X3 & LA

X : maximum amount of output that can be produced
L : labor

K : capital -- factors (T is fixed, # 3 » 313h)
T: land

Production period ( # # p54% > & REF 7SR LR 7 )
Short run (SR) : there is a fixed input — assume K is fixed in the SR

Long run (LR) : all inputs are variable
Very short run : all inputs are fixed
Very long run : f(.) can be changed (technology progress)

Given K =K,
f(L,Kq) issimply f(L), x=f(L)
Total physical product of labor : TPP, % F %4 A&

ATPP |, Af(L,K) .
AL ( oL orf(L))
TPP,
L

Marginal physical product of labor : MPP, =

Average physical product of labor : APP, =




x (TPP,)

X

APP, atL,

x (TPPR)

Decreasing
Marginal
Returns

Increasing

Marginal
A Returns
b

Negative
Marginal
Returns

fL) —
~ e
Li Lyl i L Ly Lshk i L
R
Sz :ﬁ MPP,
Z 3
&
SRR
TPP, dTPP, dL dTPP, TPP,
dAPPde( L )_L_dL ERALY: Y | P
dL dL 12 L
MPP, — APP,
=———— >0if MPR, > APR,

= 0 if MPP, = APP, (APP, is max)
< 0if MPP, < APP,



Similarly, given L = L
Total physical product of capital : TPPx = f(K, Ly) = f(K)

Marginal physical product of capital : MPP; = ATAP;)K (= afgLI;K) or f'(K))
TPP

Average physical product of capital : APP; = "

Isoquant (8 2 1)

x = f(L,K)

Ax Ax
Ax = —AL +—AK

AL AK
_OF(LK) (LK)
dx = L dL + o dK

0 = MPP_dL + MPPtdK (Any combination of input on an isoquant produces
same amount of output)

- dK _ MPP,
B dL  MPPg

dK .
TR (slope of an isoquant): MRTS;x (marginal rate of technical substitution)

B

I,(x,)

> L



Law of Diminishing Marginal Returns

MPP, | with L (if L is large enough)
MPP, | with K
We do not rule out increasing marginal returns when variable input is small

Convexity of the isoquants

Diminishing MRTS;

= isoquant downward sloping ?

?
Diminishing marginal returns (MPP;, & MPPg) = Diminishing MRTS; g

Original idea:

MPP,
MPP

MRTSLK S

LT, MPP, | (diminishing MPP,)
= K ! (on an isoquant)
= MPP¢ T (diminishing MPF)
MPP, |

MPP; 1 ¢

= MRTSLK =

ikt R FAR LKA BEN T

Simplified notation:

x = f(L,K)
df(L, K)

6]_, S MPPL S fL
Jf(L, K

( ) = MPPK = fK

oK



of?(L,K) dMPP, _ c
oz~ 9L M
of>(L,K) OMPPg
oK oK
of*(L,K) OMPP,
dLOK ~ oK 'K
of?(L,K)  dMPP¢ c
9KaL ~ oL X

We want to compare the slope of a & the slope of b, rather than fix K and compare the
slope of a & the slope of ¢

dMRTS  _ d G—}L() \

N
dL dL
df, . df

_feqr —fiqn
- =

f Oy OfL AR Ofi | Ofi dK 1,(x,)
_&Grtokar) ~ LG Tk .
- fic* L, L,

K
f f

, <fLL+fLK - i)> b (fK”fKK (- i)> dK MPR, f,

- te that: —— = =L
2 (note tha Ao, ~ VPR, ",

_ fieCfu fie — fifi)) — fu (e fic — e fL)
fi>

_ fifu, — fuficfi — fufichia, + £ "

fi>

f, >0,fx >0,f2>0,f2>0,f>0

fi, <0, fxxk < 0 (diminishing marginal returns)



