NTHU MATH 2810, 2011 Lecture Notes

Jointly Distributed Random Variables

« Recall. In Chapters 4 and 5, focus or{ univariatd random variable.

»However, often asingle experiment will have more than one
random variable which is of interest.

s %) Kk
o \ R
S BE Y /%, "
how Xz (reloted. 4F ..

asscialed with — ’ » R

)<<'|‘?>Definition. Given a sample space 2 and a probability measure
P defined on the subsets of 2, random variables
unpriale Xy Xo, 0, X, Q—= R

( ) .. — i Fundio M““’—”L
R aresaid to bejointly distributed. M'ﬁf;ﬁu Sam “;_ space . o

jeoik = We can regard n jointly distributed r.v.’s as arandom vector
® X=(X,, ..., X,): Q— R,
e Q: For ACR", how to define the probability of { Xe A} from P?

0 pe: B
A occurs &
p PXl,X2
E , occurs (X1, X)) Px, x,(A)
PX1,X2(A) e P(EA) - =)(1 :‘?‘1?’ 2

p. 6-2

»For ACR™, Ea X,

Px, ... Xn((zjl_)—/_,_ L 4
c A}

= P({w e (X1 (W), .., Xn(w))
»For A,CR, =1, ..., n,

PX1 ..... Xn(Xl EAl)"'aXnEAn) A Ay X1

= P{weQXi(w)eA}n---N{weQX,(w) € 4,})

fi > Definition. The probability measure of X (P, defined on R”) is

Azl

gwh_egﬂnmmgmof X, ..., X,. The probability
7 méeasure of X, (Px,, defined on R) is called the marginal
¢ distribution of (XX ) A
e Q: Why need joint distribution? Why are marginal di&ribution 0]
not enough? e ??é
> Example (Coin Tossing, LNp.4-2). P ({M'h\})’? . ° X
P(settyvseee] x,: # of head X, total # of heads (. ‘&5
vget} vechhl) on1toss| owe) | 1(38) | 2(38) | Qs [P

= Yg=)s (w2 |wvs[vie) |28[3/16] | u8[3/16] | 0[1/16]
1(1/2) 0[1/16] | 1/8[3/16] | /8 [3/16] (/Y 1/16]
P(Thh)= Vo
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= blue numbers: joint distribution of X, and X, Pe
= (black numbers): marginal distributions
= [read numbers]: joint distribution of another (X," , X, )
» Some findings:
o When joint distribution is given, its corresponding
marginal distributions are known, e.g.,
o P(X=i)=P(X =i, X,2=0)+P(X,=i, X,=1),:=0, 1, 2, 3.
X, Xy)and (X, , X, ) haveidentical marginal
an be ot |stributions but different joint distributions.
from, manginal When the marginal distributions are given, the
d corresponding joint distribution is still unknown. There
could be many possible different joint distributions.
R— (A specia case: X, ..., X, areindependent.)
o Joint distribution offers more information, e.g.,
+When not observing X, the distribution of X, is:
Plt=(,xo0)  F1X2=0) P(X,=1)£1/2)= marginal distribution

— e When X; was observed-sa =1, the distribution of
POa=1) mX2:O|X1:1):(28) 8§=2/B and
P(X,=1|X,=1)=(1/8)/(3/8)X1/3 = the calculation
requires the knowing of joint distribution

p. 6-4

We can characterize the joint distribution of X in terms of its
ompane 1.J0INt Cumulative Distribution Function (joint cdf)
withv 2 Joint Probability Mass (Density) Function (joint pmf or pdf)
‘:"1‘2‘;’1 Joint Moment Generating Function (joint mgf, Chapter 7)
» Joint Cumulative Distribution Function

(z‘.%[z))efinition. Thejoint cdf of X=(X4, ..., X, isdefined as
%X: Fx(x1,...,2n) = P(X1 <21, X5 < 9,..., X5, < xp).
A« Theorem. Suppose that F isajoint cdf. Then,

(i) 0< Fy(xy, ..., x,) <1, for —oo<zx,<oo0,i=1, ..., n.

