Expectation
 Recall. Expectation for univariate random variable.

 Theorem. For random variables X=(X4, ... , X,) with joint pmf
py/pdf £y, the expectation of a univariate random variable Y, where
Y=¢9(X,, ..., X,), g:R"—RY

IS E(Y) > yey ¥ by (Y) 1)
Zx:(xl,...,xn)ex 9(5131, R xn) pX<x17 SR xn) (2)
Elg(X1,...,X,)]

if X,, ..., X, arediscrete and the sum converges absolutely, or

E(Y) I ufy () dy (3)

ffooo - ffooo g(x1, ... 2y fx(x1, ..., 2n) dxy - -dz, (4)
Elg(X1,...,X,)]

if Yand X, ... , X, are continuous and the integrals converges
absolutely.

Proof. Like the univariate case.
» Q: What if Yisdiscreteand X, ... , X, are continuous?

» Notation.
» Shorthand notation. Combine (1) and (3), by writing

_ [ [ X,eyypy(y), for discrete case,
BY) = f_oo y dFy (y) = { ffgoo yfy(y) dy, for continuous case,

and combine (2) and (4) by writing
Bla®)] = [ 96 dPx()

_ { > xex 9(%X) px(x), for discrete case.

Jan 9(X) fx(x) dx, for continuous case.
= Riemann-Stieltjes Integral. For example, for non-negative g,

Iz 9(@) dF () =Tim 3, g(w:)[F(2:) — F (1))
where the limit is taken over all a=x,<x;<---<x,=b asn—0

= n(SCZ — CIZi_l) — 0.
[Recall. Theintegral of g over (a, b] isdefined as

fab g(x) de =lmY . g(x;)(z; — xi—1).]
» Note,

«g(Xy, ..o, X)=X= Elg(Xy, ..., X)FE(X) = B,
«g(Xy, o, X)X ux P Elg(X, ., X)]FVar(X,) = 0%,




» Example (Distance between two points). Suppose that
X, Yarei.i.d. ~ Uniform(0, 1).
Let D=|X-Y]. Find E(D).
» Thejoint pdf of (X, Y) is

I, 0<zz<1,0<y<1,
f(w,y)Z{O Y

otherwise.
"E(D) = fol fol |z — y| dydz = fol UO‘T(:E —y) dy + f::(y — ) dyJ dx

. 1

Flf 1 2 i 211
= Jo |72 -2+ 3y —2)7|,_,| do
= Jos[@®+ (1 —2P) do= [~ (1-2)%][,,= 3.
» Theorem (Mean of Sum). For r.v.’s X, ..., X, and constants
—00< Qg A1y +++y @, < OO,
E(agta; X +---+a, X)) = agta, E(X )+ -+a, E(X).

m. E(G,O + CL1X1 + -+ CLan)
= fan(ao+ a1 Xy + -+ anX,) dFx(x)
= Jon G0 dFx(x) + a1 [o, 21 dFx(X)
+ o+ an [pn Tn dFx(X)
= CLO—I—CL1E<X1)—|—°”—|—CLnE(X )

»Corollary. Suppose that (=E(X,)=---=E(X,). Let
X — X4+ Xy

then, E(X,) =p. n ’
»Corollary. If X and Yarer.v.’swith finite means and Y
X <Y)=1, 0
then E(X) < E(Y). P -
Proof. First, if Z isarandom variable with finite mean and
HZ > 0)=1,
then E(Z) = [~ z dFz(z) > 0.
For the general case, let Z=Y-X, then Z > 0 with probability
one, and therefore, 0 < E(Z2) = E(Y-X) = E(Y)-E(X).
» Corollary. If Pla < X < b)=1 for some constants a, b, then
a < E(X)<b.
» Theorem. If two random vectors X (¢ R™) and Y (€ R») are
independent (i.e., Fy y(X,Yy)=Fx(X)xEy(y), or

Fxv (% Y)=fx (X)X fy (), or py y(X, Y)=px(X)Xpy(Y) ),

then for g:R™—R and h:R"—R,
E[g(X)xh(Y)] = E[g(X)]<E[A(Y)].