OMRTS 1k

if fix>0= m <0
. JOMRTS JMRTS
if fix<0= TLK<OOFTLK>O

~ Diminishing MPP; & MPP is not enough to imply diminishing MRTS; x

* Example : Cobb-Douglas production function
x=f(LK) =AL*KP, A oB>0

MPP, = «AL*'KP > 0

1 ~ no ridge lines
MPP; = BALKP-1 > 0

dMPP, , > > (increasing marginal returns)
aL (a = DaAL*?KP =0 if a =1 (constant marginal returns)
< < (decreasing marginal returns)
OMPPy , > > (increasing marginal returns)
aK (B—1BALKP2 =0 if B =1 (constant marginal returns)
< < (decreasing marginal returns)
X X X
N N A
f(L) fib
a>=1 “st fiL)
a<1
> L > L > L

Indifference curve

X

AL’KP =x = KB =
x ALY




LT, Kl isoquants are downward sloping

dK X % _a lq(x,)
MRTS;x = 1L using K = (K) L B to claculate > L

1

s

fi  aAL*'KP K

MRTSLK:azngf lwithL TandK{
aK dK dL aK o
dMRTS _d(Ef)_gLE‘KE_gL(_EE>_K _aTpR TR
dL. ~ dL B 12 B 12 B 12

». Diminishing MRTSk ( ? Cobb

— Dougls & ## - %_# | Diminishing MRTS g, it  — %_{¥ | Diminishing MPP)

Polar cases of input substitution: t

1. L & K are prefect substitute inputs

= MRTS;x = constant VallLand K

o'l W

v
-



* Example: K

1 most efficient
x =f (L, K) =aL + bK
MRTS, » = MPP, _a
LK~ MPP, b
~.b
a > |
K
2. L &K are prefect complements in T 7
production
KI ______________
* Example :
MRTS, ; at d
MR'I[‘:Q atc
. (LK A d o 1°(x)
X==fU~K)=1nH4;fE} Ko foylmi sfffﬁffﬁéﬁq 12 (x,)
. . Al N
most efficient L & K combination: L, L, L L
L K K _b
a b or L a

frE b REY BRSHEE R > F a4 e

. K
ratio of T

Ki K
_ﬁ—

L L

A
[2(x;)  MRTS} atc— MRTS? atd
b b ab b
Ig(x;)  MRTS[ atc— MRTS] atd

Ab > Aa (substitutability between L & K, a is bettern than b)

EHGTRARR S DR A RA(RAR] o AR 4 ARR)



Elasticity of substitution (o) # &+

K
L — MRTS; MRTS;x depend on L and K

% = 1 percentage change in K and L ratio
% 1 percentage change in MRTS;
oAX %, N 4 A% isoquant AT ¥ 5> 2 > F A EF 0> ©

Z2IHE 0-0

* Example: L and K are perfect substitutes

x = aL. + bK
VRTS .  MPRL_ 2
K~ MPP, " b

1 dlnMRTSLK
_:—K =0 >0->
o ding

* Example: Cobb-Douglas production function

x = f (LK) = AL*KP, A, o, >0

_%_ a—11B
MPP, = - = AaL*"'K



dMPP,
oL

= Aa(a— DL 2KPF <0 ifa<1

Diminishing marginal returns in L

_%_ apf-1
MPP = = = ABL‘K

dMPPg

— _ aB-2 ;
= AB(B - DLUKP? <0 ifp<1

MPP,  Aal*'KP  aK
MPP;  ABLeKP-1~ BL

MRTSLK =

In MRTS, ¢ = 1 (aK>—l ¢ e
n LK—n BL —nB nL

1 _ dln MRTSLK _
o dmi

=>0=1

~ 0 is constant = constant elasticity of substitution production function (CES)



fix K % f(L)# fixL > 4 f(K)

el

> L
> K

f(K)

