
2 d.«n

…û˝5óÉd., u}Ñ�¶}:(ø) °Z (Isomorphism) , (ù) åÅ�G (Word

Length Pattern,WLP) , (ú) Minimum Aberration , (û)lbƒb (Counting Func-

tions), (ü) �SÝ°Z5�Z, øÊ¤ıÌ`�èD«n�

Ê…ıÇá‡Bbl�Üø<¯UDàx� I D Ñ OA(N, s1s2 · · · sk) írÄäql

(full factorial design) , w� k _Ää¸ N _õðõ, N = s1s2 · · · sk � � i _Ää

í®Äu Gi = {0, 1, . . . , si − 1} ⊂ R � Ä¤, D uÊ R
k 2 N _õðõíÕ¯� ø

_ k _ÄäíÄäql A , à‹…íõðõî¨ÖÊ D 2, †˚ql A Êql˛È D

2, 6ÿu, ∀x ∈ A,x ∈ D � Ê D 2íø_õðõÊ A 26r}|ÛøŸCÖŸ� B

bø
∑

x∈A f(x) [ýÑúƒb f ø A F�íõðõ‹,; 6ÿuà‹õðõ x |ÛÖ

Ÿ, f(x) 6ø‹,ÖŸ�

ú©_Ää Xi , Bbªì2ø_ò>úª (orthogonal contrasts)Õ¯ Ci
0(x), Ci

1(x),

. . . , Ci
si−1(x) , wÅ—:

∑
x∈{0,1,...,si−1}

Ci
u(x)Ci

v(x) =

⎧⎪⎨
⎪⎩

0, if u �= v,

si, if u = v.

(2.1)

I � = G1 × · · · × Gk � Ê D 2íø_ò>úª!� (orthonormal contrast basis,

OCB) ì2Ñ

Ct(x) =

k∏
i=1

Ci
ti
(xi)� (2.2)
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2.1 °Z

J t = (t1, t2, . . . , tk) ∈ � / x = (x1, x2, . . . , xk) ∈ D †

∑
x∈D

Ct(x)Cu(x) =

⎧⎪⎨
⎪⎩

0, if t �= u,

N, if t = u.

(2.3)

w2 t,u ÑÕ¯ � 2íjÖ (elements) � Ê$l}&,, C i
0(x) = 1 �\eÑ�

bá� Ä¤, úF�í i ç C i
0(x) = 1 v, Bb˚ {Ct(x)} , Ñø$lò>úª!�

(statistical orthonormal contrast basis, SOCB) � ç Ci
j(x) ÑŸj j íÖá�, j =

0, 1, . . . , si − 1 / i = 0, 1, . . . , k , † SOCB ˚Ñøò>Öá�!� (orthogonal

polynomial basis,OPB) � Ç·<, OPB ¹Ñ SOCB , / SOCB ¹Ñ OCB �

ú t ∈ � yì2s�!Ä� I ‖t‖0 Ñ t 2.Ñ0íjÖ_b� /I

‖t‖1 =
k∑

i=1

ti�

úk SOCB qí Ct , w‖t‖0 ¹u t ¨ÖíÄä_b� à‹ SOCB ?Ñ OPB , † ‖t‖1

¹Ñ…íÖá�Ÿj�

2.1 °Z

úì4Ääíql, s_ql˚Ñ ¯°Z (combinatorial isomorphism) JøqlúÄ

ädW�² (column permutation) � ú�d�² (row permutation) ¸úÄäí®Ä

d¯Uí�² (level permutation) (, ª)ƒÇøql� à[2.1 Ñs 33−1 5ql, Ê

[2˝¬si[ýs_qlä³, ©øW[ýø_Ää, ©ø�[ýø_õðõ� ¬iíq

lä³uâ˝iíqlä³í� C Wd®Ä¯Uí½h§�, {0, 1, 2} → {0, 2, 1} , ]

¤sql˚Ñ ¯°Z� Ê3®Äí¯U§�,u�J-ý�:

{0, 1, 2} → {0, 1, 2}, {0, 1, 2} → {0, 2, 1}, {0, 1, 2} → {1, 0, 2},

{0, 1, 2} → {1, 2, 0}, {0, 1, 2} → {2, 0, 1}, ¸{0, 1, 2} → {2, 1, 0}�

çÄäÑì4v, ÄädLSø�®Ä½h§�F)ƒíÇø_ql, Bb·˚sqlÑ

 ¯°Z� ÄÑÊÄäÑì4í‘K-, dLSÄäí®Ä½§, Êqlí4”,u.}‰

5



2.2 lbƒb

í, Wà, /øÄäÑœÂí)U, 1U� 2U¸3U, Bbø2UZÑ3U, 3UZÑ2U, w

õð!‹u.}‰í�

[ 2.1:  ¯°ZO�S.°Zísql

A B C

0 0 0

0 1 2

0 2 1

1 0 2

1 1 1

1 2 0

2 0 1

2 1 0

2 2 2

A B C

0 0 0

0 1 1

0 2 2

1 0 1

1 1 2

1 2 0

2 0 2

2 1 0

2 2 1

úì¾Ää5Ääql , Ää®Äí½h§�ª?})ƒ.°í�S!Z¸.°íq

lÔ4, *�SíhõVõ, qlä³í©ø�[ý�S˛È,íø_õ, çBbøø�

S˛Èdì�¸ (C) ¥¦, w�S!Zøu.‰í� 7ì�¹uøÄädW�², ¥¦¹

uøÄä®Äd¥�� Ê Cheng and Ye (2004) øsqlì2Ñ�S°Z (geometric

isomorphism) à-:

ì2 2.1 I A ¸ B ÑVAó°ql˛È D 5sÄäql� à‹ø_qlorúÄäd

W�²� ú�d�²¸úÄä®Äd¯U¥� (sign reverse), †˚ql A ¸ B Ñ�S

°Zql�

Ê3®Äí§�,u�ý�, ªøw–}Ñúˇ, {0, 1, 2} → {0, 1, 2} ¸ {0, 1, 2} →

{2, 1, 0} Ñ°øˇ, {0, 1, 2} → {0, 2, 1} ¸ {0, 1, 2} → {2, 0, 1} Ñ°øˇ, {0, 1, 2} →

{1, 0, 2} ¸ {0, 1, 2} → {1, 2, 0} Ñ°øˇ, Ê3®Ä2, ¤úˇ¹F‚í®Ä¥��

2.2 lbƒb

Éklbƒb|oí�dVA Fontana,Pistone and Rogantin (2000)� w‚àlbƒb
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2.2 lbƒb

Vû˝³�½μõðõí2®Ä¶}Ää (fractional factorial) ql� Ye (2003) øwR

�B�½μõðõí2®Ä¶}Ääql� Cheng, Li and Ye (2004) ‚àlbƒb¿p

«n2®ÄÝ£dqlí|7–Õql� Cheng and Ye (2004) †UàlbƒbVúkì

¾ÄäFZAíqldy¿píû˝�

óúk£dql2, ‚àˇí!ZVì2ql, lbƒb†Sà7Çøbç	x—Öá

�� Jøqlä³2í©_õðçT˛È³íø_õVõ, μólbƒbÿuH[O©ø

_õ|ÛŸbíƒb, Ä¤ì2à-:

ì2 2.2 I A uÊøql˛È D 2íø_ql� ql A ílbƒb FA(x) uì2Ê

D ,íø_ƒb, à‹ x ∈ D , FA(x) íM¹Ñ x Êql A 2|ÛíŸb�

ø_ql…ílbƒbuñøí, lbƒb¨Ö7qlíF�Ô4� çlbƒb%â

OCB 
Çv, ¥<Ô4øÓ5×Û�

ìÜ 2.1 ( Cheng and Ye, 2004 ) cq A Ñø n _õðõíÄäql, I D Ñ A

5ql˛È, / {Ct(x), t ∈ �} uì2Ê D 5OCB� † A ílbƒbª[ÛA Ct 5

(4 ¯à-:

FA(x) =
∑
t∈�

btCt(x), (2.4)

úF� x ∈ D � w[b {bt, t ∈ �} ª\ñø²ìà-:

bt =
1

N

∑
x∈A

Ct(x)� (2.5)

