Chapter 2 Second-Order Differential Equations
2.1 Preliminary Concepts
Fhes > e 2 Fhdes 28 200 > 5B R MR AR
F(x,y,y,y")=0
y'=X
xy"—cos(y) =e”
y'—4xy'+y=2
y(X) = 6c0s(4x) —17sin(4x) is a solution of
y"+16y =0 forall real x
y(x) = x*cos(In(x)) is a solution of
x°y"—5xy'+10y =0 forx>0
R(X)y"+P(Xx)y+Q(x)y =S(x)

y"+ p(x)y'+q(x)y = f(x)



2.2 Theory of Solutions of y"+ p(X)y'+q(x)y = f(X)
y"-12x=0
y"=12x
y'= _[ y"(x)dx = _[12xdx =6x"+C
y(X) = _[ y'(X)dx = j(6x2 +C)dx =2x>+Cx+K
For any choice of C and K, we can graph the integral curves

y =2x*+Cx+K as curves in the plane
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FIGURE 2.1 Graphs of y = 2x* + Cx + K for various values of C and K.

If initial conditions y(0)=3 > y'(0)=-1
y(0)=K =3

y(x)=2x>+Cx+3
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FIGURE 2.2 Graphs of y = 2x* + Cx + 3 for various values of C.

Since y'(x) = 6x* + C, this requites that C = —1.

y(x) =2x>—x+3
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FIGURE 2.3 Graph of y
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=2x3 —x +3.

The curve passes (0,3) and has slope -1 at this point



2.2.1 The Homogeneous Equation y"+ p(x)y'+q(x)y=0
¢ y'+p(X)y+a)y="f(x): y(x)=Ay(x)=B
When  f (x) IS zero, the resulting equation

y"+p(x)y'+q(x)y=0 is called homogeneous

® Alinear combination of solutions y,(x) and vy, (Xx)

C Yy (X)+C,, ()

(Thm 2.2)
Let y,(x) and y,(x) be solutions of y"+ p(x)y+q(x)y=0
on an interval 1. Then any linear combination of these solutions

is also a solution.

[Proof]: Let ¢, and c, be real numbers. Substituting
y(x)=cy,(x)+c,y,(x) into the differential equation, we

obtain

(CYL +C,Y, )"+ p(X)(Cy, +C,¥, ) +a(x)(cy, +C,Y,)
= Cly1"+ C2y2"+ Clp(x) Yi + C, p(x) Y, + Clq(x) Yi t CZC](X) Y,

= [ POy a0y ]+ e[ 1. p(x) v+ (). ]
=0+0=0

because of the assumption that y, and Yy, are both solutions.



(Def 2.1) Linear Dependence, Independence

Two functions f and g are linearly dependent on an open
interval | if, for some constant ¢, f(x)=cg(x) for all x
in 1. If f and g are not linearly dependent on an open
interval |, then they are said to be linearly independent on the

interval

€ Asimple test to tell whether two solutions of equation are
linearly independent
Define the Wronskian of solutions y, and y, tobe
W (x)=y,(x)¥,"(X) = ¥2"¥, (X).
Thisisthe 2x2 determinant

Yi(X) Y2 (x)

W) ()

cos(x) sin(x)

W (x)= —sin(x) cos(x)

=cos’(x)+sin®(x)=1+0.



(Thm 2.4)

Let y, and vy, be linearly independent solutions of
y"+ p(x)y'+q(x)y=0 on an open interval I. Then, every
solution of this differential equation on | is a linear

combination of y, and v,

® y+p(x)y+a(x)y=0; y(x)=A, y'(x)=B.
Yi (%) + Y, (%)c, = A
Y '(X%)c +Y,'(%)c, =B
Cramer’s Rule

_ AY2'(X0)_ByZ(X0) _ Byl(xo)_A)ﬁ'(Xo)
W (x,)

C



2.2.2 The Nonhomogeneous Equationy "+ p(x)y'+q(x)y = f(x)
(Thm 2.5)
y, and vy, be a fundamental set of solutions of
y"+ p(x)y'+q(x)y=0 on an open interval I. Let y be any
solution of equation y"+ p(x)y+q(x)y= f(x). Then, for any
solution ¢ of equation y"+ p(X)y'+q(x)y= f(x), there exist
numbers ¢, and c, suchthat gp=cy, +c,y, +Y,
[Proof]: Since ¢ and y, are both solutions of equation
y'+p(X)y+a(x)y = f(x)
0"+ pp'+ap—(y,"+ py,+ay,)=f - =0
(0-y,)+p(e-y,)+a(p-vy,)=0
@ —Y, isasolutionof y"+ py+qy=0.

