
1. (10%) Let A be a general square matrix. Prove that the matrix ATA 
has oilly non-negative real eigeilvalues. (AT meails the trailspose of A.) 

2. Let C[-1, I] be the vector space of contilluous rea,l-valued fimctions 011 
[- 1,1] wit11 the following iililer product: 

Let A be the span of subspace generated by 1, x, x2 

(a) (10%) Find an ortho~zormal basis for A. 

(b) (10%) Let T : A -+ A be the linear trailsfori~lat~ioil defineti by 
T(ao + alx + a2x2) = a2 + alx + aox2. Deteriniile the linear 
trailsforlnatioil T* : A -+ A such that (T(f). g )  = (f, T*(g)) for 
all f , g  E A. 

3. (10%) Consider the following quadratic form: 

Suppose that in addition x2 + y2 + z2 = 1. What is the ininimu~n value 
that F can take? What values of z, y, z achieve this minimum'? 

I 4. (10%) Coilsider a difference equation xn+l = Ax, with the matrix 

. Find lim xn for each xo E R2 

5. (10%) Let A be a k x k matrix all of whose entries are f 1 and whose 
rows are mutually orthogonal. Suppose that A has an m x n subinatrix 
whose entries are all 1. Show that mn _< k. 

6. For an n x n matrix A, define 

1 
exp A := I, + -A*. 

k ! 

(a) (10%) Coinpute exp (: 1:). 
(b) (5%) Prove or disprove (by giving a counterexample) that if A 

is nilpotent, then so is exp A - I,. (A matrix Ad is nilpotent if 
Mk = 0 for some positive integer k.) 



(c) (5%) Prove or disprove (by giving a couaterexample) that if exp A- 
In is ailpotent, tllea so is A. 

7. Let V = hfn(R) be the vector space of all n x n matrices over R. For 
a given matrix A E Mn(R), define a linear transformatioil TA : V + V 
by 

TA(B) = AB - BA. 

(a) (15%) Consider the case n = 3 and A = 

the eigenvalues of TA and their associated eigenspa,ces. Deteriniile 
also the minimal polynomial of Tl1. 

(b) (5%) For general n, consider the family 

F = {TA : A E A,f?, (R) is a diagonal matrix) 

of linear transformations. Prove that F is simultaneously diago- 
nalizable. 