(i) lmg, a0z, —oo Fx(21, ..., 20) =1
).
lim Fx(z1,...,2,) =0.
Then, A, 4 0 = lim P(A,,) = P(0) = 0.

X T X
Proof. Let zim 1 00, 1 < i < n. 2| A%y %a)
Let A,, = (—00,21m) X -+ X (—00, Znm 52
T;—r— 00
made by Shao-Wei Cheng (NTHU, Taiwan)

e

ThCl’l, Am T R” = lim P(Am) — P(Rn) — 1. ‘ ”I%BXZ
BRI
Proof. Let z;,, 4 —o0, for some %.

(iii) For any :€{1, ..., n},
Let A, = (—00,21) X + -+ X (=00, Zim) X -+ + X (—00,Zy).
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NTHU MATH 2810, 2011
X, (iv) Fy iscontinuous from the right with

v respect to each of the coordinates, or any
L subset of them jointly, i.e., if x=(z, ...,
o o gyandz, =(zq,,, -y 2,,) SUChthat z,, | x,
then  pe(a,) | Fx(x). 2l
N WM If x; <zl i=1,...,n,then
%) Fx(x1,...,2,) < Fx(ty,...,ty) < Fx(z,...,2)).
» where t; € {x;,z},i=1,2,...,n. When n=2, we have

&Y /
1, 2a) <) Fxixo(w,25) | )
FXl,Xz(xlva) — { FXI,XQ(CE,D%Q) — FXl,XQ(xlva)'

a,x2)

N (vi) If 21 < xl and x2 < 5, then
/
ity POOX <2 O < 1)
— FX1 X2($1,$2) FXl,XZ(‘r’U17a:/2)
—Fx, x,(x}, 22) + Fx, x, (21, 2).

’ In particular, let 2/ 1 oo and z/, 1 oo, We get
///// 1 2

P($1<X1<OO,$2<X2<OO)

(%‘%})Xé = 1—FX1($1)—FX2($2)+FX1,X2($1,x2>.
(vii) Thejoint cdf of X , ... k<W“’"“““g’€ v o°
% Fro xo(@ns.nan) = PG S a1, Xy < 50)
X %@m&z) = P(X; <z,..., X, < ay,
X, — 00 < Xg11 < 00,...,—00 < X, < 0)
= lim Fx(x1,y s Ty Thg1y- - -5 Tn)-

R Lh+4+1:Tk425 3 Lpn—>00
N Dest | particular, the marginal cdf of X, is
%%Z% Fx,(z) = P(X; < ) \—canéo.angr'(/, nX.

= lim Fx(x,x2,T3,...,%y).
X2,T3," ", Lpn—7>00

N

= Theorem. A function Fy (x4, ..., x,) can beajoint cdf if Fy
satisfies (i)-(v) in the previous theorem.

» Joint Probability Mass Function

= Definition. Supposethat X, ..., X, are discrete random
variables. Thejoint pmf of X=(X_, ..., X,) isdefined as

px(x1,...,x,) = P(X1 =21,..., X5 = Ty).
= Theorem. Suppose that py isajoint pmf. Then,
(@ px(x1,...,2n) >0, for —co < z; <o00,i=1,...,n.
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(b) There exists afinite or countably infinite such" o
that px(z1,...,2,) =0, for (z1,...,2,) & X.

