L: variable — price: w (wage)

K: fixed (=K,) — price: r (capital using cost per unit)= depreciation + interest

T Al

Total fixed cost (TFC) = rK, —from “output” point of view

d TFC

Marginal fixed cost (MFC) = = 0

Average fixed cost (AFC) = % = FKTO l withx T

AFC is linear? Convex? Or concave?

dAFC TFC rKy . ) .
= - (-1 = (-1 =z < 0 . AFCis decreasing with x
d?AFC TFC rKg .

o (—1)(—2)X—3 = (—1)(—2)X—3 > 0 - AFCis convex
S AFC

I\

TFC

AFC(x,)

AFC(x,
AFC(x,) (x2)

v

v

X2 X X1 X2




FH o A
TVC(x)(Total variable cost) = wL(x)
L(x): Labor requirement (to produce x units of output)
Short run production function:
x = f(L; Kq) simply x = f(L) « given Kis fixed

~f1(x) =L

% Example : C-D production function

x = L°KP = f(L)

L=f"1(x)

o« X x 1 _TB 1 _TB 1
& = —= L= (_B)a = L(x),= K xa » TVC = wL(x) = wK* X«

Kb K
X
« /N AL). a>] mncreasing MFE
fil), @=1
constant MFF 1
fil), ex <1

decreasing MFPFFL

I\..l' : ) L

/.\,;. iy WL er <]
[.l 'l']-—t:l.-:':'\.-;: “rLl:}{\l, t-t’:]_
gl L(x), cx=1
wl(x), =1

L), ex>1

_i RK‘ii > x



% Example: L & K are perfect substitutes
x = (aL + bK)?

K =K, inthe SR

x = (bK, + aL)?

L=0, x=f(0)=(bKy)? « intercept
MPP, = f'(L) = 2(aL.+ bKy) * a > 0

dMPP,
dL

=f (L) = 2a% > 0 convex

% Example:L & K are perfect complement
. (L K
x=f(L,K)=m1n{—,—}, K=K,
ab

L L K a
x=f(L) =- if —<— orL <-K,
a a b

b
_ Ko 'fL>KO L>2K
~p M3 T Tpre
X L
/N T\
TVC(x)=wax
K =aw>
K L)
K
—K /7

Figure 59: F igure60:



concave
X  convex |
A . !
Xl
X [
e N el b—
: { | downward
i isloping
0 Ly L3l ot
wl; wL; wL. wlL
l%ﬂi’?}- Wha
wlL 33%
N %%

] E—— L T T
WLy |G AR X
c

(0 Y S | TVC
Xl :{3 X: X

Short Run Total Cost : SRTC(x) = TFC +
TVC = rKy + wL(x)

Short Run Marginal Cost :

ASRTC(x) _ A(TFC + TVC(x))
B Ax

(slope of the TVC)

SRMC(x) = ”
_ ATVC(x)
T Ax

SRAC(x)(Short Run Average Cost)
_ SRTC(x) _ TFC + TVC(x)

X X
= AFC + AVC(x)

0 — Ly: f(L) convex MPP, (slope of f(L)) T
(increasing marginal return)

ES)G

0 — x41: TVC concave SRMC(slope of TVC) | (diminishing marginal cost)

Increasing  Decreasing
Marginal Marginal

A Returns :  Returns

>
 —

Negative
Marginal
Returns

Diminishi
MC %} 8k
Increasing
Marginal

Returns

L; — L,: f(L) concave MPP, |
U

X1 — Xp: TVC convex SRMC T

0-— L3: APPL T, at L3 MPPL = APPL(maX)

0 —x3: AVCI,atx3 SRMC = AVC(min)



AVCTL? AVCvs SRMC

AVC(x) = TVC(x)

TVC
dAVC(x) _ d (#) _x dT\é—i(X) = TVC(x) % _ X * SRMC(x) — TVC(x)

dx dx x2 x2

_ SRMC(x) — AVC(x)

X
dAVC(x) ]
T < 0if SRMC < AVC
dAVC(x) ]
———— =0if SRMC = AVC
dx
dAVC(x) )
= > 0 if SRMC > AVC

~ AVC(x) min < SRMC = AVC

X
¥ &7
3 y fL)
TFT
B ;
L, [, L )l
SRMOCOD SRMOC AV & AV l MPF=APP & APFT

MPP<APP & APP |
MFP=AFF & APF max

AVCIX) SEMC>AVE €AV 1

SEMC=ANVC S AV min

Figure63:



SRMC<AVC & AVC |
SRMC>AVC < AVC?