Proof. We onIy prove It for the continuous case:
Elg(X me fR” y)Ix,y(%,y) dydx
— me fRn ( )fY( ) dydx
- me [fRn (¥) dY} dx
[me y) dx| URn y)fy(y) dy]
= Efg(X )] [h(Y>]-
» Corollary. For 2 independent r.v.’s X and Y, E(XY)=E(X)E(Y).

» Q: For independent r.v.’s X and Y, E(X/Y)=E(X)/E(Y)?

> Note. E[h(V)]=h(E(Y)) in generdl, e.g., E(UY) = VE(Y).

 Covariance and Correlation between 2 random variables
» Definition. Suppose that X and Y are two random variables with
finite means uy, 1 and variances o?, oy 2, respectively.
1.Let g(z, y)=(x—px)(y—1y), then
Cov(X,Y) = E[g(X,Y)] = E[(X — pux)(Y — py)]
IS called the covariance between X and Y, denoted by o-

2.The correlation (coefficient) between X and Yis defined as” "™
Cor(X,Y) =oxy/(oxoy)
and denoted by pyy-

3. X and Y are called uncorrelated if p,,=0.
» A special case of covariance: C'ov(X, X) = Var(X).
» Intuitive explanation of covariance and correlation

» Covariance is a measure of the joint variability of X and Y, or
their degree of association.

= Covariance is the average value of the product of the
deviation of X from its mean and the deviation of Y from its
mean.

» Positive Covariance and Negative Covariance
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» Correlation Coefficient is unit free.

=« Correlation coefficient measures the strength of the linear
relationship between X and Y.
_ p=10 3 = ._3 I
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» Theorem. Cou(X, Y) = E(XY)—px iy

Proof. Cov(X,Y) = E[(X — ux)(Y — puy)]
= FE(XY —uxY — py X + pxpy)
= EXY) - pxE(Y) — py E(X) + pxpy
= EB(XY) - pxpy — pypx + pxpy -

« Corollary. If X and Y are independent, then Cov(X, Y)=0, i.e.
X and Y are uncorrel ated.

Proof. When X, Y are independent, E(XY)=E(X)E(Y)=px 1ty

o However, the converse statement is not necessarily true.
X (eg., let X~Uniform(-1, 1) and Y=X?, then Cov(X, Y)=0,

but X and Y are not independent).

=« Corollary. X — ux Y — uy
por =5 |(F5) ()
ox Oy

Proof. By definition.
»Example. If (X, ..., X,,) ~ Multinomia(n, m,
P1s --» D,y)s thEn
Cov(X;, X;) = —npipj, for1 <i##j<m.
« Because (X, X,, X5+---+X, )~
Multinomial(n, 3, p,, p,, ps+---+p,,), and

Xt +X, =n-X-X,,
pgte+p,=1=p;—p,,

we have
E<X1X2) — Z 561332 (ml,mz,nn—wl—mz)pflp&EZ(]‘ T pl _ p2)n_xl_x2

n!

— Zxlexl!le(n—xl—aa)!pflp§2<l —P1 _p2)

n—2)!
n(n - 1)p1p2 [Z (:r;l—1)!(:1:2(—1)!()77,—:61—332)!

xpP T ps T (1 — py — po) 2]

NnN—Irq1—I2

n(n — 1)p1p2.




« WLOG, we can get E(X,X ) = n(n—1)p,p,, for i # j.
Therefore, Cou(X;, X;) = E(X,X,) — B(X:)E(X;)
= n(n—1)pp; — (npz')(’npj) = —npp;.
= And, for i # j,

—np;p - PiP4
COT(X”XJ) \/npg(l—Pz)‘\/"iPJ(l PJ) B (l—p,;)(i—pj) ‘

 Expectations for Sums of Random V ariables

»Notation. In the following, let X, ..., X, and Y, Y  be
V. Sand —00<ag,ay,...,a, ,bo,Dpsensb, <oo ' are cohstants.”