P—=Y,=CY,+CY,, ¢=CY, +CY,+Y,



Exercise L :

In each problem, (a) verify that y, and vy,are solutions of the

differential equation, (b) show that their Wronskian is not zero,
(c) write the general solution of the differential equation, and (d)

find the solution of the initial value problem.
1. y+9y=0;y(7/3)=0,y'(7/3)=1
y; (x) =cos(3x),y,(x)=sin(3x)
() W = co§(3x) sin(3x) _3
—3sin(3x) 3cos(3x)

(c) y=c,cos(3x)+c,sin(3x)

d) y= —%sin(?»x)}

2. y"+11y'+24y=0;y(0)=1y'(0)=4
—-8x

i (X)=e,y,(x)=¢e

e—3x e—8x

b) W= =—
ORTE DA




L AR i
y(“) +an_1(x) y(n—l) +,...+a1(x)y'+ ao(X)y _ R(X)
?’fg;ﬁiﬁ R(X){@ dUIp A x5

X)# M fiH 5 ## 2 £ 7'(homogeneous equation)

>
N——
I
Nam)
'(*.r:n
=t
»
ft.
9 <
W
Y

7+ = #2 7Y (nonhomogeneous equation)

& iz nrpastags OD.E.
y(“)+an_1(x)y(”‘1)+....+a1(x)y'+ao(x)y: R(x)F = # 2
(1) & Homogeneous solution v, :
y(”)+an_l(x)y(”‘l)+....+a1(x)y'+ao(x)y:01iiﬁ’4
Yo =CY, ... +CY,
(H ¢ W(yl,...,yn);to)
(2) & Particular solution vy :
vV ra, (xX)y" e (X)y e (x)y = R(X)
2 E- BAfRY,

(3) mODEzi#fEiy=y, +y,



¥AZrEREODE v 4 5 3#:
(1)  FrEse¥ a8 ODE.

a,y" +..+ay+ay=R(x)
(2) ®BrFEamE0ODE.

a X"y + ...+ axy'+ay =R(x)
(3) BrE- 4% aficz &1 ODE.

QD

L)Y+ (X) y e, (X)y = R(X)

2.4 The Constant Coefficient Homogeneous Linear Equation
& ¥ GERNE T s AR
BATRN=2F T Rizy"ray+ay=02 i jz
1. %f25y=e™> @y =me™ > y"=m’e™
2. #y oy y" @ im’+am+a,=0(F 5 characteristic
equation, x> 425%)
3. (). a°—4a,>0pF > @A pRLF4Im > m,
y,=e™ >y, =e™=25 iz
W (e™,e™ )0

y=ce™ +c,e™
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(2). a’-4a,=0>aF £8m=m,
Y1:emlx
AT s LR 2 2
PO P A0 - AR R
¥ £y, =xe™

FIW (emlx,xemlx) £0

myX

y=(c,+c,x)e
(3). a’—4a, <0fF » & & gFAF 2

mm,=axif

yy =@,y el iyn g g g

W (e(a+iﬂ)>< ’ e(a—iﬂ)x> £ 0

(a+iﬂ)X (a—iﬂ)x

y=ce +C,8
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Ex28 : 7 5] O.D.E 2 i & : y"+4y"3y-18y =0

[f%]:

¢ RE L ERY () FFF AR
(1) # % fhfics
2) ok 2

& R Ggcs Wi ot sl ODE
F R TPIR() 2 A e

A (% #)> e cosbx > sinbx » xz % 38 ;\
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R(x) Y, (X) 2 i3k 4] 5
k A
eax AeaX
cos ax Acosax + Bsinax
sinax Acosax + Bsinax

n
ax"+..+ax+a,

AX"+A X"+ AXH A

e®™cosbx or e*®sinbx

e™(Acosbx + Bsinbx)

e”(a X" +...+ax+a,)

e (AX"+..+ AX+A)

coshx(a X" +...+aXx+a,)