SRMC=AVC < AVC min

MPP> APP < APP?
MPP<APP & APP|

MPP = APP < APP max

AVC(x) =

TVC(x) wL(x)
= =

APP, T < AVC(x) {
APP, | & AVC(x) T
APP,max & AVCmin

ATVC(x) AwL(x) AL(x)
= =W =

SRMC =
) Ax Ax Ax

MPP, T < SRMC(x) !
MPP, | & SRMC(x) 1
MPP, max & SRMC(X) min

=laE

=

PP,



% Example : C-D production function
x = f(L,K) = LKk, K = K,

f(L) = L“Kg (short run)

TFC = rK,
x 1
L= (=)
Ko
x 1
TVC:WL:W(—B)OL
0
SRMC dTVC w(x . 1 W(l)l 1,
=—=—(—)0 —Fx =—(—F3F)axa
dx o Kﬁ Kﬁ o Kﬁ
dSRMC w 1 11 a2
= —(—))a(— — o
G
w 1.1 1,
—()e>0,xa " >0
a kP
0
dSRMC w 1 1/1 1, >0ifa<1
dx =a F)a (a_]-)Xa =0ifa=1
0 <0ifa>1
I #E

a < 1if MPP, | (diminishing MPP,)
Note that ¢ = 1 if MPP, is constant
a > 1if MPP, T (inreasing MPP,)



(L% K%)is economically efficient if it minimizes cost of producing output x

that is (L%, K°) solves

min wL + rK
s.t.f(L, K) = x
K K
A A
{(LLK)f(LLK) =x}= Iq(xl) isoquant {(LLK)|wL +rK = c} = [.(c) isocost
C
r
Xy w

v
—
v
-



35 d R Bk T X A % X output K
(isoquant) £53 costline (isocost)

(L% K%)is economically efficient

= MRTS,k (slope of an isoquant)

w
= = (slope of isocost) at (L%, K%)

Diminishing MRTS;x S.O.C.

(L%, K°) solves

. w
min wL + rK ——
} = F.0.C. [MRTSLK r

s.t.f(LK) =x f(L,K) =x
LO =L IRy
. (w,r X)} conditional input demand function
K" = K(W; T, X)

** In equilibrium, Isocost and Isoquant touch(tangent) to each other.

Slope of an isocost = slope of an isoquant
w
—_— = MRTSLK

r

another necessary condition: f(L,K) = x

L(L K1) = (WL + rK) + A(x — f(L, K))

af(L, K) of(L,K) ’

Foc: L, =w—2A T =0 D =>w=A L o)
af(L, K) of(L, K) ,
Ly=T—A—0—=0 @ =r=21 K @




L, =x—f(LK) =0

of(L, K
@ w_ (aL ) _MPR, o
@ r Of(LK)  MPP LK
0K
0 =
F.0.C.= }I(JO _ ?(((Vv\\,/’,l;,z))} conditional (on x) input demand functions

X, (w, r) change E
C"‘ .
= E th
X, % change . xpansion pa
a
X changes r
K, €2
NGRS e SR
}E b Expansion
— _ ! €4 i path
ate, cost = wL; +rK; = C, K, N Xy
~ > |
= LRTC(x;) 0 L L S S 2
w T w w
ateq cost = wL; +rK; = C;
= LRTC(x1)
at ez cost = wL; + rK3 = C3
= LRTC(x3)
*s% Tejth, H @ ghe SR & & F > LR
LRTC fe
A
same X, compare LRTC(x) and SRTC(x)
suppose K = K; fixed in the SR
LRTC(x;)
LRTC(x) < SRTC(x) for every given K LRTC(s)
(73 -#) (%- & K$pt- i SRTC) e
G ¥
*LRTC 2 B2 4™ B > g i @ it

