SVD as clr\o\mﬁe of bases

© A==t V ) -V orfhogonml

o '“[3“ the stondard basis  for R” y B’ the standord bosis for R
Let A= [T]E for some linear tromsfrmation
Note 0= { Vi~ Va} is an orthonormal basis for R
y = {WUn} is an orthorormol basis Rr RY
Then T=ITI => [TT’:[HS’[ﬂZ[ﬂE
We hae  [T15 = ([T]E) = ([u-w1Y = V' ="
(107 = [t =

Since  Tlup) = { Tilhi,i=1=F
(AGTW) L [0 L 1= h

ul
[T]Z: :{ T O} =2 = Ths worresponds exactly to A = Usy'

P0| g Deoo W\FosTtIO n

Cloim Every cal PR can be factored o ATAH  where Q s Ortl/\mjoha\

ad His FEE I ATE then H is EE
Remark | &kt b :iﬁ’% where = _J&+b" 2 0 ;pnd |e‘e| =] (8 :JW,\"&)

PP Reaall in SUD, A=USVT = UV VZVT = (UVD (VEVD = QH

Then Q=UV" is or‘tkoqoml sincs @QT = (UVT)(U\}T)T = pvyivp?
—UU' =T nd

T
H=VsyT =y [ T L } V' is ¥IEE sine H 2 ¥EEER S AR
If A ST Jrlneln Fank = =N and 2 = [v\_ J is iEE,
Uh

/ﬂ\evew%re H s £F

Remoark 22+ A= UZV = (UZU™MUVD = KB where K =U U is ¥ E T ad Q=UVT

is or*tlnmjoml/wb\‘lcb\ TR Polo\r decomposition Tn the reverse  order



Psedo  Inverse

mxn

Reall in SVD y A=uz V'

mxpn mxm  hxh

Vi *Vr form o basis for C(AD y Ve Vno form o basis for N(A)

Ut form o basis for CA) | Wt U fomm o basis for N(AD

+ nxm + Q—l_.l
The Fseu\clo nverse A s given by A=vsty' , where 2 :[ "q-;'}

NXM  Nxh = mMxm L)) @)

I L TV N R
Ly feizier Tilki,i=leb
We can then hove A=~ r{ Avi = /-
0 ,-For|=}’+l~~-W\ o) REIZ IR

Hence A sebds every vector in the C(A) to the CA) , ond every Vector
in the N(A) t0 O
We can ako hwve AATW = A(E¥) = EIAV) = (@) = W for {=1-r
Therefre AATR =P YV RECH) oand AA
VheR", b=pte for sme RECA) and €€NA)  and
AR = AAT(pre)=p +0 =p
AR i the projection matrix onto C(A)
Sinilarly , A'A s the projection matrix onto C(A)
Note Z7% :{\l;‘ljo}
Application to Least  Squares
Recall ATAZX = Al
I8 ASIE — &= (AATA L
If A (r<n), there may be many  solutions o AMAZ=Ab
One soution is &' = ATb since AAX = AAATL = AT(AA'L) = Alp = Allp+e)=Ab
where b=P+e  peC(A) ad &€NA)
Note x"= A'b =A"(p+e) = AR+0 = AR 6 C(A))

:} ortkogjono\l comF(ew\ent

Consider %=X+ X twherel %1 —is any vector in N(A)

/

We hae ATAX = ATA(&+%) = AAZ+A D = A A =A'b



=> X' = X'+ % s the complete solution to /\TA&: A b
But N2l = [ X" + Xal| 2 I since X" and X ove orthogonal
Therefore X'=A'b is exactly the shortest least spares solution w0 Ax =6
Remark | A has fll cobmn vank , Te meEmthen ATA-is T ond
(AT AT s o lePe inverse of A since (ATA) ATA=T
Aso (ATA) AT = AT <=> pseudo verse = lefe  nverse
Remark 22— Ef A has full ow vank ;e r=msnthen AR is T and
AT (AADT s o right inverse of A since AATAAT) =T
Also AT (ARTY" = AT <=> psomds nverse, = rignt inverse
Remark 3 IF A hos fll vk, Te Fem=n then A is T3
A= (ATA)'AT = AT(AAT) = AT <= psewde Tmierse = inverse

Complex Vectors ond— Matrices

Real Complex

R" '

X'y My =% H: Hermitian  Tmer Product

)P = et T = b Norm

X'y =0 %'y =0 Orthogoval

(WD = Asi - Wi = Aji Transpose

(AR)T = RTAT (AR)" = R'A"

A=A o Symmetric — Hermition

A=A A=A Skew— Symmetric — Skew— Hernition
= U=y Orhogoral Uritary
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