Sir\ﬂular Vodlwe DecomPosTt\"or\ (SVD)

A==
(ATAY Vi = At Vi A A0 Arn =0 =0 =0, Q:A—% Pl - x50
Remork | ¥EE  symmetric matrix A = QAQ"
Remark 2 m/?:ﬁx\;: VEN)VETUD) = UAUT => (AAD) Wi = At
o (ATAY Vi= Aivp for i=1n
(AADY i = Aitr for T=1em

Theretore , i+ Um—gre —orthogona| - eigenvectors — of AAT with corressponding
gigenvalies A kr 00
Recall that Vi~ Vn ore orthogonal ~eigenvectors of ATA - with corressponding
sigenvalues A~ Ar 010
Remark3  AUAYD = Ai¥i A >0 for =11
Vi Ve form o orthorormal  basis  for (AT
Ver s Yn forman orthorormal— basis — for— N(A)
[CEATY < NI is orthogonal - complement T R’
Avi =i for T=tr
W% form o orthonormal basis  for  CLA)
et ot formon orthonormal basis— For NIAD
[ CLAY « NIA s orthogonal complement T R
Applications of SVD
A= USV = wov + o+ heare v Suppose T 275 -2 Tr >0
h AR EEE © spproximate A RRE AR T 18840
) In mdtiple —iput  multiple — output (MIMO) tronsmission , the chanrel H = uxV'
where the MIMO channel is dicomposed into ¥ uncoupled parollel subchannels

with T7 as  the U\W\Plimde chonrel qoin of the ith Po\mlle\ subchanne] .



X Operotor Norm or Norm of o matrix A ¢ [[All = Tinax

% Frobenius Norm of o wotrix A = [[Allf = [q2+ - +q? = IZ|0\U|2/A:[WJ]

Lineor transformations

Def A transfrmotion T form o vector space \/' to & vector space W ssigns Tto
each Trput vector ¥ €\ an owtpue - TV e W We write T V=W
\IW

Def A tronsfrmotion T is fneor it bV and W
(O TOw) = T+ Tw)

G Tew) s ¢ Ty Ve

Remark | Tt0)y =0 i T is linearT(O) = T(O+0) = T(O)+T(O) = 2T(0O)

Remark 2t 61=> Tteyrdw) = c Tt +4 Tt Ve.dovw

Remark3—— Ttery+Cnlin) = 2 & Ty £ T s linenr

Remark 4 If -V =W then o finear tronsfrmation

TV is clled o linear operator on

Def ' Range of T 2 {Tw:vev} S5 c(p)

Def ' Kervel of T 2 {¥:Twy=0} & Np)

Remork — The ronge of T is a subspace of W, the kernel of T is a subspace of V

Moctrix—Representaction of o Lineor transformation

Swppose B = {ViVn}is o basic of V and 4= {W¥n}is o basis of W
For every ¥V € N we have ¥ =XVt +Xaln

Since T(Y) € W , We can hove T(Y) = Yiwi+ o+ Yo Wi

X M
Let ﬁzbj and ;:bj
(coordinates of V. with respect to B) (coordinakes of T (V) with respect <o )
Since T(Y) EW for j=1n

m
, We can hove T(MJ') = Ky Wi+ + Omj Wim = ;CKUM



Then  THY) = T+ + Knln) = T(Jiogv_}) - jiij(Lt) L J_éleia.J_.
+ Jﬁiaiijg = i i&lj)&)W. = i >/i Wi >/| i 'X for i=tm
=1 =t =1 izl 3=

We write [T]';((:)) — A(mxr\) £ B= 0) , We write [T]B —