/

L = L, fixed

K, fixed

K=

fm mm e ———————————

X €

wx €

% input e P PF > f(L,K) — f(tL, tK) 4rim 22 2



Returns to scale K

KoL it = 9 o oot 6] 86

x = f (LK)

x=400
1. f(tL, tK) = tf(L, K) = tx o
I x=100
forallL,Kandt> 0 ; '/'ﬁ': o .
K/ K Lo L;15L,2L,
L, L,

constant returns to scale (c.r.t.s) 7 =%
3R pY

2. f(tL,tK) > tf(L,K) = tx forallL,Kandt > 1(%# it ) HH)

increasing returns to scale (i.r.t.s.) 2R3k v vf 3

3. f(tL,tK) < tf(L,K) = tx forallL,Kandt > 1

decreasing returns to scale (d.r.t.s) i3k pvif e

Homogeneous function & =t ¥k

f(x1,X2,**,Xm, ***, Xy ) is homogeneous of degree I« in (X4, Xy, ***, Xy ) if

, 8> 0

x = f (L,K) is homogeneous of degree k in L & K if f(tL,tK) = t*f(L, K)
constant returns to scale= f (L, K) is homogeneous of degree 1 in L & K

However, production function may not be homogeneous.

Non — homogeneous <« returns to scale

b ﬁ 7 gl o “,/]c‘. £ §_c.r.t.s - Z_¥_homogeneous of degree 1



production function

i.rt.s c.r.t.s (degree 1)
non-
homogeneous homogeneous4 | i.r.t.s (degree k>1)
drts d.r.t.s (degree k<1)
* Example:

f(L,K) = L + K? is not a homogeneous function

f(tL, tK) = tL + (tK)? = t(L + tK?) > tL + tK?ift > 1

= increasing returns to scale

Given a production function is homogeneous of degree k in L and K,
i.e. f(tL, tK) = t*f(L, K)
k>1 = f(tL, tK) = t*f(L,K) > tf(L,K) fort > 1
= f(L,K) is increasing returns to scale
k<1 = f(tL, tK) = t*f(L, K) < tf(L,K) fort > 1

= f(L, K) is decreasing returns to scale



Given a homogeneous production function f(tL, tK) = t*f(L, K),

if f(L,K) is increasing returns to scale, i.e. f(tL,tK) > tf(L,K) forallt > 1
= implyk > 1

if f(L,K) is decreasing returns to scale, i.e. f(tL,tK) < tf(L,K) forallt > 1

= implyk <1

* Example:
x = f (LK) = AL°KP
f (tL,tK) = A(tL)*(tK)P
= t**F AL*KP
= t**Bf (L, K)
a+pB=1= f(tLtK) = tf (LK)
= f (L, K) is constant returns to scale
a+B>1 = f(LtK) > tf (LK) fort>1
= f (L, K) is increasing returns to scale
a+B<1 = f(tL,tK) <tf (L,K) fort>1

= f (L, K) is decreasing returns to scale

* Two polar cases
Casel: L and K are perfect substitutes
x = f(L,K) = aL + bK = constant
x = f (L,K) = (aL + bK)3 = incresing

x =f (LK) = (aL + bK)??® = decresing



Case 2: L and K are perfect complements

L K
x=f(LK) = min{g,g} = constant
L K
x=f(LK) = (min{;,g})3 = incresing

. LK _
x=f(LK) = (mm{;,g}) : = decresing

* Example: Cobb-Douglas production function
x = f(LK) = AL*KP
f(tL,tK) = A(tL)*(tK)P

= t*tB AL*KP

= t**B f(L,K) = AL*KP is homogeneous of degree a +  in L and K

% Example: f(L,K) = (aL + bK)3
f(tL,tK) = (a(tL) + b(tK))3
= t3(aL + bK)?

=t3f(L,K) = (atL + btK)3 is homogeneous of degree 3 in L and K

* Example: x = f(L,K) = L* + KB
f(tL, tK) = (tL)* + (tK)# = t*(L* + tP—oK#)
o if a = B, f(tL, tK) = t*(L* + KP)

f(L, K) is homogeneous of degree a in L and K



o if a # B, f(tL, tK) = t*(L* + tF~*KP) # t*(L* + KP)
f(L, K) is not a homogeneous function

oa # B, suppose a > f3
f(tL, tK) = t*(L* @
< K"
Given t>1,t*PF>1
= f(tL, tK) < t*(L* + KP) = t*f(L, K)
a <1 f(tL,tK) < tf(L, K) decreasing returns to scale

