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Lotka-Volterra model

The Lotka-Volterra equations, also known as the predator-prey equations, are a pair
of first order, non-linear, differential equations frequently used to describe the
dynamics of biological systems in which two species interact, one a predator and one

its prey. They were proposed independently by Alfred J. Lotka in 1925 and Vito
Volterra in 1926.

d
d_f = (a—by)x
d
d_i = (—c+da)y

where

- yis the number of some predator (for example, wolves);

- x is the number of its prey (for example, rabbits);

- dy/dt and dx/dt represents the growth of the two populations against time;
- trepresents the time; and

« a, b, cand d are parameters representing the interaction of the two species.
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replicator equations

T he payoff matrix P describes the competitions between collab-
orators and defectors,

dzc dx g

At — fCCEC o quca E — fdxd - Qbﬂi'd,

where . = N¢/Nto+ and x; = Nj/N¢ot are the frequencies for the
collaborators and defectors. The fithess can be read off from
the payoff matrix directly,

fe = axc + bz, fqg = cxe + dxy.

Finally, the average fitness for the ecosystem, ¢ = fexe+ fiz4, IS
a homogeneous function of order two for the variables z., z,.

37



algorithm for MORAN

Now we turn to the algorithm for Moran process. The probability
to pick C is x. and the probability to reproduce is 0 < F. < 1. If
we happen to pick another C for annihilation, nothing happens
and N¢, N; remain the same. However, the chance to annihilate
D is x4 that leads to (AN;, ANy = (+1,-1).

Thus, the probability distribution P(AN., AN;) for the change
of the populations is

P(+1,-1) = Foxexy, P(—1,41) = Fyzexy,

and P(0,0) =1—- P(+1,—-1) — P(—1,4+1) to ensure probability
conservation. The average changes of the populations after one
Monte-Carlo step are

(ANc) = (Fe — Fg)zczg,
(ANg) = (Fy — Fe)zezg.
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continuous limit

Assuming the competitions are short-ranged, there are O(N)
reproduction-death processes in a realistic time interval. Thus,
the real time and the Monte-Carlo time are related,

At = (19/Ntot) AT = 70/ Ntot.

In the continuous limit (or infinite-population limit), the growth
rate for the collaborators is

dmc -~ AZCC . <ANC>/NtOt _ <AN(3>

dt ~ At o TO/Ntot TO
The differential equation emergent from Moran process takes
the following form,

dajc

dt — xcxd(fC o fd))

where the fitness is f; = F;/m. This may look different from the
replicator equation. But, after some algebra, it is straightforward
to show that they are identical (up to stochastic fluctuations).
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Figure 1| The rules of the stochastic model. Individuals of three competing
species A (red), B (blue), and C (yellow) occupy the sites of a lattice. a, They
interact with their nearest neighbours through selection or reproduction,
both of which reactions occur as Poisson processes at rates ¢ and g,
respectively. Selection reflects cyclic dominance: A can kill B, yielding an
empty site (black). In the same way, B invades C, and C in turn outcompetes
A. Reproduction of individuals is only allowed on empty neighbouring sites,
to mimic a finite carrying capacity of the system. We also endow individuals
with mobility: at exchange rate ¢, they are able to swap position with a
neighbouring individual or hop onto an empty neighbouring site (exchange).
b, An example of the three processes, taking place on a 3 X 3 square lattice.
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