NTHU MATH 2810, 2011 Lecture Notes

Expectation WNolidindb
 Recall. Expectation for univariate random variabl e—[ LNp.S-to~13

 Theorem. For random variables X=(X, ... , X,) with joint pmf
py/pdf fy, the expectation of a univariate random variable Y, where

s . R

@O{Zyw ;
calewlotz R Zx_(ajl _____ Tn)EX g(xh .,Q?n) pX(xh . .,$n) (2)
vd) Z Elg(X1,...,X,)] te. X (400 Ry <@

If X, '"bya(z%- e ol e discrete and the sum(converges absol utely), or

EY) &1 yfv(y) dy 3
nonmd @ fjoooffooog(xl,,xn)fx(xl,,{L‘n) dazlda:n (4)

= Flg(X1,...,Xn)] e (laeo) | Food
and X, ... , X, are continuous and the integral§ CoONVerges< @
absolutely] Welp3  eq v={%) XEACR”
Proof. Like the univariate case. u\\? €-\\ O, ow.

» Q:What if Yisdiscreteand X, ... , X, are continuous?”

> Notation. FUA-Rig-)=ARep
» Shorthand notation. Combl ne (1) and (3)/ by writing
Y Py for discrete case,
E(Y)= f d@y) { I- E; fy(y) dy, for continuous case,
and combine (2) and (4) by writing“Nete : FY@)—;FY(g);dF(lg) ~fudy

Do) = [ o0 50 e

_ Exex g(x) px(x), for discrete case.
N fRﬂ 9(x)fx(x) dx, for continuous case.

» Riemann- Stieltjeslntegral For example, for non-negative g,

f g(x z)=1lim ) "  g(x;)[F(x;) — F(zi_1)].

where the I|m|t |staken over al a=z<z,<---<x,=b asn—
and max;—i,..., n(ib‘z — il?z'_l) — 0.
[Recall. Theintegral of g over (a, b] isdefined as

 Note fa g(z) de =lim) ., g(z;)(x; — xi—1).]

- Note: Hhes 5 o fived "“\“"»Vw’rmmom
ng(Xy, ., X)=X, S Elg(Xy, .0 X )] =E(X,) = HX;- ,
n g( Xy, .., X)=(X, )? =>E[g(X1, s X)FVar(X,) sok, -
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> Example (Distance between two points). Suppose that "
) X, Yarei.i.d. ~ Uniform(0, 1). Y‘
X

Leth)—(i?l Find E(D). 0 57
» Theoint pdf of (X, Y) is

(No{'evw\'mssawq, 1, 0<z<1,0<y<l,
“’Dmmg\/)f z,Y) { 0, otherwise.

0 Ull'I_U'd'U(I-’E_L Irl (x—y)dy+ | {'u—mlau]a:r
o 7]
1] z 1
= Jo {—%(y—m)2|y=0 Ly —z)? |y=$J da
-1 1
T et 1 it G M PR

* Theorem (Mean of Sum). For r.v. sX]E X d constants
~00 < ag, Ay, ..., @, < 00, FII Note: Mw{d/&m)@

E(CLO+CL1X1+' ) '+CLan CL0+CL1E(X1)+ -ta EE% Xl,

Proof. E(ag+ a1 X1+ -+ anXy)

= fRn ao + alxl + -+ anXn) dFx(x)

= Jon o dFx(x) 4+ a; fRn@@&)th =1 Xn)=X|

+ _|_ an \/‘R”w gﬂ(xu Kn)-Xn
— CLo-I—CLlE(Xl)—I— -I—CLnE(Xn)

p. 7-4

» Corollary. Suppose that 1=FE(X,)=---=E(X,). Let

Xn — X1—|——|—X77 7¢ aozo’ a,._.dz:,,-:a,':ﬁL

then, £(X,,) = u.

. xtﬂg%rgllary If X and Yarer.v.’swith finite means and |
Viokagk [ESVDOCGDT D) .
then E(X) < E(Y). almost- 5 WA

Proof. First, if Z isarandom variable with finite mean and
o PZ>0=12220, with prob.one, a/mosHa/t{]
i OO e/

then E(Z) = z dFz(z) > 0. > P(z<0)=0.
For the general case, let Z=Y-X, then Z > 0 with probability
one, and therefore, 0 < F(Z2) = E(Y-X) = E(Y)-E(X).