0



FE

SRTC, SRTC,
LRTC

|
R

\

LRTC is the envelope of the SRTC K, = TFc,
curves

rK, = TFC,

LRTC(x i = TFG

LRAC(x) = LRTCx) . 5 > x
0 Xy *s X X3

ALRTC(x

LRMC(x) = —()
Ax
_ $

* LRAC is the envelope of SRAC A LRAC

o
v

X %4 X X3 X

{ min wL + rK
LK
s.t.f(L,K) =x

Static Analysis:

F.O.C.:

PPL _W

MRTSk (= MPPK) =— isoquant 4= isocost #p

r
f(L,K) =x
= L% = L(w,1,%)

K% = K(w, 1,x%)

Comparative Analysis:




(1) x changes = expansion path
LRTC(x) < SRTC(x) for every given K

LRTC(x) SRTC(x)

(a4 ) < ”

for every given K
= LRAC(x) < SRAC(x) for every given K

= LRAC is the envelope of SRAC curves

at X1 LRAC(Xl) = SRAC(Xl)

at X9 LRAC(Xz) = SRAC(Xz)

rK; = TFC,
rK, = TFC,
rK, = TFC,

K
A
2 EP
et 3
.
€z
K, SREP
B
K, > x, R R A
1 %, BB Kfix 27)
0 c C, > L
L, L. = =
w w

C; =wL; +rK,
LRTC(x) = w- L°(x;w,r) + r- K°(xxw, 1)

s SRTC, SRTC,

SRTC,

LRTC

\

o
v

Xy Xs X, X3



LRMC(x) > SRMC(x) for x $

N
<Xy SRTC LRTC

LRMC(x) < SRMC(x) for x >
X1
LRMC(x) < SRMC(x) for x >

X1

LRMC(%,) <
LRMC[_\;JJ{ -

= LRMC is not the envelope of 0
the SRMC curve $

~ SRMC is steeper than LRMC

X

=
>

0 X,



Example : Cobb-Douglas production function

f(L,K) = L*K# K
N
_Bw
min wL + rK 2 K=ot
LK (expansion
s.t LO(KB =X path)
w
Xa
MPP, al*!KPF  aK w ~ ’
= = ==—=— slope = ——
MPP, P LKP-T BL L . ST, S
oK = EKL = expansion path (D MRTS(L,tK) = MRTS(L,K) w
or p p
[*KP =x (isoquant) (@
O KA
Bw Bw
= LO( ——1 B = ’ I BLO('l'B =
((x r ) x ((x r) x
ar
= L = (-—)Fx
Bw
B 1
> 16 = (o —)a+Bxit
Bw
Bw o 1
= KC — (__)Q+Bxa+B
ar
LRTC(x) = wLf 4 rK¢
o B o 1 g a B a 1
= (_)a+8ra+[3wa+[3xa+[3 + (_)a+Bra+BWa+BXa+B
o
a B o1 B a1
— (_)a+B + (_)a+B ra+BWa+BXa+B
B a
1
=c(w,r,q, ) * xa+b LRTC
N
a+B>1 LRTC(x) concave fa+pel farh=1
a+ B <1 LRTC(x) convex
fa+B>1

a+ B =1 LRTC(x) linear




* Example: f(L,K) = min {g%}

Most efficient: E =

o | =

=> K= EL (not only most efficient, but also EP)

= P =ax(mow), K%=bx (nor)

o | R

LRTC(x) = wL? + rK°® = w ax + r bx = (aw + br)x
LRAC = aw + br

LRMC = aw + br

SR cost:

K =K,

TFC = rK,
TVC = wL(x)

. (L Ko
x = f(L,K) = min {—,—}
a b

L_Ko _Ko(f. d)
~ =7, x = (fixe

K
X< ?0 (capacity constraint)