»Recal. E(agta, X +---+a,X,) = agta, E(X )+ --+a,E(X,).
» Theorem (covariance of two sums).
Cov(ag +a1 X1+ -+ anXn,bo +b1Y1 + -+ b, Yin)
= i1 2jeg aibjCov(X;, Y5).
Proof. Let S = ayta, X +:--+a, X, and T'= by+b, Y, +---+b Y |
then  s_B(S) = X%, a(Xi - ux,),
T-B(T) = YL bi(Y = ),
[S—EWGNT - EM)] = X0 250 abi(Xi — px,)(Y; — py,).
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Therefore, Cov(S,T) = E{[S — E(9)][T — E(T)]}
= D im1 Djer @b E[(Xi — px, ) (Y — py;)]
= > Z;n:1 a;b;Cov(X;,Y;).
» Theorem (variance of sum).
Var(ag +a1 X1+ -+ anXn) => 14 E?:l a;a;Cov(X;, X;)
= Yim 3VC”"(X3') + 2 Zl§é<j§n a;a;Cov(Xi, X;).
Proof. Cov(X;, X,)=Var(X)).
« Corollary. If X, ..., X, are uncorrelated, then
Var(ag + a1 X1 + -+ a, Xp) = > 1 aZVar(X;).

« Corollary. If X, ..., X,, are uncorrelated and
Var(X))=:-- = Var(X,) = 6% < o0,

then Var(yn) = o?/n.

= Corollary. Suppose that X, ..., X,, are uncorrelated and have
same mean  and variance o°. Let

()(73_?71)2

2_ ‘:
S — i=1 :

n—1

n

then E(S?2)=c2



( )
{ZE (X; — p)?] }—nE[(

\2=1
no? —nVar(X,) = (n—1)o?
= Note. The previous three corollaries also
hold if X3, ..., X,, areindependent.
» Theorem (p of linear transformation).
Cor(agta, X, bytb,Y)=sign(a,b,) x Cor(X, Y7),
and |Cor(agta, X, by+b,Y)|=|Cor(X, Y)|,
I.e.,|oxy] 1S Invariant under location and scale
changes.

Proof. Let S=ay+a,X; and T=b,+b,Y7, then
Covu(S, T)=Cov(agta, Xy, bytb,Y)=a,b,Cov(Xy, Y7),
Var(S)= a2 Var(X,), and Var(1)="0b,?Var(Y).
Therefore,

CO’U(S, T) alblCov(Xl,Yl) a1b1
pPST = — =

osoT lai||biloxoy  |aib]
» Theorem (some properties of correlation coefficient).
(D-1<pw=1l (& |Cov(X,Y)| < oxoy)
(2) pyy=z1if and only if AY=aX+b)=1.
(3) Furthermore, py =1, iIf a>0 and py,- =1, if a<O0.
Proof of (1).0 < Var ( £+ X)

PXY -

oYy

= Var( ) +Va7“< ) —|—2Cov<
Var(X) + Va,r(Y) + 2COU(X Y)

O’ a oxXoy

= 1+1+2pXY = pxy = —1.

Similarly,
0§VCLT<£— Y) =1+1—-2pxy = pxy < L.




Proof of (2) and (3). We see from the proof of (1),

xX Y\ _

T o) = 0.

o P(L—L:c):l,
ox oy
where ¢ is a constant.

o P(Y:g—;x+cay):1.

pxy =1 & Var

Similarly, pxy = -1 & P (Y — _oxx —|—C(7y) —1.
* Q: How to use expectations to (roughly) characterize random
variables X, ..., X, ?
»g(Xq, ..., X, ))=X, = E[g(X)]=px,;: mean of X..

»g(Xy, ..., X,)=(X; - ux,)? = Elg(X)]=0%,: variance of X,

»9( Xy, .o, X)=(X, —px ) (X — pux,) for o= g
= E[g(X)]=0x,x,: covariance of X; and X .