> Corollary. }- J < b)=1 for some constants a, b, then
)P(X'ﬂ/>0)‘| >la < E(X) <.

« Theorem. If two random vectors X (€ R™) and Y (€ R") are CZL be
Jndependent (i.e., Fy v(X,Y) = Fx(X)xFy(y), or ‘:‘_oyep(
Fxy (% Y)=fx(X)x fy(y), or gﬁ;y(X, Y)=px (X)X py(Y) ) wcorelas
then for g:R™—R and AR R Note: (00, RLY)) are depy{ (Wp, 2o
BIQOIXE = ELgOIXETA(Y)].  Bample)
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Proof. We only prove it for the continuous case: P
ﬁiwwVZ E[g me fRn fX Y(X y) dy dx
A0 me fR” ( )fy( )dydx
tﬁ[g) — me [fRn ) dY] )_}7'/'?9/3;/%_
p\ = [ Jem 9 dXJ URn fx(y) dy| for X .

cip HEEn.
%Corollary For 2 independent r.v.’s X and Y, E(XY)=E(X)E(Y).
proof: §U0=X, fz;) =4
> Q: For mdependent rv.’s X and Y, F(X/Y)= E(X){LE(
E(v)=E[x-¥]= 200 E(V)'S'-‘E(X) % X2y emm/)&
» Note. E[h(Y)]zh(E(Y)) in generd, e.g., E(l/Y) = 1/ E(Y). (Npb-20
(s)Covariance and Correlation between 2 ran%‘gm vgrlables
Definition. Suppose that X and Y are two random variables with

finite means and varianc@ ) respectively.
W\Qﬂ\ﬂ/ —T @\ can bz.Cn(Cu(atz o tha
v 1L et gz, y)=(z—px)(y—1y), then maginal distribitan 4 X 8Y

Cov(X,Y) = Elg(X,Y)] = E[(X — pux )(Y — py)]
Is called the covariance between X and Y, denoted by@

2.The correlation (coefficient) between X and Yl: defi Ded ;sv -
’_\S rdand devi n
Cor(X,Y) = oy [ @I7Y) gy G 51
and denoted by(pyy,

3. X and Y are called uncorrelated if p,,~=0 e~> cov(X.Y)=0,

» A special case of covariance:, Cov(X, X),= ar(X
> [ntuitive explanation of covariance and correlation (XM 9= E[Om’ﬂ

a)Covariance is a measure of the oint variability of Xandy, or
their degree of(assouatlorj” whefhen Y 1 Cor W) when )1

Y: wei
Covariance is the average vaI e of tﬁgtproduc of the
deviation of X from its mean and the deviation of Y from its
eftnition) o —drwback : covaianz delfmé' on the units/scales g
XY, e m-=cm , (p?
@P/os_ltl/ve;ovananceYand%\leg A NA oA e

A %: X-Mx positive

k o 1y " K}:ﬂ%m& i, \ @
X A posTHive,

@ PO X YHren %Zm \9 \Q

(j.lx ) ’u'f') WG‘L;%

COvVoC\ouNg CONO\ DN covcm&nee.
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@Correlation Coefficient is unit free. p. 77

=« Correlation coefficient measures the strength of th
relationship between X and Y.

y
di P = 0 : =.3 p= .6
L 2t % 2 A B . 3 3|—
ConlEiaa\ o i
0 T RS 28 o g
_ e a ey g & L . = ; , ;
ol 3?‘— Ca e e 1z s a0

Fu')c, @ i o 7] 1 2 s 4 d
» Theorem. Cou(X, Y) = E(XY)—uy 1t of N W

Proof. Cov(X,Y)=E[(X —

= EBE(XY)—puxE(Y) — py E(X) + pxpy
= B(XY) - pxpy —Pxix + sy
= Corollary. If X and Y are independent, then Cov(X, Y)=0, i.e.
X and Y are uncorrelated. wnlary Wp.F-§
yeroof. When X, Y are independent, E(XY)=E(X) E(Y)=p1xty-
Y weaken, de
(M4 . However, th1Saraded, Sfmels |svrﬂoo?te%c%ny e
(eg., let X~Uniform(-1, 1) and Y=X?2, then Cov(X, Y)=0,
but X and Y are not independent) E<1={ & =(, Bdx=0

mm?z%%é’%i;[ Yo (Yom)] |
(e, Whs- ox ov JI - ‘
e )Proofj.;t y definition. Yo j
>Example. If (X, ..., X,,) ~ Multinomial(n, m, %) | 7
D1y -+ D), then toog_

