Stmilar —Matrices
Recall A =S'AS
Def — Let M be any THER Then B=MAM is gnilar to A
Remork | The processFrom H 0 B s called s‘wvxilmy transformation
Remark 2 f B smilar— A= TAL Creflexivity)
Remork 3 A RABE similor B= MAM => A = (D) RIMY) (symmetry)
Rertark I AR similar and B.C sinilar then A:C similar R=M AN € = Ma BM:
=> C =M (M AMY) My = (MiMa) A (M M) (eromsicivity )
Claim— Similar matrices  hove the —some sigenvalues
PP Asswne B=MAM => A=MBM'
Suppose Ax=Ax | then MBM'x=A2 => B(M'x) =AM 1)
Ba/=kx', &= M2 => B 6 eigenvalve * & elgenvector M x
ternagive pT oo (R-AT) = det (MAM-AT) = det (M'(A~AT) M)
= det (M) det (A-AT) det (M) = det (A-AT) = ARABRHEMRELAL
=> Have the same eiﬂenvalwes
Remark — If % is o eigenvectar of A, then MX is on eigenvector of B =M'AM
oAl 2x2 motrices with eigenvaliies 1,0 are similar o each other {This is oerernlly
true for matrices with all - distinct eigenvalues )
©  Same for A and B=M'AM
LA
2. Trace and ATHIR
3 Rank

4 # of Inclepen&er\t eigenvectors
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30 Suppose  AX =0, then MBM x=0 =>B(M %)=0 | Tf X € NIA), then M % € N(B)
Comersely , i x'€ NB) ) then Ma" € NIAY . Ciy+it Cadle =0 «=>
CM') + o+ CelMTZe) =0 e T Xe ore LI <= M. M%2 are LT,
dim(N(AY) = dim (NIRY) <=> ronk (A) = rank (B)

4pf: X is an egenector of A <=> MK is an cigenvector of B

S bR TForon ot
If A has S independent eigenvectors , it is similar to oo moxrix J that has S

Jordan blocks on its cliagomL

Jordon form
M_\AM == [:g "?J each blocks in J has one eiﬂehvodue Ai , one Sigenvector
Al O
and 1's  above the clio\g]om\\ Jordan block = Ji = [07“5] ?I\:|

Remark ] A is similor to B iff they share the ' same  Jordan form
Remark 2 I+ A is d}oﬁomlizab(e ) then J =A , the cJIoLgoV\O\[ motrix with Ai on the dimﬂomal
Singml()\r Value Decom])os'ltioh (SVD)

) _ Th - X
Given Amxn  assume ronk(A) = _ Since AA is mxn and Symmetric

/ /

t has n c,omplete set of N orthonormal eigenvectors , ATP\E =Aivi fori=len
omd each Ai €R. We an hove AN = WTAAY = vThivi = Al =4 = O
Recml\ thok mvtk(ATA) = }’W\k(la\) =r oamd #F of nonzero eigevwadwes of A equwds

# of nonzero pluots., There should be r nonzero eijenvodmes of AT/‘\

Asswme A1 Ar >0 ond Arti= o =An=0 let Ti= [Ai for i=loor
Vi
These volres are  called s“mﬁmlar volues . Let Wi = ér—i_ for 1=t
I 1 gy S T s MTAAY) AN g e
Jusll = x —M—l and Ui Uy = T T =0 ifi#)
_ﬂ(\erexeore,/ W v W gre orthonormal , By the Gram— Schmidt process , we con extend them

~ m .
to a comple*ce orthonormal  basis for R ¢ W v e Went oo Um



Then Ayz\: Tiw for =t => A [mv_r] L [&M_r] LG..._qrj|

mxn mx |
mxn nxyr mxy rxy

mxn

0-|'
=> A [bom]= [w.m.m][ "crro} =>-AVEUT =>A=UTV
O 0 mxn mxm | Nxn
mxn nxn mxm mxn

= =
= WT T+t R where V=V and U= U

This is called “Singmlw VAMS DecomPDSTtIDV\ (SVD>“



