Chapter 3 The Laplace Transform
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Laplace # 3 <-> Laplace i# i 3%

Fourier 45 #ici 3% <> Fourier 45 #cif # 3%
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& o dcry & 3dc(exponential order function)
FHrha- L2 FHEM>0 2 FiHca BEHTH ST =

F[F () <Me™ & |f(t)e

<M > RlIfEEt>oopF - f(t)5

o dp Bely K e 0 B AR S dpdkly A S0k

Ex42: f(t)=t*- pigt=r t>0 53 [f(t) <e®
re f(t) 5 4p dcrg & S0t
Ex43: f(t)=e€' > Fl¥#r5t>0 > =7 \f(t)\<e1'5t
we f (1) % dp ks B i
Ex44: f(t)=e" > F1#*7F aecR lime ™ >0 & f ()7

>0

5 ekt ok

® o TEE PHHFT oo qpikly kol FPELFt oo

B f (D) 280 F (7§ R0 Me 2 s fcid 5 )



3.1 Definition and Basic Properties
(Def 3.1) Laplace #& 4 2. z_% :
#f(t) 5 & t>02 Sde Pl H Laplace #& 4% d T 347

wh [T} =F(s)= ] f (e

(Thm 3.2) Laplace #& 4% 15 t(Ff 4 Efcag) 2 2o A g &
oS f ()% &
Lo #5F T>0" f(t)*te[0T ] 52804
2. ¥ BHEM>0>aeR  T>0" 2 @§t>Tp>
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& SfEA & S Laplace # 4%

1 Z{t*} = te¥dt (a=0123..)
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j: & edr =T (a+1)
( I'(n) is the Gamma function - F(n)=f0°ox”‘1e‘xdx

I'(n+1)=nI(n) - for positive integers > T'(n+1) =n!)

2. I{e""‘} - Iowe‘“eatdt = J':e(a‘s)‘dt

(a-s)t |® .
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3. Z{cosat}=? Z{sinat}="?
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€ Laplace 3t 2 A~ 732
(Thm 3.1) #j4iF g
® Z{H (O} =F(s) 2 Z{o(t)}=G(s)
) Z{6,f (1) +¢,0(t)} =GF () +¢,6(s)
[Proof] : d z_& v
Z{e f () +cg(t)) = [ (o, f (t)+c,g(t))e"dt
= cljooo f(t)e*dt+ CZJ.: g(t)edt
=c,F(s)+¢c,G(s)
3.3 Shifting Theorems and Heaviside Function
(Thm3.7) % - T4 %2 :
X L{f ()} =F(s) > a1 Z{f(t)e*}=F(s-a)
[Proof] : d z_& v
Z{f(t)et} =] f(t)evedt
=£”uoe“mwt=F@—a)
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—a)’+

#IT D x LHF(s)) = f (1)

Bl ZH{F(s—a)}=e*f(t)



(Def 3.4) Heaviside Function:

The Heaviside function H(t), (7 P * u(t)) is defined by

H(t):{o ?f t<0

1 ift>0
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FIGURE 3.10 The Heaviside FIGURE 3.11 A shifred Heaviside function
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FIGURE 3.12 Comparison of y = cos(t) and y = H (t — 1) cos(t).
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(Def 3.5) Pulse:

A pulse is a function of the form H(t—a)—H (t—b), in which
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FIGURE 3.13 Pulse function H(t — a) — H(t — b). FIGURE 3.14 Graph of
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(Thm 3.8) % = T4 232 :

®x LT} =F(s) » B Z{f(t—a)ut—a)} =e*F(s)

0 t<a
Ho f(t—a)u(t—a)z{f(t_a) ‘s

[Proof] : d 2 _& v :
Z{f(t-aut-a)}= j: f(t—a)u(t —a)e dt
= jw f(t—a)edt
= [ f()e s
—e [ f(r)edr=eF(s)

HeY t—a=7dt=dr
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Ex46 : 4 I{(t* +1)u(t-1)} =2
[##]  LGGEi%)
:z{(t2 +1)ut —1)} = Z{(t* +1)}
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Ex47:

[i#] :

2.( f2)