CO’U(Xi,Xj) = —NnpipPy, for 1 S 1 7&] S m.
« Because (X, X,, Xg+---+X )~

Multinomial (n, 3, py, Py, P3t+++-+D,,.), and™ S aF
_ =0y S
. - pgt--- +pm—1—p1—p2, U‘a,[xg; l
L0224 e have P AN Q: Why cor unit- Frep ®

E(X1X2) - Z 331332 (wl,wg,’n,n—wl—xQ)pflp;cz(]‘ T pl _ p2)n_x1_w2

Oé%g'gs | Z x‘]x&‘)qq!?%il()”n—!ml—xz)!pflpgz(l — D1 — p2)n—a:1—rc2
n—2)!

- n(n o f)p1p2 Z\(azl—1)!(w2(—1)!()n—w1—:1:2)!

0 @t KpT 1 p22 (1 — py — pa)n ]

= n(n—1)pips. GOV pf® of mutnowiali(12)3, PR, -P-R)
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= WLOG, we can get E(X, X)) = n(n-1)p,p;, for i = j. "
Therefore, Couv(X;, X;) = E(X:X;) — E(X;)E(X;)
= n(n—1)pip; — (np;)(np;) = —npip;.
= And, for ¢ # 4,
voride Ai) = \/npa(km)y\z;;pj(l*pg @\/ (l_p:)ﬁ ~Pi)
« Expectations for Sums of Random Variables Why négalive ?
»Notation. In the following, let X, ..., X, and Yy, ..., Y be
r.v.'sand —oo<ay,aq,...,a,,b0,b4,-..,b,, <oo are constants.
»Recall. E(agta X +---+a,X,) = agta E(X )+ -+a, E(X,).
» Theorem (covariance of two sums).
Cov(ag + a1X1 + et aan, bo + blYl + .-+ b YT)
oo d) ol ]

Proof. Let S = ao - +a gﬁu T b0+b Yyt +mem,b"'
£
then g (s 'M’M zaﬁﬂc’&(X “ex) Y s ool
T - E(T) = Tnb o)

[S—E@T - E(T)] = Y0, 37 aibj(Xi — px,)(Y; — py,).
Therefore, Cou(S,T) = E{[S — E(S))IT - E(T)]} o

| s Hz iy 2 i B[(Xi — px)(Y = ;)]

in D i1 Dieq @ibj COU(XZ,Y)

S
( ; I Heorern (Varlance Of Sum) COU(do(ﬂ,W+ *ﬁﬂ% ﬂO'f”Ik/*' fﬂﬂ%)

VCLT‘(CL(] +a1 X1+ -+ a, ﬁ:f&:l ZJ=1 ataJCOU(X'H Xj)
= Yo a Va'r(X ) - a;a;Cov(X;, X;).

Proof. Cou(X;, X,)=Var(X.). Why') D K vu(mmwmm)
G Tlk46) =0 =2T5dl) -2Unk)
CovU(Xe, )fgg-o V2, g

— ——\@Corollary. Ile, ..., X, are uncorrefared,
WF Var @—I—’ 1+ - :1(—‘ aaf@/w;ﬂf‘/ar( ),
= Corollary. If Xl, ., X ae UNcorT and Vad5)

Xn
————< 0070, A= ..-an-w Var(X,)=- :‘{Xa?“(X ) -eVM, exsts
then Var@) _ " e;w)im%ﬂbg\n whon w %Y \W\%L

(o6 = Corollary. Suppose that X, ..., X, are
assome. | Same mean 1 and variance ¢?. Let % %ﬁf{ﬁ“ o
i JNE E()Z'>~,(,L " XX . 4 X

§2 — i=1 s
then E(S’Z =0

n—1 )
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Proof. . g(xb?‘xﬂ) P
(n — 1)52 Z (X — ) — ( — w))?
= > (X u) L+ > — p)?]
= 2(X, - p) :2;: (X @D ACLy

= Do (Xi =)+ n({ — ) —2n(X,, — p)*

= [X (X = w)?] = n(Xp — p)?. [ Note: E)su
Thoranro_ . \ LUZA(%):‘,%J

(—E(S?) = sz,E[%;)u) J} —nE (X, — p)?)

