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Definition 1: A map [|-f| in a veclor space X is called a norm ( and (X, 1’ |J

called a normed space ), if the map ||-|| : X — R* hes the properties

(i)  flell =0if and only if z =0

(ii) |az|| = |al 2] Yo ek ¥Yze X

(i) [le+yll < Izl + ly]| Vg € X,
Definilion 2: A set S in a normed space (X, ||-||) is said to be open, if for every
point & & S there exists a pesitive number 7 > 0 such thal

B.(s)={zeX:|z—s|<r}cCs

Delinition 3: For the normed spaces (X, [|||) and (¥, |||}, a bounded linear
map L : (X, |[-]) = (¥, |-|I') means that L is a linear map and continuous, that
is,

Loz, + 8z;) = al(x,) + fL(xy) Y, 20 € X W, AR

and there exists & constant e such that
|1£(x)|] <e|lz|| ¥vze X.

Definition 4: Suppose that (X, |||,,) and (Y, |-|ly) are normed spaces and
9 C (X, |llx) is an open set in (X, [|[ly). Then the map £+ & — (¥, |[ly) is
called differentiable in 5, if for every point & € § there exists a bounded linear
map L, i (X, ] ) = (¥, |1l such that

fla+h)=f(s)+ L, (h)+e(h),

h

where ¢ (h) satisfies limyy; g - ilhll'
X

= {J,

V. Prove the following statements (30%)

7. For a 22 matrix 4 = (ay),, ., we set ||A] = EEJ__,,I |2 4], then ||| - My —
R is a norm, where M, is the callection of all 2 % 2 real matrices.{ 10%)

(23]

. The function f(A) = 42 is differentiable in M, (10%)

8. The set M = {A e M, :

< 1} is open in (M, |[-]) . (10%)
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L. True or false. Prove your assertions or give counterexamples.

(i) Let Wy, Wy <V be two subspaces of a linite-dimensional ¥-vector space
V', then the dimension dimp(W) + Wa) = dunp?Vy + dueply

r'YY i aa |

(1i) Let 7" ;0 R® — B™ be a linear traoslornmalion, and Ay Ay € spec(T')
two cigenvalues of T' with eigenspaces By ¢ = 1,2, then Ey, N Ey, = {0}.

()Let I F™ — 1™ be alinear transformation with spec(T) = { X, A}, Ay #
Ay and dimp By, =n - 1, then T is diagonalizable over F.

(iv) Let Fa(R) = {f({X) € R[X] | deg(f{X)) < n}, then F,(R] has a basis
consisting of n + 1 polynomials all with degres n.(20%)

II. Let Wy = apan({(0,2,2,3),(0,4,4,6),(1,2,3,6})) and

Wy = aspan({{—1,4,3,3),(-1,2,3.0),(4,4,4,6)}). Find lwo basis B,
Wy, 1 = 1,2, such that both B, NB; C W, W, and B, UBy C W, + W; are
s b, Ts By L By © R* & basis of R*? Why?(205%)

IIL Let T : RY — R? be 3 linear tramsformation with real positive eigenval
ues Ay, Az, A € R and Ei A = [Tiy A = 1. Show that 'f' s diagonalizable
and R? is T-cyclic.(15%)

IV. Lel 4 und B be the following 2 3%3 matrices

-] -1 2 1 —=1 32
A={ -1 0 1 ond B=| =1 0 1
g -1 1 n -1 =1

(i) Find the charateristic and the minimal polynomials of A and B over R
and over C.

(i) Check whether A amld B are diagonalizable over R and over C, and
whether R and C are L 4-cyclic and Lg-cyclic.(15%)

WV, Lt ﬂ!nﬂ!!q reny i & R‘\.{ﬂ l]‘ and 4 = {'ul:.'l']ld-l " where By = Lifs # 3,
and oy — %= Show thal det(A) =00 and only il 3 L, o, = n = 1.{15%)
VI Let T Fﬂ:ﬂ] r Py(R), fr+ T(fY=2f f' Is T diagonalizable? Find
the Jardan canonical form of T (15%)
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1. Prove or disprove the following statements (30%)

1, The series

i (ln n)” cosn®
The=g W

converges for every > 1,3 = 1 and p 2 1, (10%)

am—
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2. A sequence of functions h, (x) is said to converge uniformly to h (z) in A
sel §. if for given £ > 0 there exists a constant N depending ouly on & such

that | () = Ji (2)] < & for all z € S, for all n = N.

For the sequence of functions f, () = (z* — N, nemN

fo (), go(z) =1, then

define g, () = 7
2, fn (&) converges wniformly in [-—ﬁ. L'I] ({10%)
2. g, (z) converges uniformly in [fﬁ ,I’J] {R%)

2e. gn (x) sulisfies the differential equation

((1—=z") ) +n(n+ 1)y =0 (5%)

I1. Evaluate the followings (20%)
3. z = min {sin (x +y) 7 : 2* -y =1} (10%)

3
4.[ cos® 2 ln sin xdw. ( 10%)
1}

[1L Prove the result (10%)

5. 1f [ is continucus differentiable in R and the integral [ f (¢) /tdt exisls,

then for positive u and b we have

fm [ (o) = fFBT) 0 _ froyin

IV. Solve the differential equation (10%)
6, u' () = 0,u(0) =0 =u(0).
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