Spectral theorem
o For o reslmgmimetio motrix A A=QAQ
Claim — Schur’s theorem * For o @A A=RTE (T s i S o a=a")
If A hos real eigenvalues | then Q ond T con be chosen real : Al =1Q
Remark O could be complex, I =G Cthen Qs colled o wnitory martrix
QGT =TI . For real matrices ) QA= T ) Q0+ orthogonal martrix
pf = Schur’s theorem
¢ We prove this by indaction on n
o A=t A=fad = st &t
° 8% 5% kxk motrices I and let A be o thr DRtk 1) matrix
0 Let A be o eigonvalue of A ond G be o corresponding unit eigenvector.
Using  Gram— Schmidt process |, we construct %7 Qe st Qi el constitute an
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¢ It A is a real eigenvalue | then 3 ond Qi can sty real,



The uduction step keeps everything real when A hos real eioenualues . Induction starts with the
case of 1% and there is o problem.
pf + Spectral theorem
Every real symmetric moxrix A has reol eigenvalies . By Scur’s Theorem , A= QTQ
(Q 1 orthogoml ~Q =@ T is LEBER) Then T= AR
This is & symmetric macrix sine T = QAR =T
I T is ZREF and also symmetric , Tt mist be dingonal => T =A
Therefore | A= QNG g

|
Clagm I A s %%&Ed’rc , then 3 of nonzero ejgenualies = rank 1+ =" # of nonzero pivetss

P Since A s dingoraliaatle , # of zero eigenaties = AM of 1=0 =GM of A=0
= dim (A=0 B9 eigenspace ) = dim ( N(A)) = n-r = N~ (3 of nonzero pivots)
Positive Definitive Matrices —ERFEFF
ex: :[_'2 Z] A =[x %] [_'2 Z][m = K =4 %%+ 6% quodvactic Form)
R :[_‘3 elJ xRx =[x 7&][_'3 ! J[ﬂ SR SENHEX BTV IS S
©  TIn gerernl, if B is not symmetric , then let A 2% (B+B') , which is symmetric
md XBx=KXAX.

Therefore , we only need to consider symmetric matrices in - quadratic form .

Def A Wﬁ—fsydwmd'cr'rt‘mo\trix A is soid to be positive definitive if LAX >0
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for eVery nonzero vector x
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ex: A :[_‘2 62] XA = A XK oK=L Fr— 2K )+ 2% >0 for eVery nonzero S

A 1S Positive definitive
B:[_zl —26] => Biis nego\tive detTinitive
|
Claim — If A is%ﬁ‘aﬁt , then 3 of positive elqevalues = F of positive pivots



