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A small restaurant has only one cook,  Orders are handled to the only cook

according to a Poisson process with rate 5 per hour. The average time required

to prepare an order in 8 nunules, Lhe aclual preparation time is exponentially
distributed.  Since the cook is new on the job, she handles only one order al &
time.  Assume the queucing system involved here is in steady-state,

(&) What is the probability that at an arbitrary time the cook has no orders to
prepare? (5%)

{b)  What is the average number of orders waiting te be completed by the cook
(including the order the cook is currently working on)? (5%)

(c) The restaurant’s policy is to ensure that the average time an order lakes (o be
complete (from the time it is submitted to the cook) is oo ore that 20
misnites. s that the policy satisfied under the current situalion” (5%)

(d) What 15 the average time an order waits before the cook starls working on i?
(3%)

Congider a situation where a particolar product i3 produced and placed in in-
process inventory until it is needed in a subsequent production process  The
number of units required in each of the next 4 months, and the unit production
cost (all in umts of thousands of dollars) are as follows:

month 1, 1 2 3 4
demand ﬂ',: 5 4 & 2
setup cost K 5 5 5 5
halding cosi & | 1 1 !

| uiul cost g 2 2 2 .

Assume Lhat the initinl inventory {f;) equals O and the inventory at the end of
fourth month ( £ ) is 0.

{8) Formulate this problem as a mixed integer linear program. { 10%5)

(b} Show that this problem can be formulated as a shortest path problem, (10%4)

(g} Determine the oprimal production schedule by using dynamic ProErAmming
approach. (10%)
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field F.
Prove that I=-AB is invertihle if and only if I-BA is-inverlible.

A and H be two nxn makricesa over

Show thal AB and BA have precisely the aame eigenvalues.

1t A and B are diagonalizahle, ahow that A and B can be simultaneousl

diayonalized if and only if AB«<DBA.

Show that the least sguares soclution to an inconsistent linearc
b aTax = alh, where
& ia an mxn matrix and AT is the transpuse of A.

aystem AX satisfies Lhe normal egquations
1s the system of the normal equations consistenl? Why?

Show Lhati if A has linearly independent columns, then ATp is
invertible.

If eolumns of A are linearly independent, what kind of rale does

the matrix a(ATa) la play in (1)7

{(1I1) Let C be the space of all real-valued continuous functione delined

on [-T, % ]. For £ and g an C. deline
x
(f:. gl =‘j Eqxlg(x] dx,
{1} Bhow that [ , ) is an Enner product on C.
[2Y Show that %1. Einx, cosx, s5inidx, casErE are mitually arthagonal.
{3) Pind a function in the span of 31, sinx, coax, &inZx, cosix
that is closest to the function glx) = |x| on [-%, T).
(4] Sketch the graphsof g and the function that you Lound in (2] on

[Lv])

Prove that det{a},

Lhig same coordinate svastem.

the determinant of ﬁwﬂequals the volumn of the

(V)

(T)1)
()

pdlﬂll-ﬂ]ﬂyJ.pEd[%r]Wﬁf;] with rows of A as edges.

Prove the Fitting's lemma, that iz, show Lhat if T is a linear
transformation on ¥, then there exist subspaces W) and Wy of V such that
(L} vV = W;DWN,,

{1) The restriction lel is nilpotent and T|W; is inverlible.

(2) Wy and W; are T-invarianl,

B% (1I){l) @B% (III¥{ly 5% {(IV) 103 (V) L5%
1% [2) 3% (2) 5%
(3) 10% (3] 10% (3) lO%
(4} 4% (4) 5% P6., In (v), Vv i [inite-~dim.
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1. Consider the following problem:

max r=212x) —xy + Xy

5.1 ¥y +2xy +x3=11
g .\'1—3;'_'5:?
.‘i'],l'zi..'l.’g =20

(a) Wriile the dual problem. (5%)
| S 1 2 :
(b) Let [a I.a-_u_.njl [] I I-I and B=la;,a;]= [1 ]:|. Kewrile Lhe
original problem into the following from:
max  r=g - fo_.r' —¢;)xg
jeit
5.k ZU}']IJ+EH:EJ Xyl VoK and xg =0
Jen
where 7~ cgB'b, z;=cgh Iﬂ;. ¥;=B7'a;, and R is the current sel of
the indices of the nonbasic variables  Discuss the improvement of objective
vilue and the change of variable value by observing the new problem. (10%)
(c)] Solve this problem by revised simplex method. (10%)

4. Consider Lhe following network flow problim:

(#) Formulate the mathematical model. (5%)

(hy Introducing x4 asthe slack varable and selecting arca (1, 33, (2, 3), and (2, 4)
as basic arcs, please write down the system Bx =b and the hasic feasible
solution respect to this basic, {10%)

() Using the solution of (b) as a starting basic, solve the problem by network
simplex method, {10%)
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