= no’—nVar(X,) = (n\l)aQ.
» Note. The previous three corollaries also
hold if X, ..., X, areindependent(\ “idup’ mpes cocordatat)

» Theorem (p of linear transformation). 7
Cor(agta,; X, bgtb,Y)=sign(a,b,) x Cor(X,, Y,),
and |Cor(agta, X, bytb,Y)|=|Cor(X, V)|,

l.e., |oxy] 1Sinvariant under location and scale
Changé(S W/)\/‘? C'Alc-k Com/{mg " U\/P|_7Z -&.

b

Proof. Let S=agy+a, X, and T=b,+b,Y7, then P
Cov(S, T)=Cov(agta, X, by+b,Y;)=a,b,Cov(X;, Y,),

Var(S)= a2 Var(X,)), and Var(T)=b?Var(Y,).

/S0 V\(a bl

Therefore, Cov(S,T) a1b1Cov(Xy, Y1) albl/ [ )

PST = = — PXY -

osorT |a1||b1|aX0y Cl,lbl

» Theorem (some properties of correlation coefficient).
(Hh-1< Pxy < 1. (<=> |OO’U(X Y)l < O’Xo'y)

(2) pxy =21 if and only if Q(Y aX+b)=1
Y=aX+b almost _W’Uj? " <0.

(3) Furthermore, py,- =1, if a>0 and p =
Proof of (1).0 < Var (; LY

P(E4) I
3wx+b

= Var ( X -|—Var\ (‘) + 2Cov GX 7;;
_ VCL’I“Q(X) + VG,TQ(Y) _'_2C'ov(X,Y)

. — 1142 = > —1.
Similarly, + 1+ ,OXY PXY =

OSVar<£—l):1+1—2pXY:>pr§1.

2h'g
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p. 7-13

Proof of (2) and (3). We see from the proof of (1
PXY =1 < Var (%—L) = 0. Nbfe

& P(i_ch)zl

Similarly, pxy=-1 & P (Y :<XO+ ca.y) ~ 1.
e Q: How to use expectations to (roughly) characterize random
variables X, ..., X, ?
>9(Xy, .. s X)=X, = E[g(X)]=ix, : mean of X< go%);o“*‘”ma:
5 X1y === XN
»9(Xy, ..., X,))=(X, - #X)2 = E[g(X)]=0%, : variance of X,
> 9(Xy, ooe s X,)=(X, —px )(X; — pux,) for i =
= E[g(X)]=0x,x,: covariance of X, and X ..
> 9(Xy, oee s X)X~ px Mo (X, — nx)lox] fori #
= E[g(X)]= px. x,: correlation coefficient of X and X . g2l orden
>Notes. #x, 0_%('4, Jx'f;j : px‘ij ar@, no€rvys. %ﬂ ?{,m;i

+ Reading: textbook, Sec 7.1, 7.2, 7.4

Conditional Expectation< cotron distriburn
. O- ~S
* Recall. py(YIX) or fvx(y[X) isapmf/pdf for Y2 P
« Definition. The conditional expectation of 7(Y) given X=x, where

. m 1 H
h R _>R ’IE.?ka@<h’(Y)|X — X) — Zyey h(}’)py X(y|X)7
in the discrete casg, or, = >, 3 Pux(3lx)

EatB(Y)X = %) = o h(y) fyix (v]x) dy.
in the continuous case, provided that the sum or integral=( 3£  (3fk
e [converges absolutely) § &-)-5o&4)dy =0 éjgfoétg)dgigzé wd
> f(z, y): ajointpaf. ©
»Fix z”,is f(x", y) apdf of y?i.e,
[0, Fla*,y) dy = fx(a*) =1
> fux(lz)=f(z", y) fx(z7) is
apdf of y since [ f@*y) dy
=Y fx (z*) =1
> E(Ylz"): mean of fyx(ylz").
»Doit for any x=z", and get a
function of z = E(Y|z)

