HHoloo Wave Eguation

In previous lecluwre, We denved dhe wave equation
or_1D String

0 S +— Tendion
U — 52 U UQ'.__ il
ot* oX% P Einean dersity.
IV =5 17'\ QO’O&‘TLI‘OT), #\e. SIDCUh‘a,Q Qa [ aa
derivative. (Shape.) i relater] To the 533/ 3E

femperal dervative. (kpcal vibration),

U _ 0 U % & /?-mow‘ng 6 Aote that the Aorizontald
s N+ L-moving  fension is constants =TT

D Sinuscicke waves. The Hneral olution (7 the wave. €q.
Can be Complicated . Thus, we. startwith the simplest Soluhon
with Sinusoicka® shape. Suppese the Sapstot af t=o o

Uix 0)Y = A Sin (%)

where A o the anplitedle. and A %

s Hhe wu»e/ag#x. Note that UGN, 0)=U(X, 0) ard #he shape
repecits el It the wove propagates along the + clivection,
ce. ght moving, The dynamics is obtained by X — X-Ut,

P(&t) =-A sin %—\E(X_Ut) = Asih(kx-wt) Sinusoidal
wave.,

First of alkl, f(gxiqi/*\\ for Q Sinusoisdal wave an 7’?24@/77“ 2
high schcol. Two important quantties i taave Number R @and

mgaﬁa;/\ @eqo:e/\a/ . R= -2)—\71 enol = 2mf = Z:IT’T
AEEEEET CN SN OO

The refadion befween W and &[S aalled dospersion \
refetion & Lco-—- omf = arZ = vk :\
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It & infe/edv)g lo ohserve the Local Qxcidtory
moton of a finy Segment . For indance, atx=o,

Uty = ASin(ko-wt) = —ASihwt

It & sinple hamenic motion ! We can allso check
the Upaa) EOM — the fBree in the y dlirechion 28

T GercdX )
Fy = Ty Gorelx) = Ty(x) = DI ofx
@.G_Q( OBC+d X)) . R
. W) y Ty = = T4
e B 0 M;:;@rg we of Ty=Txtene = T3xX,

= - zh "
> F= T dx = Tex 2, [Asintect)]

Fy = = R elx - Asinfrx-cot) —> | =~ (£*reix ) LL]

F.Dé}?oaﬁng the Same Q/a%or‘,b, e G Hocked Opuy o5
roteal freguency {2r the Simple Aarmonic motion ¢
a, .
L%’L: TobX - /QQO’L — w’l It o> the Same an the
P =i wave oScietion — reasornalls.

We ~ave aademed W & zero ab (Xt) = (0,0). In gerersl) this
coep not Need To be the arae. The ererml apresdion for a
R-rmouing sirusoiclal wave takes the (Sm,

LLL(XNE) =-AS8in(kx-wt+p )J RX-cot + B[S refemed an
| the SHASE of the wave.
D (> e D condtant.  The osalabions at different pesitions
{a= —Asfn[wt_cﬁ()()j] are SHM oF the same o but
with different phases P&). =

Qs Try to wrife down L= oving \j
SINUSoIAal wares |
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%, 8)@8,)/ freandier. We are fE’aof)/ o Compufe_

the erergy trenxr rate. (power) in a Sinusoidal
Wave. AccordingTo HHOo9, the power for R-moving

\ 2
wewe & p .j% . %(—’) = hAaS (hx-cot)

—> P= U T AAGSEwt) = U POA oS rx-wot )

Let wy Compule the Time - GIV@R?@—Q ofHhe above fesa,Qﬁ
(cos Oéx—cot)> = f Cos (kx~ Wt)dt = L f Cogé/(x__g@t)d{:

3—71-‘[%7“*‘4% Sin cot~2£z><)/ ] ‘gl_“f

"The above result 1s ra%ef\gmemi? for sinueoickl caves —
W . The overgge energy transter
rate. (i~ Q Sinusoicizl wave o

= Upcoiz‘\i(cosl(lzx%t)> =3 pcoz,qi. >

Now, vwe wocdd Cike To Onk P> and average ene/@ydawfy
(e 'Coge#\e/\ Frst of all, %e. kinetic encrgy dens:fy 9

€ = C’K = 2 pf@) YA Cos (kx—cot )

— (&= £ puwA (Cosdex—cot)> B

Because the Local oscillation s ckacribed by #he. simple.
hammaonie motion, the polentiR energy clensity gels the
Samne fime-Querage, ES=7ES 1,

(@ = (F)= | - tpiarn
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The avergae energy demsity (€7 &