LZ{f(tu(t-a)} =L{g(t—-a)u(t—a)}
—e ™ Z{g(t)}=e = Z{f(t+a)}
I{(t +1)u(t-1)} =e = Z{(t+1)* +1
=e ®L{t* +2t+2}

s2 52 2

e’ —+et o +e "=
s° s’ S
1 0<x<l1
Find the Laplace transform of f(x)=qe* 1<x<4
0 4<X
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Ex48: Find the Laplace transform of f (t)e™

0 t<8
Where f(t):{tz_4 (>

[i#] :
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Exercise Q:

1. ,§Z{4e5t +6t° —3sin4t + 2c032t}

i @_ 12 28
s—5 s* s?244% %427
I
2 I eattn n:
{ } { _a)n+1}
3. Z{ut-a)} {7
1 0<t<7
4. f(t h f(t)=
Z{f(t)} where f(t) {COSt -
{E(l—e‘7s)+ > cos(7)e™" - sin(7)e™"}
S s?+1 s?+1
) 1 2 1
5.7 le'|1-t*+sin(t - +
{ [ ()}} {S+1 (s+1)° (s+1)"+1

-1 1 —s E 5t-1) [+ 1)2 _
6. L {(s—S)"’e }{Ze (t-1)"H(t-1)}

4s® —4s + 2)

(51

7. {(t+2)e {(
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Ex49: Z{sin3t}="?

[i#] :
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€ # ~ < Laplace ##% ¢

#® Z{f (0} =F(s) » 1 Z{], t (£)dr| =2 F (s)

[Proof] : o = & 7 :

I{j; f (r)dr} _ j:’“ot f (r)dr}e‘“dt

[ (f)df]: n %j: f (t)e dt

I u(t)=j;f(r)dr , dv=edt

2—ltj= f(t)(by % = Hcft » & & %32)
—st
du = f (t)dt - v:_i

EXSO:I{I;sin 2xdx} =7

[i#] -
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€ Laplace #& 4% cff » -
R I ()p=F(s) - 7l I{@} J, Fu)du
[Proof] : d 7 _& v :
[ F@ydu=["(] f @edt)du
= [ f@)( e du)at

e—ut

[ 10°]

= dt

—st
)dt

-J e

.wme‘“dt
J0 t
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Exercise R:

LT {egtrngde}{ T 1 tanl(s+3j}
0 X 2(s+3) s+3 2

2. Given T {S'Tm}:tanl(l) . find T {S"lat}:?
S

{tan™* (Ej}
S
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3.5 Unit Impulses and the Dirac Delta Function
€ H 7% 3 Fc(unit impulse function) 2. Laplace # &
H =% frd#cS(t)~ ¢k Dirac delta S0 > 2 5 - B * (3R
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P Hprtrs i & VES(H)E T A
L | s(t)dt=1
2. #g(t)» @ i Bl
a. (Thm3.12) [ g(t)5(t)dt=g(0")
b. g(t)s(t)=g(0")s(t)
3. u'(t)=5(t)

& 5(t) = Laplace ## :

[Proof] : I{U(t)}=§,‘-’ I{u(t—a)}:e‘“%
_l_e—se_
| —h S
Pl Z{S (1)) =lim -
imiT T gime g
e—0 S& e>0 g

Ex52:Z{5(t-a)}="

=Z[limP, (t-a)] =Z[lim u(t=a)-u

&c—0 E

. e—as e—(a+g)s ] e—as . e—ase—gs
=lim — =lim
&0 ES ES &0 ES

—as —&S —as —&S
:Iim{e d-e )}:im{—e (se )}:eas
&—0 ES e—0 S
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3.4 Convolution

(Def 3.6) # & 4% 4 (Convolution Integral):

T & R () > gt)EF & t>0 0 BIFE A
t

f(T)g(t_T)dT W f(t) © g(t) K E R

f(t)*g(t) > f(t)xg(t)=[ f(r)g(t-r)de

o
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(Thm 3.9) #% £ %32 (Convolution Theorem):

F L[ f(t)]=F(s) > Z[g(t)]=G(s) » = f(t)
f()*g(t)=] f(z)g(t-z)dr =] g(c)f(t-z)dz Pl

ZL()*g(t)]=F(s)G(s)

%
«©
—~
'—|-
S
(w.
AN
=y
N

t

[Proof] : = &= Z| f(t)]|=F(s)

Z[9(t)]=G(s)
z[j;g(r)f(t-f)dr] -

=_' e (j (t—7z)dz)dt

=.0 (Le f(t—7)dt)de

=[o( jwe‘s(x+’)f( Jdxdr (4 t=7+x)
=_' (je “f (x)dx)dz

=[ ¢™g(r)F(s)dr

—FSLe gr dr

o
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Ex53 : @ sx(t) & h(t)4=™ B 2 &x(t)xh(t)=?