X
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p. 7-15

: corstanC
Y >Soﬂ%e Notes Ats a

for .
=« E(h(Y)|X=x) isafunction gf x andisfreeof Y. (me p
A1f X and Y are independent ten®(n(Y x%ﬁ%\m_

g HpCi (s

Peix(4l® =P(8) )~ 7 e

Al -Lﬁ@@zE[h(YMX:x]_, where g:R"— R, then we write
Pcmzf‘ E(h(Y)|X) when x (afixed value) replaced by X (ar.v.) in g.
o Notice thg@ isarandom variable.  Z(Y[X]—~
»Example. X=age (unit=year), Y=height (unit=cm) am—y "

Y] X=x: arandom variable (unit=cm) that representg \

Quhits 1~ the height distribution offEeLoplewitt)w age:}e)ig[ﬂ@/ L]
’:‘&”ﬁw ®@E(Y|X=x): afunction maps from age (year) 10 average “
o (%hei ght (cm) of (people with age=a). It is not a random variable.
“(@E(Y]X): arandom variable because it is a function of age,

where age is treated as random. Notice that the unit of

E(Y1X) is“cm’”. P(ElvIx]= E[Y}x])= P(X=x)

» Var(Y|X=z) and Var( ﬂwsi milarly defined.

= E(Y); average height of{all people c.f.
Var(Y): variation of height of|all peopl

» Theorem (Law of Total Expectation). For two random V&%’[OYS
RAY) .

Xand, Exyﬂ[ : Ey._ej'e +
Ex{ By [(Y)IXI}=Ey[A(Y)]. P%L Exc}\ﬁ@_,
In particular, let A(Y)=Y;, we have | * ’f ]

Ex[Evx(YiIX)] =E,(Y). Ewéi-' U2 the example givan m LAp. 3-8

Proof. (only prove it for the continuous case) #gf,‘,ff ,‘;}mmﬁ%

Ex{Eyx[hM(Y)IX]} = [gn Eyx (h(Y)|x)fx(x) dx
= Jan LJam M) fyx(y]%) dy] fx(x) dx ngZIW
= Jom Jrn h(Y)%}j((é’)?:) fx(x) dxdy =g{%1:(<ﬁ21)ﬂ
= Jam BY) [felfxx (x,y))dx] dy =Eq(R00)| *
— me h(y)fy(y) dy = Ex[h(Y)]. Exl::’y

»Example. If asample of »n ballsis drawn without replacement
from abox containing R red balls, W white balls, and N-R-W

blueballs. Let _guualredtion of kypergeomahte(similay bo%;bw.
X|=#of red. ballsin .the sample, romtall £ muttinom &>
iY]z # of white ballsin the sample,
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then, the joint pmf of (X, Y) is p. 707
(D))

pxy(z,y) = @ 3 ;

Find E(Y).

Sol. Because Y| X=x ~ hypergeKometric(n—a:, N-R, N
g(x)zE(Yleas):(nx)[W

Because X ~ hypergeometric(n, N, R) = E(X)=n(R/N), and

then E(Y) = Ex[Eyx(Y|X)] = Ex[g(X)]
= Bx (- X) 5% | = gl - Ex(X)

= ¥-g (n—ny) =ny. ,
Note that Y ~ hypergeometric(n, N, W) = E(Y)= n(W/ Yurhin guoup.

The co U ea:ls ‘o the “Am\ 415 0’15 Voiamee (ANOT A)/ b.tﬁuemgm')
@K heorem (Variance Decomposutlon) YFor s stattes, M B

two random vectors X and Y,

VG,TY(Y;-) j ;‘. X
= VarX[Ele(YZ]X)] i ‘i—-»c
+ Ey[Vary (X)) %% | % ! erix]
Proof. Varyx(Vilx) = Byx{[Yi - Byx(Yilx)*x} "™

X VCLT’YDQ(Y;’X)]
= Ex[Byix (Y 1X)] - Ex{[Byx (Yi|X)]*}.
Also, Varx [ESQX(Y; _@‘%’Q(X) |

. v (EX){[EY X((Y;,’)X ]é;; {l;]'X[ vix (Vi X)]}2.
ow, Vary(Y;) = Y:?) — Y;)]?
Low of T O  Ex[E%x (Y |X)] — {FxtEyx (Y:[X)]}?

opetslion | —  Bx|Byx(YAX)O Ex{[Eyx(Yi|X)]?}

DEx{[Eyx(Yi| X)]*} — { Ex[Eyx(Yi|X)]}*

» Corollary.
= Vary(Y)) > Ey[Vary(Y;|X)] and the equality holdsif and only
It By (Y;IX)= EY(Y) W|th probability one.