© > crvpx(x) =1, where x = (z1,... a:n)
(d) For ACR”, P(X € A) Z P (x

X3o~«T«vm€(e) Thejoint pmf of@(l, m d l
le ,,,,, Xk(xl,...,xk):P(Xl:xl,...,Xk:ack)

Xy = P(Xlle,...,Xk:.’L'k;,
— oo < X < 00,...,—00 < X, <0 52
mo.rgmal pm§ s r3 ) T
L Z Px(T1, . oy Thy Tt 1y e+ -y Ty)-
(ml,...,mn)eX b b
_oo<mk_|_1 <o0,...,—oo<lTn <00 Ca be a”
In particular, the marginal ee_lféofr)—ﬂls d nv mX
@) =PX1=2) ™ oo &
= Z px(%,ﬂ?z,ﬂ?g,...,ﬂ?n).
2 3, T ) EX \b ‘/ J/
,...,—oo<:1:n<oo -@ —07 -0)

« Theorem. A function py(z4, ..., x,) can be ajoint pmf if py
satisfies (a)-(c) in the previous theorem.

p. 6-8

X, » Theorem. If F} and p, arethejoint cdf and joint pmf of X,

ey e S
> FX(xlj"‘jwn) p— pX(tl,...,tn), and
/ Xl P?XGA) (t1,--- tn)EX

//

t]_ <xi1,... tn<xn
Xy A=(w, 1 ]x(0,26) -«
>\.<_ px(x) = Fx(x) — Fx(x ), where x = (210, ..,%Zn0), and
e
@EXl F;E{l)($2,u—,$n) = FX($101$23~~axn)_FX(wIO_:x%wan)

X A'/ F(z)(m- T,) = F(l}(mf T T )—F(l)(x« —, T Tn)
7 Y X 315 dn — xX 205439+ 9dn X 207 5 L399
g_/ = ...
RIS Fx(x) - Fx(x—) = F& D (@0) — FL ™ (@n0-)

J/oi nt Probability Density Function
= Definition. A function fy (x4, ..., x,) can beajoint pdf if
P’;;P?‘C (1) fx(@y, .., 2,)>0, for —co<z;<00, i=1, ..., n.
2 [~ f fx(x1,...,xn) dz1---dx, = 1.
é‘*‘g"“}'Defflnltlon Supposethat X, ..., X, arecontinuousr.v.’s.
Xz Thejoint pdf of X=(X, ..., X,) isafunction fy(z,, ..., z,)
Eﬁ, satisfying (1) and (2) above, and for any event ACR®,

X P(XEA):f---fAfx(xl,...,xn)d:vl---d:vn.
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= Theorem. Supposethat f, isthejoint pdf of X= (Xl, a X))
Then, the joint pdf of X , .. X,dk<n |§/‘CM ¢aﬂg€rv5 mX

‘le ..... Xk(wla---afck) 1\ 4.

= oo fx(@ T D) g o,
\l/ «1 a,u?ru‘/),x

In particular, the marginal pdf of X |Sw a,-a?

‘ ,.‘: 3 le( ) ffooo f —@2,,,.,%71 deQ dxn
oy f Theorem. If Fy and fx arethejomtcdf and J8int pdf of X,

3;2,\5; then FX(SUl, o P(ﬁxep& A —(—w,x]x(-w, ] x - X(~, %;J
ffn fx(ti,...,tn) dty---dt,, and
fx(x1,... xn) amla . Fx(z1,...,25).

at the{continuity points of f,.
-Examples. [EREEE Q:{(bbo) by, —, (bs,6)] #R2=bss=30.
> Experiment. Two balls are drawn W|thout replacement from a
@odwith 1 ball 1abeled one, oFe .o
C6balls 2 ballslabeled two, f‘ ce
Jomily distibited 3 ball's 1abel ed three. T>R(X)

Let ™Y = |label on the 1% ball drawn;
= label on the 2" ball drawn.

p. 6-10

= Thejoint pmf and marginal pmfsof (X, Y) are

Q: kot me the  gont— T - margimad
$ pmt- & oot L T2 3 ]ey)] e
mang] inal pmf* 1 | —§— |28 330+ 16
b (X)) i = 2802 2/30 | 61364 2/6 3.2.6
’ 3 /30 ‘3/6 6 573

drawn with inall D X(w) 16 | 2/6 | 3/6 " p(xs3, ¥=3) =Pl B)PC*(:g (=3)

2
r<plac¢m¢'ﬂé When balls drawn without replacement, why do X and Y

(';’"MTL o't have same marginal distributions?