X(t) h(t)
A A
2
1 1
> > t
0 1 t 0 1 2

[i#] :
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Ex54 : By using the convolution theorem, find
I % =7
s?(s+1)

[i#] :
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Laplace if # 3%
Laplace i# f#& 3 2_ /2

AL RER

WF(S) 5527 A ade T F(s)=@’f P(s)> Q(s)

Q(s)

2582 5950 S RIT HRIEQ(S) =0 » 11

Hit g ff H2 4 58 ehfe o
He , ARy

DP(s) > Q(s) ¥ 2 “#kc i 2 #
@P(s) 2 Q(s) & I F]5*
SIOEES TN EEES -

(1) H=1:%#Q(s)=0L£% niE 7 - xa , k=12,..

E'J P(S): Al + A2 +...+i+...+i

Q(s) s-a s-a S-a, s-a,
Bk _ P(ak)
“A )
(S_ak)
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() W2 #QE)=02L7 a2 mE

A P(S)z Ai + AZ +...+L
Q(S) S-a S-9, (S'ak)m

i+...+—cl - A
(s-a )™ S-a, s-a,
_im| PG

Cm_sll_)rar:|: (S) (S ak) :|

6,
C, = a
. Lm{ {()( )}}

Cinz :ilim{ [P(S)( k)m:|}
215 | ds?| Q(s)

B) Hm3:FQ(s)=0x7F & 447 £

ngbl{QES;[(s a)? +b? ]}:A(a+bi)+B
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Ex55 : 2 KT 7] & Sz Laplace i & 3%

1 S 4| (s=De
L {sz+25+2} (< {s(s+1)}

[f#]

Ex56 : Find the inverse Laplace transform of

(s+1e™
(s® +4)(s* —2s+1)
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Exercise S:

I—l (S+1)
(s® +1)(s* +4s+13)
1 . 1 1 .
t+2sint)—e™®| —cos3t +-—sin3t
{ (cos +2sint)—e {Zocos +225in }}
2. Il{ —16)} {3e™ +e"}

3 1, .
3. L { & 11 } {Etsmt}

4. T 1{5(5 +1)} {1—cost—[1—cos(t—1)]u(t—1)}
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3.2 Solution of Initial Value Problems Using the Laplace
Transform
€ * Laplace #& 3 1 f2 % fics > AR5 2 47 B R AR
(Thm 3.5) # &%z Laplace # 3% :
IO ER20<t<TEiad > ¥ £ (1)*0" <t<T 3
AEGR A F(t) & F(0)3 2T 2 dpdichs & i Y
Z{f'(t)} =sF(s)-f(0)
[Proof]  Z{f'(t)}=["f'(t)e*dt=["f'(t)e*dt +

j:f (t)edt + e j )edt

[ st +sj ‘StdtJ b oo §
[f (t)e™ | +s[ " f (t)e‘“dt}

=f(t)e™[¢ + oo + f(t)e™ ot
b - * -5

sjo f(t)e™dt + e + sLn f(t)e“dt
F1 5 f(t) 5 5 Sl P

. —st oo * —st

= f(t)e ™5 + sf, f(t)edt

=0-f(0) + sF(s)

# L{f'(t)} =sF(s)-f(0)
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(Thm3.6) % f(t) > f'(t)> - > fOV(t)20t20"225 8 &
S A fO)t20" S AR Sdk 2 Ft>TE
F0) 2 (1) o FOD() PO ()% 5 4y ket iR
{0 ()} =5"F(s)—s"F (0)=s"*£(0) —---— "V (0)
[Proof] : (5 7 > A PBN=2pir- P )
1.4 g(t)=f'(t)
o Z{£(0) =L {g'(0)
ood S ficz. Laplace #E#E v ¥
Z{t* ()} = Z{g'(t)} =sZ{a(t)} - 9(0)
2~ I{g()f =Z{f (1)} =sF(s)- f(0)
ok ste @ Z{f (1)} =s(sF(s)- f(0))-g(0)
=s’F(s)—sf (0)- f'(0)