(AX"+...+ Ax+ A))coshx

+(B X" +...+ B,x+ B,)sinbx

ax n
e” cosbx(a x" +...+ax+4a,)

e™(AX" +...+ AX+ A))cosbhx

+e™ (B, X" +...4+ B,x+ B,)sinbx

Ex29 : £ ] O.D.E 2 i % :

[f%]:

y'-y=-2y=e”
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Ex30 : £ 5] O.D.E 2_ 3@ f% : y"+2y"-3y =4sin(2t)

[f%]:
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Ex31: #f27™ 53 42502 i 2 © y"-5y'+6y=e*
[f2]:1x ARy, =e™ > & »

B 4258 T mP-5m+6=0, .. m=23

sy, =ce’ +c,e”

241" (22) > 7 £y, =Ae”

#y,'=3Ae™ > y "=9Ae™

Al O~ st 8 e

(9A-5(3A) +6A)e* =e*

Loe¥=e" (4 F)
Fo(F D)2 B AR A gEZ Y (X) R fE

€ Gy ()2 BEAEY, ()T N EREp BILEE S

7

TAFPE > NP p il o

g%?’rﬁ; 4:5{/2‘ typﬂé’: y 2B Fié_ﬁbbiyg L
A RIF R (XT) (M5 )Y, 2 RRIEY sy A2 E

HE AP ML AL £ ] B KK



Ex32 : #f27 5> 258 2 @ 3 : y"-5y'+6y=e>

[f%]:
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Ex33: £F 5 ODE 2 f%: y"-2y+y=¢"

[f%]:
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Ex34 : £ 5] O.D.E 2 i & : y"+y'=sinx

[f%]:
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8% % (Mariation Parameter Method)
gt fy®ra ()Y +.L+a(X)y'+a,(x)y =R(X)
2 frfry B3 &AL EE S R ODEZ 4p A& OD.E.
N BREBEe SREF - 2EFE 2RI REPN

Fest O.D.E

¢ y+a(x)y+a(x)y=R(x)
Yo =Ci Y1 (X) +C,¥,(X)
E Y, () = (X) Y1 (X) + 4, () Y, (X)
By, =Y.t Y, + 4y, +6,'Y,
L Y AB Y, =0 i, (1)
FEY =4y, Y,
Y=Y Y, A Y,
By Yo i Yt Ay Ha()y+a(x)y=R(X) > ¥ #
(DY, +8Y,"+a Vi + 6y, ) +a(d V' +,Y,)) +a (4, +6,Y,) = R(X)
SATYLY, A N Yy ray+ay =02 %
g (Y Fay+tagy) + 6, (Y, "+ay, +ay,) +4 'Y+ 4"y, =R(X)

B YL+ Yy = RO oo, )
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5+ (1) 2 (2) 1@

joo ROV, ROy,

W(Y,,Y,) W (Y., Y,)
R(X)yz R(X)Y,
= JW(yl,yz g JW(yl,yz

Yp(X) = yl(X)j ()yz) X+ yz(X)J-WR((;());)dx

#¢ W(Y,,Y,) & Wronskian i7 71 &

X

e

Ex35 : Find the general solution for y"-2y'+y= 1
- X

[f%]:

20
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Exercise M:

1. y"-2y'+10y=0 {y=e"[c,cos3x+c,sin3x|}

2. y"+10y'+26y=0 {y=e""[c,cosx+cC,sinx]}
2

dy _d%
Codx® dx?

= 2sin x — 5e*

{y=c +c,Xx+cC,e” +cosx+sinx—5xe"}
4. y"-2y"-y+2y=0;y(0)=3, y'(0)=0, y"(0)=3
3, 3
=—e"+—¢e
{y S¢S by
5. y"-y'-2y=10cosx {y=ce*+c,e”* —3cosx—sinx}
6. y'+2y'+y=xe" {y=(01+czx)e‘x+%x3e‘x}
7. y"-2y'+2y=cosXx
) . 1 .
{y=e (clcosx+c25|nx)+g[cosx—25|nx]}
8. y"—4y=-7e*+x;y(0)=1,y'(0)=3
7 1
—2x__Xez><__X
4 4 }

7 5, 3
=—e" ——e
{y 1 2
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E R Yl A
(1) Cauchy % s+ O.D.E.