Ko

K
X > ?O(infeasible) = SRTC -» wif x> 5

L
S<l x=2(=f(L
Z <L, x =2 (= (L)
Ko : .
X< 5 (capacity constraint)

XxX=— = L =ax
a

TVC = wL = wax (note that TFC = rK)

SRTC = TFC + TVC = rK, + awx



K
when x = N A
LRTC = (aw + br)x

2 S

= SRTC = rKy + awx = rK + aw?
rK,
K 'K
LRTC (x = F()) = (aw + br)x e
K 0 i > X
= (aw + br) -2 % %
b (capacity constraint)
Ko —
= rKo + aw— <K
b X Y SRTC = rK, + wax
(F122 aw < LRTC §]&z(aw + br))
= SRTC (X = &)
b

Another comparative statics analysis:

(2) w (or r) changes (change in price of

input)
K
the firm’s problem is: et
min wL + rK &
LK } - L .
s.tf(L,K) =x K, 2
(LK) <~
w e,
= F.0.C.: MRTSLK = ? ) f(]_,, K) =X Kyt : .
i 1
= L9, K° &
= LRTC = wL + rK° ° oL 2 2
W A
x fixed(x4)
\‘V:
r fixed
wy - Lf(w)
wT=w; - wy,wy > wy 0 L, Ly g

~ e; = e, (both e; and e, are on isoquant x;)

Locus of equilibrium with respect to change in w = isoquant x;



w, I change in the same proportion

* Example : problem : min_xoL+rKs.t. f(L,K)=x
(o,r)—(tw,tr)
Foc MRTSx = ©/r > MRTSx = '@/ .= ®/; » unchanged
f(L,K) = x «< no (w,r) = L° K°don't change
i.e. L=L(w,r,x)=L(tw,tr,x)
K=K (o,r,x)=K(to,tr,x)
— L(o,r,x) and K(o,r,x) are homogeneous of degree 0 in o and r

Conditional input demand functions are homogeneous of degree 0 in ® and r

LRTC(X;0,r)=wL+rK°
LRTC(X;tw,tr)=to L +trK°=tLRTC(X;w®,r)

—LRTC is homogeneous of degree 1 in w and r

w, r change =
L°, K°change, L° = L(w,r,x)
K° = K(w,r,Xx)
LRTC(x; w,r) = wL° + rK° = wL(w,r,x) + rK(w,r,x)
L°,K° are homogeneous of degree 0 inw and r
L(tw, tr,x) = t°L(w,1,%)
K(tw, tr,x) = t'K(w, 1,x)
LRTC(x; tw, tr) = t'LRTC(x; w, r)

LRTC is homogeneous of degree 1 in w and r



tr T
e
X1
Ww_w
ir I
>1,

teo_ Co

tw W
Figure70:

L°,K° depend on %, i.e. L°, K° are functions of % and x
w
L° = L(w,r,x) = L(?, 1,x)

w
K° = K(w,r,X) = K(?,l,x)

KO\r

v vonr) MEY)
K0 Rwnd k() LT

K w
A T (EsHER)

M

L w
(—) : conditional relative labor demand function (conditional /Z#5 conditional on x(fixed))

conditional relative
input
demand function

L™ (%)




A(xo)
| o] Jont)__eng
i 7 | d(@)? ~ dIn g)| dIn R0
A a2 (e ™Y qm (Y
Ay [k din (%) dIn ()

T

note that in equilibrium MRTS;x = %

L K K
srd _ dll’lK _ [ dll’lt _ dlnt
d ln(MRTSLK) d ln(MRTSLK) d ln(MRTSLK)
= o (Elasticity of substition)
N N
[ EP,
r
€ EP;
C. W
3l o S
W2
Ca )
w X -
e 3 >L
C1 £/ L| L /
W W
Figure73: Figure74:

w changes (r is given)
wil, wi-w;, wy<wy
De;—e,, given x= e,
@) EP,—EP,

In each EP, w, r are given, and x is free to change



D wi, wiow,, wo<w,

. w w w
Given x = xy,— ! (TZ < Tl)

= LT, Kl(Ll - Lz,Kl - Kz, Ll < Lz,Kl > Kz)

= L°is downward sloping

LRTC, $

N
©) LrrC S

Cs (ei)
C] = W LRTCZ
Cq

Cz

d (e

e

> X

X2

Figure75:

wl= LRTCT!?