(€= (g ety 2087 = Fpun®
We can rewrife the auemgge power o~ a vexyﬂ
Suggestive inicvy & ol ©
(Y= +pSA-U —> L@>= (eES U Sg@ :

b3
This Simple rellation fells cen thet ﬁ%ﬁ%@@@%@w@@i
a> thea en i ve Speed |

D The prirciple of Superpopition. Mow we understerd the sinp
SinuSpical waven.  But, Can we. wndersiard more. complosc wuzves
oy Systemahe ways ! We need To reveaf some inferexting
Propertien of the Wave uation. Suppose. U, & €) andl L&t )
Satisty the wave equation. We woulH Gike to Showr that

[ U t) = GUet)+C G eue) | o also o Sclution Y

-

77\6 ,D/@o(?fs 7’7’)07@9 Q. Cp e arbifrary constents,
2

U _ 8, — 2 5 2 ou

2 q &tq- zgté qu &91_ +GU 8)(;21*

2
— _Q U So U= qGd +CG Uy
o U=y ( o0\ = 5 4G
ot G5 " iéxl SX*  isalss o Sih.

The akove theorem i the So-Called  the priraple of Superposition .
Tt explans fhe InferBrences betweon dit?rent waves. Consiclen

two Sirusoidal waves mawrg N Opposite direction 6 Seme
A, Same R, Same W

= Asin(bsty . 4= Ashlocst) 52
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Adah'fg #hem up Goocln To the S]‘a/b//'ncg wave

U=+, = Asin(Rx-ct ) +A Sin (Bx+eot: )
S LA TRATARBES R SR R BE-RN

SInX+SinYy = 2 S/‘n(ﬁ(—;f) c@s(%)f).

The starding wave o thus dexcribed by the falowing form,

l Uxt) = 2ASiInkX) coS(wt) = At) oS wt éi;ﬁwe

nodes At RX =N, f/\egocapcmp@‘y‘zple AG)=0 —

V77
@@@é o escillodion ot a0k
e _2L,v\ Thexe Stafic points

4 R
(R | cre onted “revi
Because. the stardling wave IS a Superposition of R-moving ard
L-mowing waves, (L > expected Hhat energy franafer rate e

B e Loy e o Zero — thal optund the
(27 =<e> o hame of ”Sv‘zzmlfr@”.

In ocdition, the average energy density IS not enitdem anymore,
(ey=2(8) = &4 ((88]) - 4pSnsian todor)

| , Z & EY = 2pwA”
— Ka} = pr(LAQSI/\ZéX &=

‘@@{{(&W:o@ noclen

Thexe Stvdl‘r@ waves Tum ocd To be the Natuwra Solutions
o a String with fixed ends.

@ Sﬁmﬁfr@ waves on a shing . Considler a Shv‘ng tSTHA

both endls fixed, ve. Uup+)= o= UCL )
o TN N e NN T — e ,
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Choose the wave rumber R M‘é{i@y So #at the

Nocled Coincidle. with the fixed enols . E(‘d’ip 2A

L%(x,t) = SINKEXCoSuxt

U(Lt)y=O —» KL= N

= DT = 2T _ 2L
['{Qf\L(—%’\“‘QAT]
S — -

=2 L The aQfowed frequencies on the
8{77}295 Can be Conputed ay well, £ N=2,2,3 -
A

£ = L0 R AR frequencies are infeger
£ 21T 2 7 2 meltinles of Cﬁ=2% T

Ma@‘f% use of the principle of Superpesifion again, Conbirakion
of Starcling wavey are alse Solutionns ofF e wave equation,

UxE)= GUOE)+ GUGE) + Gaogt) + - |
m ~

= 2. G Sin &KX Cosuyt -
N=| Qaj)//!

It fums out that™ ol possible waved on the Sting can be
oexcribed by the abore form — ad borg an the Coefficient
Ch are chesen properBy. L wont bore you Loith the defaul
preof here. Bud, the mexqse IS Very Suprising.

Once. we wrderstard e SinuSoickal waves , we can
wrdersfand alf kindls of wave dynamics ! “
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D Tayler oxparsion. We will revisit #he wave
equation from o different perSpechive. We neecl
Q. powerfzf mathematioal tool first: Given an
anabytic tanchon &), U can be opresed ay

F60 = o) +f€ojx+§°)x% o -OL%QX'L

Here conen the proofoes ;) Taylor Expandion 15-fx) .
Sappose. an anbitrary farchon Can be written o powerserres,
¥ Q;*QX+C§XQ+ e We world Cibe To
ﬁgafecxd‘ G\ here @
O Poyg i~ %=0 on both sides, f10)=G. — a Jood start
(@ Take one denvative and #hen plyg cn X=0 on koth sidles,

P i
— gf(ob Q+2cz/o+3%/oi+---- — = (o)

NS A

@ Apo@zy%emmeﬁ’icé Oﬁam@r\dq%ajn. I Shall be azdy
o S/WO(U#\QJL f@)(O)= N Q\ —v G = Jom(‘b)

£yl

Qedl.