niNp.  Q: AIX-YI=1)=7
341 pIX-Y=1) = P(X=1, Y=2) + P(X=2, Y=1)
+ P(X=2,Y=3)+ A(X=3,Y=2)=8/15. V

>Multinomial DistributioneS®, binomiaf distribtion

= Recall. Partitions
v e alf n>1landny, ..., n,, > Oareintegersfor which
Cl in n1+---+nm=n,
= = then aset of n elements may be partitioned into m subsets
of sizesny, ..., n,, In
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p. 6-11

n o n!
(nl,---,nm) T n!IX e Xy, ways

s Example: MISSISSIPP) 6
1oy 11 iﬁ‘\'l
(4,1,2,4) o4l ] e [-: (
S

= Example (Die Rolling)=%, ¢, Tossing "oz

o Q: If abalanced (6-sided) dieisrolled 12 times,
P(each face appears twice)=77%

o Sample space of rolling the die once (basic experiment):

={1,2,3,4,5,6}.

o The sample space for the 12 trialsis
Anoutcomew € Qisw =(iy, iy, ..., 11,), Where
1S21, sy 212S6.

b o There are 612 possible outcomesin Q, i.e., #Q = 612,

a Among all possible outcomes, thereare (, , )%, o) = (5!2)!6
of which each face appears twice.

|
a P(each face appearstwice) = r37s @ 4
“&"(‘Z’ X --° YZ

-

P

; Z- ¥
o~

p. 6-12

= Generalization.

o Consider a basic experiment which can result in one of_m
types of outcomes Denote its sample space as

={1,2,...,m}.
Let p, = P(outcome 7 appears),
then, (i) pyy .-y p,, > 0, and

(i) p t---+p, =1
o Repeat the basic experiment n times. Then, the sample
space for the n triasis
Q=Qy X -+ X Qg=Qy"
Let X, =# of trialswith outcome,k =1, .

Then, M (xy, ... Xm) Q- R andegawﬂgdrsfn

(i) X;+---+ X
o Thejoint pmf of X, ..., X, IS
SR@2| px(z1,...,2m) = P(Xl—xl,... Xm:xm)
X = oy, ) PTT XX PR
forz,, ...,z, >0andx, +:-- +x, =n.
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Proof. The probability of any sequence with\x, 7'sis P 643

and there are é

(:cl,-?ﬁ-b,a:m) @ st o D

such sequences.

o The distribution of arandom vector X=(X}, ..., X, ) with
the above joint pmf is called the multinomial distribution
with parametersn, m, and p, ..., p,,, denoted by
Multinomial(n, m, py, ..., p,,)-

5*: B(x) + The multinomial distribution is called after the

~ n - : :

=(P+ - +Pm.) Multinomial Th%orem.

SR e o
binomral = Z < K )afl X e X amm_(*)
M 't__“i-‘ @, €{0,...,n}; i=1,...,m L1 Tm/) Yy 2 m Kn%_on

— st on” | I £2)

12 -~ m |tisageneralization of the binomial distribution fom

2 types of outcomes to ym types of outcomes.
m=2 (X5 Xx) 2o & X2=n-X|

o Some Properties. o
e Because X, =n —(X;+---+X, ;+ X, ,+--+X, ), and
p;=1—=(pyt -+ p_ 1Pt +p,),
wlog, we can writgua’“, but” Ns dmensron, =M~
(Xpoony X1 X)) = (X, Xopp gy n (X4 X))
n s * Marginal Distribution. Syppoge that
-8 BH--m (X, ..., X)) ~ Multinomial (n

L—T—-—JFor 1< k<m, the distribution
ot o 1X,,) EE mbbey

1" (ﬁ*‘)/ Xy . X
Multlnomlal(n@, D1s -+s Dios Pt 1D,

In particular, X, ~ Binomial(n, p,) (K,, ., Xm.)