@a # P, suppose a < f3

f(tL, tK) = t* L°‘+
(1t = ‘)>K‘3

Given t>1,tb~*>1
= f(tL, tK) > t*(L* + KP)

a>1 f(tL,tK) > tf(L, K) increasing returns to scale

Homogeneous function vs MRTS

A production function f(L, K) is homogeneous of degree k in L and K,
i.e. f(tL,tK) = t*f(L,K), are f, (= MPP,) and fx (= MPPy) also homogeneous?
= f; (L, K)and fx (L, K) are homogeneous of degree k — 1 in L and K

(A homogeneous function of degree k has homogeneous of degree k

— 1 first derivatives)
(proof)
f(tL, tK) = t*f(L,K) t # 0 forall L, K

Of(tL,tK)  atrf(L, K)
f, (tL, tK) = T AL




of(tL,tK)  Of(tL,tK) dtL

(by chain — rule) = | (tL,tK) o t

oL otL dL
ot f(LK) |
L t*f; (L, K)

f, (tL, tK) o t = t5f, (L, K)

= f, (tL, tK) = t*71f (L, K)

= fi (L, K) is homogeneous of degree k — 1 in L and K
Similar proof for fy(tL, tK)

fi (tL, tK) = t* M (LK) =
fx (L, K) is homogeneous of degree k — K
linLand K

MPP | (tLtK) |

MRTS,k (tL, tK) = MPP g (tLtK) ~ .~

=IMPP |, (LK)
t<=IMPP g (LK)
_ MPP,(L,K)
~ MPP¢(L,K)

= MRTSLK (L, K)

= t"MRTS;k (L, K)
= MRTS;k (L, K) is homogeneous of degree 0 in L and K

~ MRTS;k (L, K) depends on % only (F & wif - % 2 £ 4> ,T*‘u? g EH w8 iE
$ABH L AT )



Homothetic ( 62)
f(L,K) is homothetic if it is a positive transformation of a homogeneous function

h(L, K)is homogeneous of degree k in L & K, g (.) >

0, f is not necessarily homogeneous
f(L, K) is homothetic and has the form of f(L,K) = g(h(L, K))

LK) _gh (LK) _ hy(LK)

MRSk (LK) = £ 010 = e (LK) ~ he(LK)

of ,
f(tL,tK)  pp (tLtK)  ghy (tL,tK)  t*hy (LK)

fie (tL, tK) % (tL, tK) ~ g'hg(tLtK)  tk—Thy (LK)

= MRTS  (L,K) - homothetic » F #f 02 s %

MRTS, (tL, tK) =



* Two polar cases

Casel: L and K are perfect complements
in production

L K
x=f(LK)= min{—,—}
ab

most efficient L & K combination: A

_K K_b
b OrL_a

Given K =K,

L K
K fixed = % ;i’éi@fﬂf‘n TEREE4A

Lo %o mpp =0
—_ _:) =
a b L

a

L>
— 7%

Ko,

>
I

Given L =L,

K>L° MPP, = 0
-S> = =
b a K

b
:>K>—L0,
a

o — 1
Elasticity of substitution = — - 0

o|f o|& olF

most efficient

w Ic'g)

LMPP !
x=- = - X
~(MPP, = )

mlbﬂ?“_

K 1 L
“:=E(MPPK =g) X=

a
—

° (MPP, = 0)




K=K _ _{LK}_L_fL<K0 L<aK
= K, X—mlna,b—ala_bor 0
MPP of(LK) 1

e = = —

L JoL a

X = min a,b—b la bOI‘ b 0

of(L,K)

= MPP, = 5L =0

Similarly, given L = L
_ {LK}_K.fK<LO K<L

X = min 5 —blb_aor 7 Lo

of(LLK) 1
MPP = —— =+
o {L K}_LO _fK> Lo K>bL

X = min a,b—a lb aOI’ ao

of(L,K)