FIZ > n>3pF > v F R aiEE S N EE
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Ex57 : Please solve the initial value problem

d’y _dy : dy
——+7—+6Yy=6SIn2t, 0)=0,—~ =0
az e Y v =04

t=0
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3.7 Differential Equations with Polynomial Coefficients
(Thm 3.13) Laplace # 4% z_ fic 4 -

®L{E())=F(s) » 2 F(s)» 7 acs > 7

d d =
n—F(s)=—| f(t)e"dt
(s)= , f(t)e

= [ (t)Je*dt =T{f (1)} =—L{tf (1)}

(Cor3.1) % Z{f(t)}=F(s)> T F(s)X > ¥ A n= >

L () = (1) S (s)
® 4 LT} =(-DLF) 1O} =2 7 (D FE)]
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Ex58: (I) Z{tsinat} =2 (Il) Il{ln(

[f#]
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Ex59 : 32 O.D.E. ty"—ty'—y=0, y(0)=0,y'(0)=3

[f#]
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Exercise T :
1.y"+2y'+2y=0(t-3), y(0)=0,y'(0)=0
{y=e"sin(t-3)u(t-3)}

t 3t

e —€

Z.Il{ln(z;j)}{ —}

3.y"+4y'+3y=0, y(0)=3y'(0)=1 {y=—2e+5"}
4.y"-2y'+5y=8sint—4cost, y(0)=1y'(0)=3
{y=2sint+e'cos2t}

B.y"-y'-2y=4t*, y(0)=1y'(0)=4

{y=-2t"+2t-3+2e*" +2e'}
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3.6 Laplace Transform Solution of Systems
Ex60:x"-2x'+3y+2y =4, 2y'-x+3y=0

x(0)=x'(0)=y(0)=0

[#2]:
4s+6
)= s 2001)
(3)
S 2
Y(S):s(232+25—4) s(s+2)(s-1)
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Ex61: Find the current in each loop
A A ——
40 Q 60 Q)

Y

10V —

——i ]

~ o F

\ |
fl
B_JI_]H
A

FIGURE 3.36
[#2]: 40i,+120(q, —q,)=10

60i, +120q, =120(q, —q, )

40%+120(q1 -q,)=10

60%+120q2 =120(q, - q,)
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Exercise U:

1. RT R+ 2 g? =l > R=250hms > C=0.04farad -

L =1henry - V(t)=20sint > 1,(0)=1,(0)=0

g@ % @I'S_lf Vi

-120 120 50
I (t :—cost——smt et e
() 169 169 169 13 }

2. 3x'—y=2t > x+y-y=0;x(0)=y(0)=0

+%t $ 33

(x() =S gue S-S

% , y(t):t+§—§e2‘/3}

2 2
3. x+2y'-y=1-2x+y=0;x(0)=y(0)=0

{x(t)= %t +g—ge3‘/4, y(t)= _E+ge3t/4}
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4. Solve for the currents in the circuit of following figure

assuming that the currents and charges are initially zero and

that E(t)=2H(t—4)-H(t-5)

20 1 Q)

E(t)

5. Solve for the currents in the circuit of following figure if

E(t)=5H(t—5) and the initial currents are zero

20H 30H

10 {}
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f(t) F(s)=L[ f(t)]
' 1
S
¢ 1
52
t"(n=12,3-) n
Sn+1
eat 1
s—a
te® 1
(s—a)
n.a n!
t et (S_a)n+l
sin(at) 2 a 2
s’+a
cos(at) : S :
s’+a
tsin(at) ( 22332)2
s +a
tcos(at) (52_32)
(sz+a2)2
e sin(bt) b2
(s—a) +b®
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e™ cos(bt) s—a
(s—a)2+b2
=sin(at) tanl[%j
5('[—61) g @
f(t) F(s)
af (t)+bg(t) aF (s)+bG(s)
e™ f (1) F(s—a)
f(t-a)H(t—a) e F(s)
f (at) 1%3)
J, f(2)de LE(s)
T IwF(u)du
t
f(t) sF(s)—f(0+)
f(”)(t) s"F(s)—s lf(O)—---—f( 1)(O)
tf (t) —F'(s)
t"f (t) (-1)" F™(s)
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