Tl EX10] =0 3 EYIX] 152 womaousnz & EEAYID) =4y
= Vary(Y)) > Vary[ By (Y;[X)] and the equality hold if and only
If Vary (Y;[X)=0 (:> Y=Eyx(Y;[X) ) with probability one.

% Reading: textbook, Sec 7.5 K E VM(Y‘X)] =0
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Moment Generating Function
o Definition (Moment and Central Moment). If arandom variable X
has acdf F'y, then
pr = BE(X*) = [ _2¥ dFx(z), k=1,2,3,...,
are called the k™" moments of X provided that the integral converges
absolutely, and

are called k™" moment about the mean 1, or central moment of X

provided that the integral (converges absolutely)
» Some Notes.

« = E[(X —px)f]=FE [Zf 0 (]?)(_“X)n_iXi}

= S o () (—ux)"BXY) = 8 o (5) (—px) e
U1 o e- Hg .- and, Kk = E<Xk) = E{[(X— ,UX) +,UX]k}
= 3 (Y (ux)"E(X — px)7]
o S () (ux) &) ~@(x)f

Inparticular, FE(X) = pux =pu;, an
Var(X) = o% = —M%W

p. 7-20

» The (central) moments give alot of useful information
about the distribution, e.g., in addition to mean and variance,

< ‘“‘?(’7“‘9‘ o Skewness (a measure of the asymmetry): 5 /o m -
/\ o Kurtosis (a measure of the “peakedness’): uy / a

pos\ LExample(Unlform) If X ~ Unlform(O 1), then$ibas

P = fo z* dx = k:—1|—17 1
therefore, ux = w1 =1/2, and,
2 2 2 - ° a
how o damckeiize = uz—u1=1/3—(1/2)

Ox = :

ARG, = et de [(W
O pav/pm £) "
B cdf _ {0,1 k is odd, =y e X
m (k+1)2%7
@Definition (Moment Generating Function). If X
Is arandom variable with the cdf F'y, then ~{mdx

Mx(t) — E(etX) — j‘_oooo el m Laploce '

is called the moment generating function (mgf) | &= €~ €~
of X provided that the integrallconverges oo T
@sol utely}i n some non-degenerate interval of ¢. pmi-

v
k is even. Taylor expansion
|
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> Some Notes. .
» The mgf isafunction of the variablet.
= The mgf may only exist for some particular values of ¢.

»Example. (S 1. nob for at tER.

« If X isadiscreter.v. taking on values z; with probability p,,
i=1, 2,3, ..., then Mx(t) =)~ eip,.

« If X ~ Poisson()), then for —oo<t<oo,
M (t) = 3227 (et x <52
oA (6)\et> Zzozoi_(“t)'(ke )" _ o Aghe’ _ pA(e'—1)
: pmrF- of- PmssOm()\,@t)
« If X ~ Exponential (1), then for t<A,
Mx(t) = [~ €™ x e dx
= >‘(>\ t) fo . (A_t)ai da::ﬁ,
and M ,(t) does not exist for ¢ > A Pde roonailtad (A-0)
= A list of some mgfs (exercise) b
olf X ~ Binomial(n, p), use binomio e,xeaw\swr\,(u\]r.qw%
Mx(t) = (1 —p+pet)™, for t < —log(1 — p).

If X ~ Negative Binomial(r, p
o €g = ( )/ML Mﬂﬂﬁ?ﬁb}f)nm%)&?asm\
Mx(t) = [W[ for t < —log(1 — p).

olf X ~ Uniform(e, f), Mx (¢ :et(ﬁ—e)

olf X ~ Gamma(a k)/-

, for t < .