X=-0X X=AX

Y ¥ We can aply Toylor exparsion o eXtirate the
il diference betwesn H0) and s neghbors,

x) v i
NS f(iﬂ?i)=f(o)if(’o)4x +2%f!(/o)(a>f)2+-----

=0

The awersge value of chs nejahbors 1S aporoxinately

~7

Boc> = é- [f@x) +f(—zs>()j ~ o)+ E/!—f?o)(éw)g—]

The higher order fems can be /3fbreolcz)>@or8@s AX o
fremely sma.  We thuns findl an inferesting, readion,

for- (F == F Flor@m)™ |4 Florshausup i [55
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D Wave equation, revivitedl. Appdy the same estinate
on the 1D sinng. The deviation from Cocal eguibtricn
<UY can be expreared in a similar way,
2 oL, i s
o _ _ L 2 oY 2 UHAX) + 7 UC-DX)
wix) (CL> 2@7() >5X 2 = uS o
IF e+ 0, {he iy Segment s cud of Gpcal equilibrrem. In
an ebntic string , it fies o we the oaceleradion o rextore
%hﬁ;, Cocal equulibritem 2 ; ) élap Caryou Seq.
5—12__7-2 =i [L{(X)—(a>_] = ?(AX) g)'("q_] Hmk@é@a@/\@‘??

Set the conddant TCE@X) = U™ and the cdaue equation oppeand,
— % = )2 QQQO_ ) Cebfll Hem, using acceleration' Lo rextore
_oX he Lol equilitriam (s aereadling.
[herefére, cversheot occard and the wave motion (S csciblatory —
Qiming at reaching equubibricen tut never Staying there.

Wave olyromics Cs not the cnBy choice. Consider a therma® ool
with both ends helel at constant Terperatere. To. Qiven Some

JO0E) T600) &hzzfggproﬁ& T350) fﬂfﬁbt%/. Cur commen

- @ ende fells aub that
e T 00 |

o LT(&M)E%;; EE e T°J

=~

xX=0 X=L

What happens here o diffenive dynamics — the sydlem ren
lo_reafore Gocal equilibriun by the Corveapording "velboity .

[—C%—EE=-C [T@)*(T} = ZC(AX)Q" L j

ox?
St 4 C@x)"= D, BE - o BF s !
Qj\d.o_[/iL e D SX™ iffecsion equation
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Using "velecity" To restore. ocal equilibriam &
Very efficient. Thus, ditféeive dynamios offen
Ceodls To bery bow‘fg ard trivia® final Sfate. w

: We can push this idea To the Ahynamicy of malfer
Wave. th Quantum worlel. The dgatem & frying to use "/‘/no@hcuy
velbcity " (b rextore the Oocal equiGbriem,

ng A [W)O‘WO] = —Z-C(Ax)o‘g;%_

Ke-inserfing the anck Conxtant in Proper posikons, we
arive at the Qchréolmaef Cquation for free parhicles,
[ A = - B % | It i roful Go guess thot Goonld cuilitiam
om ox L ! \
" Wont™ be restored this way , ha (t?
Indleed, guantem dynamics Leaks rather exctic ay deronstrated

;L_-YL D fon Co visualize thexe diferent dynamicy by animahon,
72 % ol

Mg

\ NS
G SINCNATTX )CosS(NTUE) & =

o
I

- NTDE - difZeaion
Qn SInN(NTX) @ =

K

TEE =

7
It

f) i - Quantun
Wyt ) = Z On Sin(pPTx) @ ‘@ﬁ (R=1 here’)

|

8

L

ARR dlyramicy Starts with the Same 7’7762/\8«9@/\ Proffle.
_ﬂ‘ The constanT C=200 i The reenencal
Qn = . .
pregpram for visual clanty

Wi
rofe that U o) = TLo) = Pxo) . g
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In oddition, the infinite sum is fruncated ot ny,, = 20.

TAi's glvearise o Some wavy aorrechon of the

tnangular shape. -

t=0
wave ANFenion

Ardl, the quantem dynamicr s prefty wsid. Tt gust kegpd

Wm t=0 801‘/‘8 usith crazy dancs. . MNever
Y = [vet) | Come back To he inital stalo

Quanttun dance . Crike. the etwtic twave . Mever
go info the bowhg tinal state Cike the ditfmion. It s the
charmof guanteen mechanicd &

(ES A

>0(3. 1210
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