) D1y -1 D)
by(e) m Lp, 6-7.

l

+ Mean and Variance. ( Xt Xat 4Ky, )
E(X;)=np; and Var(X i):npi(l_pi)'wu/ﬁnom/‘qf
fori=1, ..., m. (’L,Z_,B,pzwg,,)
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Lecture Notes
p. 6-15

Suppose that the joint pdf of 2 continuousr.v.’s (X, Y) is

ANe Aety) x>0,y >0,
foupis —Af(x’y):{ herwise.

0, otherwise.
Q: AY 22X or X>2Y)=77 ' Jedx

. Theevent{Y>2X}U{X > 2V} is /<% excliside,
» S0, Y >2X or X>2Y)=P(Y >2X)+P(X>2Y)=2/3 because
§ Soupdody [

A P(Y >2X) :/ [/ AZeA(E+y) dy} dz
:P(@(’CY)GA) - 0 2

giay
l( S mutuadl

xT
oo

0

da::/ e 32 dx
- y=2x 0
o foptady = (-1/3)e [ =1/3.

=c gg g,bcl(z,gand similarly_, we can get E(X >2Y)=1/3 (exercise).
e SS »ExXample. Consider two continuousr.v.'s X and Y.
D

Y D
' &4 )njiform Distribution over aregion D. If DCR2 and
= CAealp) 0 < oi=Area(D) < oo, then ~™dreab
=

hy
F(z,y) = ¢ 1p(z,y) > ED
isajoint pdf when c=1/a., called the uniform pdf over D.

r funclion

nLet D ={(x, y): z°+y°<1}, then a=Area(D)=r and Y,

C . f(%y):%lD(xay)
isajoint pdf.

pelc
=« Marginal distribution. The marginal pdf of X'is L Z

\/1_$2 1 2 i YA
fX(ac):/ —dy:;\/l—af;2 t=l74

Vi—zZ T

for -1<x< 1, and f(z)=0, otherwise.

(exercise: Find the marginal distribution of Y?)
+ Reading: textbook, Sec 6.1 3

ct | ndependent Random Variables
" S independond” events ((Np.3-13 ~22)

»When the joint distribution is given, the marginal distributions
are known.

» Recdll.

» The converse statement does not hold in general.
»However, when random variables are independent,

marginal distributions + independence =- joint distribution.
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Definition. The random variables X, ..., X, arecalled P
(mutually) mdependent if and only if for an g/ (measurabl e)( Sets

A,CR, =1, ..., n, the events A TR
Gor 1Efg},._,{x;6fg3 ;}/ B
puwrpose | '~ Lz ittt R

areindependent. That is, G _, An
P(LX € Aiy, Xiy € Ay, - , Xy, € Ai;S“P’?’z/%ol“gezz
= P(X,, eA)xP@'eA) X P(X;, € Aiy),

for any 1<4,<i,<-- -<ik§n;m
¢ f X, ..., X, areindependent, for 1<k<n,
r PUX i1 € Abinseo ., X € Al X1 € Ar, ..., Xy € Ar)
W P(Xk+1EAk+1,...,Xn€An)

e%&% idedthat P(X;, € Aq,..., X € Ag) > 0.1n other words,

X3, ..., X, do not carry information about X, ..., X,.
» Theorem (Factorization Theorem). The random variables
X=(Xy, ..., X,) areindependent if and only if one of the following
conditions holds.
(1) Fx(z1,...,xn) = Fx,(z1) X -+ X Fx, (z,), Where Fy is
the joint cdf of X and Fy Isthe marginal cdf of X, for i=1,...,n.

p. 6-18

(2) Suppose that X4, ..., X,, are discrete random variables.

px(T1,...,Tn) —pxl(xl) X X px, (Tn), Wherer isthe
joint pmf of X and px, Isthe marglnal pmf of X, for+=1,...,n.