> (X, o, X)X - ix)oxc JI(X, — px)lox) for iz j
= E[g9(X)]=px;x;: correlation coefficient of X;and X .

>Notes. 1x,,0%,, 0x,X;, PX, X, ar€ constants, Not r.v.’s.

+ Reading: textbook, Sec 7.1, 7.2, 7.4

Conditional Expectation
* Recall. py(YIx) or fy(YIx) isapmf/pdf fory.
 Definition. The conditional expectation of h(Y) given X=x, where

h: Rm — R1 s
. | E(h(Y)IX =x) = > ycy My)pyx (¥[x),
In the discrete case, or,
E(h(Y)X =x) = me h(y) fyix(y]x) dy,
in the continuous case, provided that the sum or integral
converges absolutely.

» f(x, y): ajoint pdf.
>Fix x*, isf(z”, y) apdf of y?i.e.,
S22, f(a*,y) dy = fx(z*) =1
> Frx (i) =@ ) fx(a) is
a pdf of y since f_io Fla* ) dy
fx (z*)
> E(Y]z"): mean of fyy(ylz”).

»Doit for any x=z", and get a
function of x = E(Y]x)




» Some Notes.
» E(h(Y)|X=X) isafunction of x and isfreeof Y.
o If X and Y are independent, then E(h(Y)[X=X)=E[h(Y)].

n E[A(X)|X=X]=h(X).
n Let g(X)=E[R(Y)|X=X], where g:R"— R, then we write

E(h(Y)[X) when x (afixed value) replaced by X (ar.v.) ing.

o Notice that g(X) isarandom variable. .
»Example. X=age (unit=year), Y=height (unit=cm) ¥ | |
» Y| X=x:arandom variable (unit=cm) that represents
the height distribution of people with age=z.

= E(Y]|X=2): afunction maps from age (year) to average
height (cm) of people with age=x. It is not arandom variable.

» E(Y]X): arandom variable because it is afunction of age,
where age is treated as random. Notice that the unit of
E(Y|X)is“cm”.

» Var(Y|X=x) and Var(Y]X) can be similarly defined.

» F(Y): average height of all people;

Var(Y): variation of height of all people

» Theorem (Law of Total Expectation). For two random vectors
Xand,

Bl By [BOVXT} =By [A(Y)]. e
In particular, let A(Y)=Y;, we have \ e\
EX[EY|X(Y2'|X)]: y(Y)).
Proof. (only prove it for the continuous case)
Ex{EY|x[h(Y)|X]} Jrn By x (h(Y)[x) fx(x) dx
= fRn [me h(Y)fY|x(Y|X) dY] fx(x) dx
= f[[.gm fRn h(Y) f)?:((};,w Jx (X) dxdy
Jam B(Y) [fon fxy (x,y) dx] dy
Jem M(Y) fx (y) dy = Ex[h(Y)].

»Example. If asample of n ballsis drawn without replacement
from abox containing R red balls, W white balls, and N-R-W
blue balls. Let

X =#of red bals in the sample,
Y =# of white balls in the sample,




then, the joint pmf of (X, Y) is

px,y(z,y) =

Find E(Y).
Sol. Because Y|.X=x ~ hypergeometric(n—x, N—-R, W),

g(x)=E(Y|X=z)=(n—z)[WI(N-R)].
Because X ~ hypergeometric(n, N, R) = E(X)=n(R/N), and

then B(y) = Ex[Byx(Y|X)] = Ex[g(X)]

— By [(n—X)NL_R] W1~ Ex(X)]
R) W

N—R
_ %% o kY - W
=~ N-R (” nNN) =Nn-

Note that Y ~ hypergeometric(n, N, W) = E(Y)=n(WIN).

» Theorem (Variance Decomposition).
For two random vectors X and Y,

Vary(Y))
= Vary[Eyx(Y;1X)]
+ Ey[Varyx (Y;[X)].