(2) Legendre % ‘as i+ O.D.E

2.5 Euler’s Equation
€ Cauchy % ‘&% ¢ O.D.E.
a x"y™ +. .. +axy+ay=R(X) » & n FF Cauchy % asfs

¥opee 2 Azst o (8, #0) fI* R EE S ¥ s

O.D.E.
[
dt
da o dY o
E v X W_X D"y=D,(D, -1)(D, -2)...(D, -n+1)y
(2) F1* ¥ dcslE ODE. 2 2 2 k Kz
(3) t=/nx

23



Ex36 : Find a general solution for x*y"+ xy'-y = x’¢*

[f%]:

24
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Ex37 : Find the general solution for x*y"-2xy'+ 2y = x> cos X

[f%]:
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Legendre % s+ O.D.E
a (bx+c)"y™ +..+a,(bx+c)y+a,y=R(x) = nF# Legendre
BRI s ARSI R3PS Cauchy &

aamit O.D.E.

Ex38 : #f2T 7| O.D.E.2 i j# :

(3x+2)?y"+3(3x+2)y'-36y =3x" +4x +1

27



Exercise N:
1. x*y"+2xy'-6y=0 {y=cx*+c,x°}
2. x*y"+xy'+4y=0 {y=c,cos| 2In(x)]+c,sin| 2In(x) |}

3. xX*y"-xy'=0;y(2)=5y'(2) =8 {y=-3+2x"}

4, x*y"-2xy'+2y=6Inx; x>0 {y:c1x+c2x2+3lnx+%}

5. (2x+1)°y"-(12x+6)y'+16y =2
{y=(2x+1)2[c1+c2In|2x+1|]+%}

d’y

6. (xX*+6X+9
( )dx2

+(3x+9)ﬂ+2y=0;)/(0)=0, Q(O):l
dx dx

1 : i
y= m[—%ln(ln 3)cos(In|x+3))+9cos(In3)sin(In|x +3|)]

28



2.3 Reduction of Order
& 7 TR {2 KRS R BRI s S A
y"+P(X)y+Q(x)y =R(x)

(1) maiaP-s 28y +PX)Y+Q(X)y=02 — & f2u(x)
P B4 y(x) =u(x)v(x)

(2) y'=uv'+u'v
y"=u'vi+uv'+u'v+u'v'=2u'v'+uv'+u'v
Ky F

uv'+2u'v'+ Puv'+v(u"+ Pu'+Qu) =R

., 2u+Pu , R
V"'+ vVi=—
u u

2u'+ P R

V4 ot=v' o iF ot u ut:—

u u

s TR Et2 2 s ODLE.

29



Ex39: y"—(3/x)y'+(4/x2)y =0 for x>0, given y,(x)=x’
IS one solution

[i#]:
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Exercise O:
1. 2xy"+(1—-4x)y'+(2x-1)y =¢" {y:ex[c1\/§+c2+xJ}
2. y"-10y'+25y =0;y,(x) =€ {y=ce”™ +c,xe”*}

sinx,,, 2,sinx,, SInX
) () =

d 0)
X X X X

3.y 2yty=3 (= i
X

sin X COS X
{y=c¢ —C, +3}

X X

31



2.7 Applications

Ex40: Determine the i(t) in

E(1) = 17 sin(2¢) volts(

the circuit.

——AW—

120 O
il
10H

= 10" 'F

FIGURE 2.13

L B000
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FIGURE 2.14 Transient part of the current for the circuit
of Figure 2.13.

FIGURE 2.15 Steadv-state part of the current for the
circuit of Figure 2.13.
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Exercise P:
1. Find the current in the following RLC circuit. Assume zero

Initial current and capacitor charge. (R =10Q, L=0.5H,

C=0.02F, E(t)=120sin(20t)V)

—— N/
5 R *
—C
T s
{a(t)= 48 ‘1°‘+48te‘1°‘—§| 20t—4—800320t
125 5 125 125
i(t)= 144 e ' —96te ‘““—ﬁc 20t+gsm20t}
25 25
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