>
e, LRTC(xq,w,, 1) =e;LRTC(x{, Wy, 1)
<

From Figure 73, CTZ < Cr—l (r fixed)

= C;(i.e LRTC(xq, w1, 1)) > C,(LRTC(xq, W3, 1))

From EP; and EP,, w; - w,(w l) = LRTC; >LRTC, (LRTC shifts downward)

Change in w = shift of LRTC
w T = upward shift of LRTC

w | = downward shift of LRTC
r T = upward shift of LRTC

r | = downward shift of LRTC



Ling Run Cost Curves

] X
& N
AN
IME fL)
o
DME
Y PR )L
L5 L: LM
Figure76:

In the SR, K fixed
IMR = Diminishing marginal cost

DMR = Increasing marginal cost

In the LR L&K are variable

min wL + rK
L%, K? is economically efficient, if L°, K® solves LK
s.t.f(L,K) =x

= L° = L(w,r,x),K° = K(w,1,X)

LRTC(x) = wL® + rK° = wL(w,1,x) + rK(w,1,Xx)

f(tL, tK) >tf(L,K), t>1 = Increasing returns to scale
f(tL, tK) = tf(L,K), t>0=Constant returns to scale

f(tL, tK) <tf(L,K), t>1 = Decreasing returns to scale



Suppose f(L,K) is homogenous of degree k in L. and K
f(tL, tK) = t* f(L,K)
k>1, f(L,K) is increasing returns to scale

(t*>t for k>1 =f(tL, tK)>tf(L,K))

k<1, f(L,K) is decreasing returns to scale

(t<t for k<1 =f(tL, tK)<tf(L,K))
k=1, f(tL, tK)= tf(L,K) constant returns to scale
note that: f(L,K) is constant returns to scale

=f(L,K) must be homogeneous of degree 1 in L&K

K

™ EP’
EP

>L

Figure77:

Expansion path at a homogeneous production function is a straight line
through the origin

i.e. MRTS;k is a function of %



)l

Suppose (L°K°) is the cost minimum input combination to produce x unit of
output

min wL 4+ rK
10 K? solves LK
s.t.f(L,K) = x

= LRTC = wL° + rK°

Suppose we would like to produce an output of tx, t> 1 (tx > x)
f (L, K) is homogenous of degree k

f(tL,tK) = t*f(L,K)

= constant
K>1 f(L,K)is increasing return to scale
< decreasing

f(tL, tK) = t*f(L, K)> tf(L,K) = tx
<

f(t' Lt K) = tf(L,K) = tx

t =t

t < t and L°K° isoptimal to produce output x°
t >t

., min wL + rK
(t Lt K) sovles LK
s.t.f(L,K) = tx

LRTC(tx) = wx t L% + r x t K® = t (WL + rK®) = tLRTC()

wL®+rK°

LRAC(x) =
* LRAC(x)

wxt LO+rxt KO t (wLO+rK° wL°+rK°
LRAC(tx) = = U ) <

tx tx X
>

fixed
Sincetx > x = LRAC(x)is decreasing withx = Economy of scale
increasing Diseconomy of scale



- H H-FFH_F'_'_,-" b '-'. /
K - i)
i )
X XX X R &
Figure78:
f(L, K) is a homogeneous function
increasing S decreasing
f(L,K) is constant returns to scale & the LRAC(x) is constant inx
decreasing S increasing
S
AR
ME
TR P=AR=MRE

- > > X

Figure79:



min
(L°,K°) solves{ LK WL+ 1K @)

s.t. f(LLK) =x

LRTC(x) = wL’ + rK°

wW
0 oy _
F.0.C. {MRTSLK(L K=

f(L°,K°) =x
LRTC(x
LRAC(x) = 4
min
X o tx,t>1 =>{ LK WETTK ey
s.t. f(LLK) =x

note that : f(tL,tK) = t*f(L,K)
1
t= (tk)"