Proof. Varyx(Yi|x) = Eyx{Vi— Evyxilx)*x} "
= BEyix(Y7|x) — [Byx(Yilx)]?,
and, Ex[VG,Ty|X(1/Z|X)]
— Ex(Byx(V21X)] - Bx{[Byx(YiX)%).
= Ex{[Byx(Yi[X)]} — {Ex[Eyx (Yi|X)]}*.

Now, Vary(Y;) = Ex(Y?) — [Ex(Y))]?
Ex[Evx (Y |X)] — { Ex[Eyx (Yi]X)]}?
Ex[Evix (Y |X)] — Ex{[Eyx(Yi]X)]*}
+E_x{[EY|X(Yi\X)]2} — {Ex[BEyx(Yi|X)]}?
Ex VCL’I°Y|X(Y;’X)] -+ Varx[Eypg(}/z‘X)]

» Corollary.

. VarY(%) > Ey[Vary(Y;1X)] and the equality holds if and only
if By (Y;[X)=Ey(Y;) with probability one.

= Vary(Y)) > Vary[ By (Y;[X)] and the equality hold if and only
If Varle(Y|X) =0 (:> Y=Eyx(Y;|X) ) with probability one.

% Reading: textbook, Sec 7.5
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Moment Generating Function
e Definition (Moment and Central Moment). If arandom variable X
has a cdf F'y, then
pp = BE(X*) = [T _aFdFx(z), k=1,2,3,...,
are called the k™ moments of X provided that the integral converges
absolutely, and

pr = BI(X — px)*) = [Z (& — px)*F dFx(z), k=1,2,3,...,
are called k™ moment about the mean ., or central moment of X

provided that the integral converges absolutely.
» Some Notes.

' = B[(X — px)"] = B |3}

= Zf:o (f) (—px

and,
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= The (central) moments give alot of useful information
about the distribution, e.g., in addition to mean and variance,

o Skewness (a measure of the asymmetry): 5 /o°.
o Kurtosis (ameasure of the “ peakedness’): ), /o*.
»Example (Uniform). If X ~ Un|form(0 1) then
P = fo ¥ dr = 7,
therefore, ux = w1 =1/2, and,
0% = po—pi= 1/3 —(1/2)° =1/12.
And, g, = [)(z—1/2)"de =25 [(1/2)F — (—1/2)*]

_ {0,1 k is odd,

m, k is even.

 Definition (Moment Generating Function). If X
is arandom variable with the cdf F', then

Mx(t) = E(e"™) = [°_ e dFx(z),
Is called the moment generating function (mgf)

of X provided that the integral converges
absolutely in some non-degenerate interval of ¢.




» Some Notes,

» The mgf isafunction of the variablet.

» The mgf may only exist for some particular values of ¢.
»Example.

« If X isadiscreter.v. taking on values:p with probability p,,
i=1, 2,3, ..., then Mx(t) = > i, eip;.
o f X ~ Pmsson(k) then for —oo<t<oo

Mx(t) = Y o, <€m X e_a:#)
‘ 50 e—(Aet) et)®
— €—>\ (eAe ) Za::() a:!o\ ) =€
« If X ~ Exponential (1), then for t<A,
Mx(t) = fooo B2 % Ne™ dx

)\t fo A—t)em AT dp =
and M () does not exist fort > A.

A—t?

= A list of some mgfs (exercise)
o If X ~ Binomial(n, p),

Mx(t) = (1 — p+pe")™, for t < —log(1l — p).

o If X ~ Negative Binomial(r, p),
Mx(t) = [1—_(%} , for t < —log(1 — p).
. e,Bt_eat
olf X ~ Uniform(e, f), Mx(t) = TEEOR
o If X ~ Gamma(a, 1),
Mx(t) = (L) , for t < A,

A—t
e

alf X ~Beta(ar, B), Mx(t) =1+ 0, ([15 22355) %
2‘t2

olf X ~Normal(y, 0?), Mx(t) = etz

 Theorem (Uniqueness Theorem). Suppose that the mgfs M ,(¢) and
M (t) of random variables X and Y exist for al |t|[<h for some h>O0.

|f
M (t) = MiAt),

Fy(2) = Fy(2) |
for al zeR, where F'y, and Fy are the cdfs of X and Y, respectively.

for |t|<h, then

Proof. Skipped (by the uniqueness theorem of Laplace transform.)
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» Application of the unigqueness theorem

= When a moment generating function exists, there is aunique
distribution corresponding to that mgf.