J{Ct}Ñ SOCB v, b0 = n/N , w2 0 = (0, 0, . . . , 0) �

W 1 5? k _Ää, ©_ÄäîÑ3_®Ä5ÄäqldÑõW� wql˛È D ¨Ö

7F�í 3k qlõ: {(d1, . . . , dk), di = 0, 1, 2, i = 1, . . . , k} � ;Wì22.2 , LS k

Ääú®Ä5ÄäqlªJ[ýAì2Ê D ,5lbƒb� ú®ÄÄä5ò>Öá�Ñ

C0(x) = 1, C1(x) =

√
3

2
(x − 1) ¸ C2(x) =

√
2(

3

2
(x − 1)2 − 1)�

7



2.2 lbƒb

[ 2.2: s_ OA(18, 33) 5Ääql

A B C

0 0 0

0 0 1

0 1 1

0 1 2

0 2 0

0 2 2

1 0 2

1 0 2

1 1 0

1 1 0

1 2 1

1 2 1

2 0 0

2 0 1

2 1 1

2 1 2

2 2 0

2 2 2

A B C

0 0 0

0 0 1

0 1 1

0 1 2

0 2 0

0 2 2

1 0 1

1 0 2

1 1 0

1 1 2

1 2 0

1 2 1

2 0 0

2 0 2

2 1 0

2 1 1

2 2 1

2 2 2

·<, (C1(0), C1(1), C1(2)) = (−
√

3/2, 0,
√

3/2) ¸ (C2(0), C2(1), C2(2)) = (1/
√

2,

−√
2, 1/

√
2) }�Ñ(4DùŸúÎ5ªWá, wì2Ê Wu and Hamada [2000, Sec-

tion 5.6]� Ä¤ {Ct(x), t ∈ �} uÊƒb˛È D 25ø OPB , w2 � Ñ {0, 1, 2}k

5²¾˛È� âìÜ2.1 ø, ø_lbƒbªJŸA Ct(x)′s í(4 ¯, w[bÑ

bt =
1

3k

∑
x∈A

Ct(x)

/ b0 = n/3k � ¥<[b¨Ö7Ää^@5Èí�± (aliasing) ’m� [2.2 ˝iqlí

lbƒbª[ýà-,

F (x) =
2

3
C000(x)+0.2357C211(x)−0.4082C221(x)+0.4082C212(x)+0.2357C222(x),

8



2.3 Minimum Aberration

w2,

Ci1i2i3(x) = Ci1(x1)Ci2(x2)Ci3(x3),

7¬iqlílbƒb†Ñ,

F (x) =
2

3
C000(x)+0.2357C211(x)−0.2357C112(x)+0.2357C121(x)+0.2357C222(x)�

*sqlílbƒb, ¹ªõ|FbíÄä^@í�±˙�, àsql5 b111 îÑ0[ý

w(4¸(4í>�^@D(43^@�Ñò>, 7 b222 î.Ñ0[ýwùŸ¸ùŸí>

�^@DùŸ3^@.Ñò>, ¹¶M�± (partial aliasing)�

2.3 Minimum Aberration

2.3.1 Ääql

ÊÄäql, Minimum Aberration (J-�˚Ñ MA) uø_\�˜@àíÄ†� |o

MA íì2R!kˇÜ� (group theory) , ]c?@àÊ£dql sp−k ¶}Ääql,

[Fries and Hunter (1980)]� (V, Xu and Wu (2001) J){Ü� (coding theory) Ñ

!�T|ø_ aberration Ä†, wª@àÊøOíÄäql,� ú sp−k £dql, w¹

Ñf$ aberration Ä†� 7úøO2®ÄÄäql, w¹Ñ G2-aberration Ä† [Tang

and Deng (1999)]� ¡V Cheng and Ye (2004) øw‚àlbƒb½hì2à-�

ì2 2.3 ( Cheng and Ye, 2004 ) I A uÊql˛È D 2íø_ n × k íÄäq

l, cq FA(x) =
∑

t∈� btCt(x) Ñ A 5lbƒb, w2 {Ct} Ñø SOCB , w�2

åÅ�G (α1(A), . . . , αk(A)) ì2à-:

