the matrix of T relative to the basis {(L,L1Y),(1,-1,0),(,1,-2)}




CRES R FREE ¥ § RS PN Rty

FHBLHE KBS % (093) ARAM 9 5£48208 %25
AABER C BWAE A £ 2 A &% 3 &

KAEBA, SFARHRE - SE45 (RE) REREEZEHRAE NP B RFAG!

(10%)6. Let V' be the real vector space of polynomials of degree strictly less than 3 and let
W be the real vector space of polynomials of degree strictly less than 2, Define the
transformation 7 from V to W by

T(V) = V(t) _t V(O)

Let the ordered basis for "be B = {1 + £,¢ + 2,1 + ¢2} and let the ordered basis
for Wbe C = {1 + t,1 — ¢}. Find the matrix representation of 7.

(10% 7. Consider the 5 X 5 matrix

70000
04100
A=100400
00070
00004

Itiseasytosee that A, = 7and A, = 4 are the eigenvalues of 4 with algebraic mul-
tiplicities m, = 2and m, = 3, respectively. Find the geometric multiplicities of 4,
and 2,.

( 5%)8. Prove that A = 0is an eigenvalue of A if and only if 4 is singular.
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( 5%

( 5%)82.
(15%)B3.
( 5%

(10%)p.

(10%)6.

An urn contains b black balls and r red balls. One of the balls is drawn at random,
but when it is put back in the urn, ¢ additional balls of the same color are put in with
it. Now, suppose that we draw another ball. Find the probability that the first ball
was black, given that the second ball drawn was red.

Let the random variable X have probability density fy. Find the probability density
function of the randpm variable aX + b, where a and b are constants, a = 0.

A group of N people throw their hats into the center of a room. The hats are mixed
up, and each person randomly selects one. Let X be the number of people that select
their own hats. Find the expectation and variance of X,

List the three axioms of probability.
A discrete random variable X is called geometric if

PX=n=0-pyp n=12..

Find the variance of a geometric random variable.
Suppose that the joint density of X and Y is given by

5 4

e"*e”y 0<x< o, 0<y< o
fley) =
0 otherwise

Find P(X > 1|Y = y}.