IfX Beta(o,, ), + S (T8 225) 5
& B~ Normal(u, %), Mx(t) = et

(@Theorem (Uniqueness Theorem). Suppose that the mgfs M (t) and
M (t) of random variables X and Y exist for al |t|<h for some h>0.
| f does ot 1., an open tkowad dsibiion, maf

mean X=Y) M (t) = M(t), contnnmg 270 ) )
for |t|<h, then s |m3 IR AW
Fy(2) = Fi(2) 0 & : o\ ‘
for al zeR, where F'y and F are the cdfs of X and Y, re%)ectlvely
wrien trans

Proof. Skipped (by the unigueness theorem of{ L aplace transform.)
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» Application of the uniqueness theorem p. 7-23

» When a moment generating function exists, there is aunique
distribution corresponding to that mgf.

= Thisalows usto use mgfs to find distributions offin,2 check
transformed random variables in some cases. the Thms ™

» Thistechnique is most commonly used for |inear
gombinations of independent random variables

>Example. If Mx (t) =@F&D! + - - - +@§é@", where
p,+---+p,.=1, then X isadiscreter.v. and its pmf is

i, forx=a;,1=1,...,k,
px(z) = {p .

0, otherwise.

* Theorem (Moments and MGF). If M ,(t) exist for |t|<h for some
h>0, then
X(O):L

MP(0) = pr, k=1,2,3,."
Proof. Firgt, Fp@‘”

My (0) = [ &% dFx(z) = [~ 1dFx(z) = 1.

and,

p. 7-24

M;(<o> = M),y = [ )75 e dFx@)]]

= [T (5e],_o) dFx(z) = [7, (ze'*|,_) dFx (2)
— ffooox 1dFx(z) = E(X) = p.

k ko proo T
ME(0) = e Mx ()| = [ [, " dFx(a)]

= 7 (e ) @) = 7% (2R, o) dFx(a)
= [ 2.1 dFX(:c) = E(X*) = .
»>Example. If X ~ Exponential (1), then A7y (t) = 2=

Because M(’“)( ) EIA We can use K monants 1o
(A—t)F+1 | cdeulale mean,; varions,

we get W(k) (0) _ f—,i skewness, Kudogrs

centval wowmawks |

» Theorem (MGF for linear transformation). For constantSa and b,
Vs be uae o rdeti€y the
Mg ipx (t) = e Mx (bt)* s of atbX fom dua

s o W .
Proof. Mfgjfg;\z(t) = EetatbX)] = et Ble®)X] = % M« (bt).
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« Theorem (MGF for sum of independent r.v.’s). If X, ..., X, are *"™
independent each with mgfs M(%), ..., M, (t), respectively, then the

mgfof S =X +---+ X, IS
R (31 ()—Ml% XM — )
F X,

Proof. Mg(t ) E(®)=E

)]
_ & Yﬂ\\mE etXl
= M (t) x
le If X, Xarelld Geometnc,t
=X,+---+X, ~ Negative Binomial(n, p).

(t) :Mxl(t) X+ X MXn(t)

t t t n
= —pe X oo e X —_be = —_pe
Cc&, 1—(1—p)et 1—(1—p)et [1—(1—p)et} ’

»Example. If X, ..., X, areindependent and

X, ~Norma(, o), fori=1, ..., n
LetS=agta, X+ +a,X,, then

S ~ Normal(ag + ayp1 + -+ + @npin,as0s + -+ a?02).

Proof. 3< a;t)? 2
PO () = et x [T1, enstost 25

I ( 2+ +a2 025152
— ((a0+a1,u,1+ +anun])t+ — ‘

* Definition (Joint Moment Generating Function). For random
variables X, ..., X, their joint mgf is defined as

RS (Ve o1B) = B %)

p. 7-26

he muttmomaVL X 1 ..., X 1 (t17 ceey tm)

&)(Pamsmw w

Zx +d g =n
WNp 643 '

R le"'"""xm:n (wl,-ﬁ,wm) (pletl ;:m@(ng)wm
N i oW
» Some Properties of Joint mgf {

> MX1 (t) == MX1,X2,...,Xn (t, 07 ce ey O)
» unigueness theorem

PMQ tlf withy ‘d/tl(*)

~5 i i if (M Wp. A%
s X, are mdependent if and only if P
holds for cde; X%, (1, ... = Mx, @\X - X Mx,
(A‘Q/? N 8k1+--.+kn d\GFM'Ubﬁ k;
Mxl,...,xn(O,---,O)— E(X7 X - x Xpn).

otyl...otkn
+ Reading: textbook, Sec 7.7
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