= MPP, = IK =0

tL tK L K
f(tL,tK) = min {—,—} = t min {—,—} = tf(L,K)
a'b ab

~ homogeneous of degree 1 in L & K = constant returns to scale



% Example: x = f(L,K) = (mingg:@-’;’%})r

f(tL,tK) = e, & F=tr e, ' =t"f(L, K
K) = (minif—, )" = t"(minf, 2" = (LK)

~ homogeneous of degree r in L and K
= L & K are perfect complements
0 <r <1 ,decreasing returns to scale
r =1 , constant returns to scale

r > 1 ,increasing returns to scale

L K
f(L,K) = A + min {;‘ E}' A, a, b are some positive numbers

tL tK L K
f(tL,tK) = A + min {—,—} = A+ tmin {—,—} # tf(L, K)
a' b ab

=~ it is not a homogeneous function, L. & K are perfect complements

Case2: L and K are perfect substitutes

f(L,K) = aL + bK

MPP, =a) . .- . .
MPP, = b} fixed coefficient production function
K fixed L fixed
f(L) f(K)
A f(L) = bK, + aL A

f(L) = bK, +aL

bK,

bK, k28

bK,

v



Isoquant
{(L,K)If(L, K) =aL+bK = Xl} = Iq(Xl) X2 < X1 < X3

MPP, (LK) a
MRTSk (L, K) = MPP (LK) =5 consatnt(no L and K)

f(tL, tK) = a(tL) + b(tK) = t(aL + bK) = tf(L,K)
=~ is homogeneous of degree 1 in L and K = CRS
MRTS; k (tL, tK) = MRTS;k (L, K)

~ MRTS;k (L, K) is homogeneous of degree 0 in L and K

f(L,K) = (aL + bK)" is homogeneous of degree r in L and K

r=1= CRS
r>1=1IRS
r<1= DRS

However, f(L, K)=A+(aL+bK) is not homogeneous, L & K are still perfect substitutes

o — oo - perfect substitute



% Example : f(L,K) = (aL + bK)?

2(aL+bK)-a a
2(aL+bK)-b b

MRTS,« (L, K) =

MRTS; y (tL, tK) = 2@tL +btK) rat _a_ o (L K)
LA Y T 2@atL + btK) bt~ b LA

K f(L) ,
AN 2
AN (aL+bK.)
P fxed
1.414K K=K,
K.
(bK.). K=()
Xin2Xn 4X r'a]_,'];:
h N
- >L > L
F igure 50:

f(L,K) = (aL + bK)?

f(tL, tK) = (atL + btK)? = t?(aL + bK)? = t?f(L,K)
=homogeneous of degree 2 in Land K

=>increasing returns to scale

f, = MPP, = 2(aL + bK) - a

JdMPP;,
fiL = ET

= 2a? > 0 increasing marginal return in L (and also in K)



Figure 51:

* Example : f(L,K) = (aL + bK)%®
check :

decreasing returns to scale

diminishing marginal return

* Cobb-Douglas production function
x = f(L,K) = AL°KP

MPP, (LK) aAL*'KP K
MPP¢ (L, K)  BAL®KB-1 ~ BL

MRTSLK (L, K) =

K
dll’lt

© = dIn MRTS.4

aK o K
In MRTSLK =In (EE) = IHE + ll’lf

1 _ dln MRTSLK _
c .. K 7
dlnt

1 = o =1 consatnt



f(tL, tK) = ((tL)? + (tK)P)g = (tP(L° + Kp))g =t5(LP + Kp)g = t*f(L, K)
=~ f(L, K)is homogeneous of degree € in L and K

€ < 1, decreasing returns to scale

¢ = 1, constant returns to scale

€ > 1, increasing returns to scale

o =?
E (1o 1+ KPYo LpLo-l
MRTS,x (L, K) = MPR LK) _p P _ Lao-1 = Koo
LA T MPR (LK)~ € =@ =@

€
S+ Ke)p ' pKe-1

K, _ K
In MRTS x = ln(f) P=(1-p) lnf

dln MRTSLK —1

K
dlnt

1
s 0 = —— = constant
1-p

p — 0 ¥, CES production function =& * ¥_Cobb — Douglas production function

FAEMRLIEMPo=0 ~p=1