1 1
= f (tEL, tEK) = tf(L,K) = tx

(L°,K°) - x
1 1
(tkLO,tkKO) - tx FF& f(L°,K°) =x

1o
<tkL0,tkK0) = tx

e, satisfies 2nd FOC for (*x*)

11
MRTS, (tELO,tEKO)
= MRTSLK (LO, KO)
w
=7 — EP is a straight line through the origin

First FOC is also satisfied

ez solves (**)



1 1
(tkL? , tkK?)
1 1
= LRTC(tx) = w (tkL0> + r(tkK?)
1
= tk (WL? + rK?)

1
= tkLRTC(x)

LRAC(tx) = tk ' LRAC(x)

1
LRTC(tx) _tkLRTC(x) _ 1
tx B tx B

1. K=1 (constant returns to scale)

= LRAC(tx) = LRAC(x), for all t > 0 constant LRAC

2. K>1 (increasing returns to scale ) — % -1<0

1
St = <1, forallt>1

|-

1

~1

= LRAC(tx) < LRAC(x),forallt > 1 (tx > x)

LRAC is decreasing in x (economy of scale)

3. K<1 (decreasing returns to scale ) — % -1>0

1
=t > 1, forallt>1
= LRAC(tx) > LRAC(x),forallt > 1 (tx > x)

LRAC is increasing in x (diseconomy of scale)

Suppose f(L,K) is not a homogeneous function
increasing returns to scale « economy of scale ?
decreasing returns to scale « diseconomy of scale ?
sure,

f(L,K) is constant returns to scale

f(tL,tK) = tf(L,K) < f(L,K) is homogeneous of degree one in L. and K



f(tL,tK) > tf (LK) = tx
(L9,K9) solves
mingx wL+rK
s.tf(LK)=x
LRTC(x)=WLO +rK?
(tL9, tKO) costs tLRTC(x )
(tL2,tK%) - tx
f(tLo, tKO) > t f(tLY, tKO) = tx

w(tL?) + r(tk®)  w(tL®) + r(tk?)

< = LRAC
x' tx )

LRTC(x") #

Since f(L,K) is not a homogeneous function
MRTSLx (tLO,tKO) # MRTSLk (LO,KO)

ming gk WL + rK (xx)

t Lot K9) doesn’t solve { )
( ) s.t.f(L,K) =x

There is another (L, K’) solves (**) and costs less,
LRTC(x") =wL' +rK’< w(tL0)+r(tK?)
= increasing returns to scale — decreasing LRAC(X) (economy scale)

increasing LRAC(x) (diseconomy of scale) — decreasing returns to scale



&€
f(LLK) = (LP +KP)P p<1,e>0,p#0

f(tL, tK) = ((tL)? + (tK)P)g = t*(LP + KP)%

FOC:
w
MRTSLK - —
r
E (1P + K)o Lp 1P~
p p L, w
MRTSLK = c 5_1 = (i)p = ?
B(Lp + Kr)p "pKr-1
L w le L w pl_lK
> == (—)P~ = (—)P—
== &

another FOC: (L + KP)» = x

1

St

=X

p

-( 1+ (y)"—1 )KP

r

P
(14 () 7K =x

P ¢

K= (1+ (%)"—1 ) Px

w% 11 1
K0=(1+(?) ) PXe =g XE

P4y

w _1_ Wyp—T .+ 1 1
10 = (?)9—1(1 + (?) ) Pxe =cp Xxe
1 1

LRTC(x) = wL® 4+ rK® = wc; x¢ + regxe

1 1
= (wc, + reg)xes = A(w, r)xe



LRTC 1
RAC = —~ - A(w,r)xe !

€ > 1 increasing returns to scale

1 1
p < 1'E —1 < 0 LRAC ! with x (economy of scale)

€ <1 decreasing returns to scale

1 1
p > 1'E —1 >0 LRAC T with x (diseconomy of scale)

€ =1 constant returns to scale

LRAC(x) = A(w, r)x%_1 = A(w,r)