αi(A) =
∑

‖t‖0=i

( bt
b0

)2

� (2.6)

w�2 MA Ä†ÿuYå|ü“ αi(A) , ú i = 1, 2, . . . , k � 7 A íj&� (resolu-

tion) �kU) αr > 0 |üí r �

9



2.3 Minimum Aberration

Ê Cheng and Ye (2004) 2, „p7 (bt/b0)
2 ªàV¿¾^@ Ct ¸i�á5Èí

�±˙�� Ä¤, �ä(2.6) 2 αi ¿¾7F� i _Ääí>�^@Di�á5Èí�±˙

�, ø_œüí αi [ý i _Ääí>�^@Di�á5Èí�±˙�Ñœü, FJ.ÛY

å|ü“ αi � ·<, ì22cq7F� i _Ääí>�^@°š½b, ¤cqÉ_àkÄ

äÑì4, ÊÄäÑì¾-¤ì2ø.y_à�

Ê MA *(�ø_½bícq˚Ñ��„�ŸÜ (hierarchical ordering principle)

[Wu and Hamada (2000)]:

1. Q¼^@ªò¼^@y½b�

2. °¼í^@°š½b�

¤ŸÜ_àÊÄäÑì¾Cì4-� Oì4ÄäDì¾Ääí^@¼�u.øší� çÄ

äÑì4v, F� i _Ääí>�^@u°š½bí, ç i < j v , i _Ääí>�^@

ª j _Ääí>�^@y½b, FJÊ�ä (2.6) 2ó°í ‖t‖0M°š½b� OuçÄä

Ñì¾v, Öá�_��\Uà, Ê¤8”-, ŸjœQí^@øªŸjœòí^@V)½

b� �è OPB , Cj(x) Ñø_ŸjÑ j íÖá�, Ct(x) Ñø_ŸjÑ ‖t‖1 5Öá��

FJ¼�^@í½b˙�@Y ‖t‖1 5M� â��„�ŸÜÊÄäÑì¾/Ää®ÄÑ3®

Ä-, Bbªø^@5½b4à-:

l 
 q == ll 
 lq == ql == lll 
 qq == llq == lql == qll == llll 
 · · · ,

w 
 [ý“y½b”í<2, == [ý“ó°½b”í<2, / l [ý(4^@, q [ýùŸ

^@� ll [ý(4D(45>�^@,��� FJçÄäÑì¾v, Cheng and Ye (2004)

ø MA ½hì2à-�

ì2 2.4 ( Cheng and Ye, 2004 ) I A Ñø n × k íÄäql, wÄäÑì¾, c

q FA(x) =
∑

t∈� btCt(x) Ñ A 5lbƒb, w2 {Ct} Ñø OPB , w�2åÅ�G

10



2.3 Minimum Aberration

(β1(A), . . . , βK(A)) ì2à-:

βi(A) =
∑

‖t‖1=i

( bt
b0

)2

� (2.7)

w�2 MA Ä†ÿuYå|ü“ βi(A) , ú i = 1, 2, . . . , K , w2

K =

k∑
i=1

(si − 1)�

7 A íj&��kU) βr > 0 |üí r �

Bb˚ì22.3 5åÅ�$GÑ α-WLP, ˚ì22.4 5åÅ�GÑ β-WLP�

2.3.2 –Õql

úì4Ää5Ääql, Ê2.3.1	BbTƒ7 α-WLP , 7Êì4TÜÄä5–Õql

-, ¢Ö7–ÕÄä, FJ Sun, Wu and Chen (1997) *ì2úªäˇ2}|s�å�,

¹TÜ WLP (Wt) ¸–Õ WLP (Wb) , à-:

Wt = (α3,0, α4,0, α5,0, α6,0, . . .), (2.8)

Wb = (α2,1, α3,1, α4,1, α5,1 . . .)� (2.9)

w2 αi,0 à2.3.1	FH5 αi , 6ÿu©¾F� i _TÜÄäí>�^@Di�á5È

í�±˙�, ˚5Ñ pure-type å� 7 αi,1 ©¾F� i _TÜÄäí>�^@D–ÕÄ

äí¹6 (confounding) ˙�, ˚5Ñ mixed-type å� (V Sitter, Chen and Feder

(1997) T|7j¶Vªœ¸§å Wt DWb � w!¯7 Wt DWb T|ø_Àøí WLP

, àVªœ–ÕqlD©v|7–Õql� Chen and Cheng (1999) N| Sitter et al.