» Thisallows usto use mgfsto find distributions of
transformed random variables in some cases.

» Thistechnique is most commonly used for linear
combinations of independent random variables

>Example. If Mx(t) = p1e®? + -+ + pre®*, where
pte--+p,=1, then X isadiscreter.v. and its pmf is

p;, forx=a;,i=1,...,k,
px(z) =
0, otherwise.

e Theorem (Moments and MGF). If M (t) exist for |t|<h for some
h>0, then
M(0)=1,

and, 8
M7 (0) = g, k=1,2,3,...

Proof. First,
Mx(0)= [T _e"* dFx(z) = [ 1dFx(z) =1.

My (0) = £Mx(t)],_, = |4 [, €' dFx ()]

= ffooo (%em‘tzo) dFx(z) = ffooo (zet®|,_,) dFx(z)
ffoooa: 1dFx(x) = E(X) = ;.

t=0

k k roo T
MQ@zMMﬂgﬂzﬁw;édmmLO

I% (i’ie VdEx(x) = [ (5] ) dFx (@)

»Example. If X ~ Exponential (1), then My (t) = 2.

B k

ecause M( )( t) = ~ I{:t'))\kJrl
Ui = M§(k)(0) = £
» Theorem (MGF for linear transformation). For constants a and b,

M, px(t) = e Mx (bt).

Proof. M, ,x (t) = E[e!@t0X)] = 2t E[e(®DX] = e My (bt).

we get




p.7-25

e Theorem (MGF for sum of independent r.v.’s). If X, ..., X, are
Independent each with mgfs M,(t), ..., M, (t), respectively, then
themgfof S=X; +---+ X, IS

Mg(t) = My(t) x -+ x My(t).
m. MS( ) _ E(etS) _ E[et(X1+...+Xn)]
= B x---xe*n) = E(e'*) x - - x E(e!*n)
= M(t) x - x My(t).
»Example. If X, ..., X, arei.i.d. ~ Geometric(p), then
S=X;+---+X_ ~ Negative Binomial(n, p).
Proof. Ms(t) = Mx,(t) x --- x Mx, ()
= e XX = = | =S| -
»Example. If X, ..., X, areindependent and
X, ~Normal(x;, o?), fori=1, ..., n.
Let S =agta, X+ - +a,X,, then
2 2
)

S ~ Normal(ag + a1ty + -+ -+ appin, aio: +---+a202).
o?(ait)2
M' MS( ) — eaot >< H?:l euz‘(ait)—l- 5

— e(ao+a1,u1+“'+an,un)t+ L1 -~ =

* Definition (Joint Moment Generating Function). For random
variables X, ..., X, their joint mgf is defined as
MXl,...,Xn (tl, — tn) = E(€t1X1—|—~-—|—tan)
provided that the expectation exists.
»Example. If X, ..., X, ~ Multinomial(n, m, py, ..., p,,),
MXl,---,Xm (tl, c ey tm)

t1$1+"'+tm$m( n ) T1 .. pZm
€ L1yeeesTm p]- pm

Z:c1—|—~~—i—:1:m:n
— leerijm:n (xl,.??,xm) (pleh)m ... <pmetm)xm
= (me" 44 pme)”
« Some Properties of Joint mgf
> MX1 (t) — MXl,XQ,--.,Xn (t, O, e ey O)
» uniqueness theorem
> X, ..., X, areindependent if and only if
MXl,...,Xn(tla . .,tn) = MX1 (tl) X oo X MXn(tn)-

> o x,(0,...,0) = B(XM x oo x XFn),

3 k
ot -0ty
“ Reading: textbook, Sec 7.7




