Clagm For a IEE GJIEEHe matrix A , the ‘FoHowir\g Properties — ove eqmvodenti
1) KAxL >0 YX#0
(2) Al A >0
(3) At n A E4A > 0 (IEF E33L)
(4) Al 1 pivots ( without yow exchanges ) > ©
(S) A= RER o mserie Rt T ol
P chy=> Suppose Az = Aizi (% s wit) = aTAx = & Xz = Al = A >0
@ =) fssume all Xi > 0. Since o symmetric matrix hos o fll st of

- orthonormal eigenvectors Xi 1 Xn o we can write for oy X

/

yiS

Xt et Grdn = AX = GAX+ -+ CrAXn = CrAiXi+ o+ CrnAnXn
=> XAX= (G A+ + G J(CAL+ 1+ CnknXn ) = CEAT++Cd An > O
Vx #0 since all X >0

=G dec A=TTA >0 sice ATsER wd by @ all Ai >0 We now

show that all &L submatrices Ak are ETF and hence det Ak > O

Let. £Ax =[x 0--0]| M ]

Xk

0] >0 = xMxe >0 Vxe#0

X X |

3y=>W)  dk= diit—ATil ( withowt yow exchomﬂes) ~Since all det Ak>0 y all de >0

@ => Withowt yow exchanges for o symmetric  matrix A we have
A=LDL" then KAx = X'LDL x = (L x)' DL x
=[x "-ﬂ_r?x}[d"-.dh [u] = i x) H dnlax) >0
Vx#0 since all di >0

Sr=>th— I+ A= RTR/ XAx = ¥R Rx =(Rx)Rx = |Rx|" Sinee R has
LI columns, RX # 0 f & #0 (Xri+=+%0 # 0)
Therefore  Ax = |Rx|" >0 Vx#o

(h=>() There are many dhoices for R

) Since A is EE symmetric ond no row exchanges A=LDL



il

= A=(LID)IDLD)

All the pivots di > O so lev D £ Jd_“:l

= RTR/ where R =0 L
Gy A= QAR all k>0 soler JA =
= RTR/ where R:,I_/T&T

e R A

(i) Let R be one choice with A = R'R . Then mu\tiply R by ony
matrix with — orthonormal ~colwmns { call it GL) => l_etting R'=QR 7
we hove (R)'R'=(QR) BR=R QQR=RIR=RR=A

Therefore . R'= QR is onother chice ’ which Moy ot be o HPE

/

De\C A real SymmMetric  matrix A is said to be positive semidefinitive i xAx=>20 Vx
(negative) =)
Clam— For a SymPRTIIC  MAtriX A , the ‘Fo“owir\?) properties — ove eqwivoxlent:

1) XAX >0 Yx
(2) Al A =0
(3) Al L4 20 (RFESRL)
(4 Al 1 pivots (withowt row exchanges ) 2 O
(S) A=RR for a mowrix R possibly with L.D. columns
ex: Find the axes of this tilted ellpse  SX*+8%y +Sy* =
Let A=[ig ) then XAX = Sx*+ 8%y Sy
By the spectrol theorom , A= QAQ = |1 [ ][3 0] &[] 1]

Then XA = QAT = (@) AW 2) = FEZF + (ALY

Let Xz“—}} and Yz“—f% = SX+BAYy +Sy* = OXE+Y =)= X +Y|T— =
The owes poirtt oxlonﬂ eigenvectors [J—E} N [E} fpriv\ci(ml axes

Iz Az

Y
j@ ST The half-lengths are [T 51 and [T = |

X

X[ _ ~7lx%
(=) M—& M

In genemb Suppose A= &A&T is 1B E Sso A >0 The 3m{>h of X'A%x =1 is an

ellipse [ yJOA &Tm =X YIA m = XX Ay =
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eigenvectors, The half ftsmjt
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