(1997) í WLP u._çí, ÄÑFb°*7��„�ŸÜ� Chen and Cheng (1999)

J,líÔ4Ñ!�, T|7ø_Ä†� Cheng and Wu (2002) †Y,lÔ4T|s�

å�§åªX²Ï:

W1 : ttt 
 tttt 
 ttb 
 ttttt 
 tttttt 
 tttb 
 ttttttt 
 · · · (2.10)
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2.3 Minimum Aberration

¸

W2 : ttt 
 ttb 
 tttt 
 ttttt 
 tttb 
 tttttt 
 ttttttt 
 ttttb · · · (2.11)

w 
 [ý“y½b”í<2, / t [ýTÜ^@, b [ý–Õ^@� ttt [ýú_TÜÄä

í>�^@, ttb [ù_TÜÄäD–ÕÄä5>�^@�

Cheng and Wu (2002) J,líÔ4Ñ!�, T|J-í�õ: 5?ø_ mixed-type

å, à tttb , †μø� pure-type å¨Aí�àª tttb yÃ½á? Ñ7fnú¼TÜ^

@DœQ¼TÜ^@�±, w pure-type åíÅ�BýbÑþ� Ä¤ tttb @eÑª ttttttt

y½b� yVÿu tttttt D tttb vàSªœá? J,líÔ4,Võ6ÿu tttttt FßÞ

íú¼TÜ>�^@�ó�±¸ tttb FßÞíú¼TÜ>�^@¸–Õ^@�ó¹6, S

6œ½b� Ê tttttt 2�10 (=
(
6
3

)
/2) úú¼TÜ^@�ó�±, ª tttb 2É�ø_ú¼

TÜ^@\¹6´bÖ� Ä¤øOVz tttttt bª tttb Víy½b� °Ü, tttt bª ttb V

íy½b� Ä¤ªøå�§åAà�ä (2.10) � /w WLP à-:

W1 = (α3,0, α4,0, α2,1, α5,0, α6,0, α3,1, α7,0, . . .), (2.12)

J-Bb˚5Ñ αW1
-WLP , 7çú¼TÜ>�^@¸–Õ^@5¹6\eÑªú¼TÜ

>�^@Èí�±y½bv, †ªøå�§åAà�ä (2.11) � /w WLP à-:

W2 = (α3,0, α2,1, α4,0, α5,0, α3,1, α6,0, α7,0, . . .), (2.13)

J-Bb˚5Ñ αW2
-WLP � úøql A w

αi,0(A) =
∑

‖t‖0=i

t:pure−type

( bt
b0

)2

(2.14)

7

αi,1(A) =
∑

‖t‖∗
0
=i

t:mixed−type

( bt
b0

)2

, (2.15)

w2 ‖t‖∗0 Ñ t 2óúkTÜÄä/.Ñ0íjÖ_b� 7 A íj&�Bbì2A Rt D

12



2.4 OA(18) 5�SÝ°Z5�Z

Rb � Rt ÑTÜ^@5Èíj&�, wì2ÑU) αr,0 > 0 |üí r � Rb ÑTÜD–Õ

^@5Èíj&�, wì2ÑU) αr,1 > 0 |üí r + 1 �

7Ékì¾TÜÄä5–Õqlí MA Ä†, BbøÊ�ûı‹Jì21¿pí«n�

2.4 OA(18) 5�SÝ°Z5�Z

…û˝2F�Ék�SÝ°Z OA(18) ò>[’eVA Tsai (2005)� wJÄäÑì¾í

‘K-�Z|F� OA(18, 3p) 5�SÝ°Zò>[ , yâ OA(18, 3p) �Z| OA(18, 213p)

5�SÝ°Z5ò>[� êcí¿bà[2.3 � à[�|7F��SÝ°Z5 OA(18, 3p)

¸ OA(18, 213p) , w p *3ƒ7íò>[_bJ£.°í β-WLP _b� â¤ªø, Ë�

.° β-WLP ís_ql, .ìu�SÝ°Z� OË�ó° β-WLP ís_qlv, º.

øìu�S°Z5ql� Oâ¤[ªc, }|Ûó° β-WLP í�SÝ°Zql, Êó°

í p 5-, wªW1.ò� FJ β-WLP Ê‡��SÝ°Z,, ?uø_.˜íj¶�

[ 2.3: F� OA(18) �SÝ°Z5¿b

OA(18, 3p)

Number of 3-Level Factors 3 4 5 6 7

Number of Noisomorphic Designs 13 133 332 478 284

Number of Different β-WLP 13 128 332 420 223

OA(18, 213p)

Number of 3-Level Factors 3 4 5 6 7

Number of Noisomorphic Designs 119 1836 1332 1617 726

Number of Different β-WLP 118 1293 1274 1406 556

2.4.1 �Z�SÝ°Z5 OA(18, 3p)

Tsai (2005) �Z OA(18) íj¶ÄA Sun, Li and Ye (2002) , w*ø_ñøíÝ°

Zql OA(18, 32) Çá, Ó‹øWV�Z|F�í OA(18, 33) , Í(yÓ‹ÇøW�Z

|F�í OA(18, 34) , Y¤éR� à¤Yå�Z, ZªJ)ƒF��SÝ°Z5 OA(18)

, w4”à-�
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2.4 OA(18) 5�SÝ°Z5�Z

4” 2.2 ( Tsai, 2005 ) I [A v] [ýø³�, âø A ³�Ó‹ø²¾ v 7)� I

C ¨Ö7F��SÝ°Z5 OA(n, sp) � BbªJÊ {[A v]} 2vƒF��SÝ°Z5

OA(n, sp+1) , w2 A ∈ C / v Ñ s ®Ä5²¾�

ñøíÝ°ZqlOA(18, 32), uø OA(9, 32) ½μsŸ7)� *ò>íì2ªø, Ê

¤ OA(18, 32) 2�_®Ä ¯·.â|ÛsŸ� Ê.ÜøO4-, ø OA(18, 32) ísW

ì2à-

vt
1 = [000000111111222222],

vt
2 = [001122001122001122],

â4”2.2 ªø, F��SÝ°Z5 OA(18, 33) ªâ OA(18, 32) Ó‹øW7)� Yå†

ª�Z|wF�SÝ°Z5 OA(18, 3p)�

2.4.2 �Z�SÝ°Z5 OA(18, 213p)

Y4”2.2 ó°í�õ, Tsai (2005) vƒF��SÝ°Z5 OA(18, 213p), w5?*�

SÝ°Z5 OA(18, 3p) Ó‹øW2®Ä5²¾7)í OA(18, 213p) � ¤Õ, y„p*s

_.°í�SÝ°Z5 OA(18, 3p) Ó‹øW2®Ä5²¾7)ƒí OA(18, 213p) ?Ñ

�SÝ°Z�

ùÜ 2.3 ( Tsai, 2005 ) I A Ñø OA(n, d1sp) / FA(x) =
∑

btCt(x) Ñwlbƒ

b� Ê.ÜøO4-, I d ®ÄÄäÑw�øW� I A′ Ñ A I�ƒF� s ®Ä5Ääq

l, † FA′(x′) =
∑

bt′Ct′(x
′) w2 x′ = (x2, x3, . . . , xp+1) / t

′ = (t2, t3, . . . , tp+1)

� ¤Õ, bt′ = db0t2t3...tp+1
�

¤ùÜÑ Cheng and Ye (2004) 2í Corollary 2.1 5øÔ��

4” 2.4 ( Tsai, 2005 ) I A ¸ B uÊql˛È D 25s OA(n, d1sp) Ääql�

I A′ Ñ A I�ƒF� s ®Ä5Ääql� B′ ?ó°ì2k B ,� J A′ ¸ B′ Ñ�S

Ý°Z, † A ¸ B ?Ñ�SÝ°Zql�

14



2.4 OA(18) 5�SÝ°Z5�Z

Tsai (2005) ‚àùÜ2.3 „p74”2.4� â¤4”ªø, çs_ OA(18, 213p) u�

ZA°ø_ OA(18, 3p) v, BbEây�Œ…bí°Z4”� 7�S°Zì2àì22.1

, O‚à¤ì2V‡�°Z4”, wl
¾Ø¬kμÆ, FJÎ7‚àì2V‡�°Z4”

Õ, Tsai (2005) ?‚à7lbƒbíÔ4, „p|Çø4”, Ê‡�°Z4”,, y�^

0�
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