(3) Supposethat X, ..., X, are continuous random varlabl €s.

fx(x1,. .. xn) = fx, (x1) X -+ X fx, (zn), Where fy isthe
joint pdf of X and f Isthe marginal pdf of X, fori=1,...,n

Proof.

independent = (1). Fx(z1,...,2,) = P(X1 < z1,..., Xn < xp,)
= Xl - (—oo,a:l],...,Xne (—OO,iL‘nD

bymdzfmfmwé\g P(Xy € (o0, z1]) X -+ X P(Xp € (—00,zn])

% P = Fx,(z1) x---x Fx_(xn) we the
ropmtg
independent < (1). Out of the scope of this couse so skip. Fnel o

independent = (2). px(21,...,2,) = P(Xi =21,..., Xn =)

P(X1 €{z1},..., Xn € {zn})
" ?Z:m P(X1 € {m1}) X -+ X P(Xa € {z,})

- le(:C]_)X"°X_an(xn)
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(2) = (1) l//—- Thm ™m LJ\/P.é &. p. 6-19

FX(E]_: "Uﬂ.} L U;l: yln)

(b1, rtn) €X
) <z, tn<Tn

D3, (t1) X+ o+ X px (En)

= Yo () x-ox Y px,(ta) = Fx,(z1) X -+ X Fx, (n)

(t15--2s tn)EX (t1,--,tn)EX
t1 <z tn<Tn

(3) = (M.
Fx (x4, .. iﬂn)—/ / fx(ti,...,ty,) dty - -+ dty,

by(S)z_@ I : fx, (t1) X - x fx (t,) dty---dt
n rox - /\ I X [1rr| I el Clilsna
i o A3 7 o Lip A\ TE g s e
%,l" O J

= ! fxl (fl) di‘l X X l f_};“(fn) dfﬂ = FX1 (Tl) X -+ X FXn ('Tn)

(3)

<= (1)
£ 1
J XN\ L

0 0

= a_xlFXl(:Cl)x"'x8—%FXR(T’?1)=fX1($1)x“.fon($n)

»Remark. It follows from the Multiplication Law (LNp.3-7)  »®
FX(xla“-amn):P(Xl Smla---aXn an)
= Phsa) (= Fx, (:cl))

xP(Xy < 22| X1 < 21) Xa dap o )(,&gp(xz < 1) = Fx, (22)

XP(X3 < z3| X1 <71, X2 < x2) P(Xs3 < z3) = Fx,(x3) )

Y XB W\dﬁP‘@ Xy X
23)  xP(X, < 20| X1 <21, ., KXot < 2n1) (2 P(X < 2) = Fy.. ()
Y that the independence canX'Be e"é‘t@b‘ﬁs’f]ed’ uentially.

»Example. If A, ..., A, areindependent events, then
Aa) -5 14,, arelndependent random variables. For example,

!eil:c“b }oM P(]'Al 1,14, =0,14, ;Wby Then v LNP 3-8,
wt = P(A;NASN Az) £P(A)P(A5)P (A3)

= P(14, =1)P(14, ;MO)P(1A3 =1)¢ szrpm#
>Example. If X=(X, ..., X,) are HP generalization
independent and 5% |romch<chon
% ¢ ql\L h = gl(Xli“'lXil)i
Y, = g/(X)), =1, . ‘% ,\ﬁuﬁ‘l& 2 = oXa4n-Xi)
thenYy, ..., Y, arelndependent B o= ol Ko
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Proof. Let A;(y) = {:c gi(z) <y}, ©=1, ..., n, then Po
¥ “‘F~F ) =PV <yr,. . Y <)
el Xw) eAUNE PIK, € Ai(ar).... X € A ()
= P(Xi€Ai(pn)) x - xP(X, € An(yn))
(wes: vigw) < g}) X% P(Yy < yn)
glo(((w)) = Fy,(y1) X - X Fy, (y )—Pm{“d- .
» Theorem. X=(X4, ..., X,) aremdependent if and only |fﬂ/ﬁere

exist univariatefunctlon3g§ 1=1, ..., n, such that

(& when X, ..., X, arediscrete r.v.’s with joint pmf py,

px(xy, ...y x,) < g(T) %X+ Xg,(x,), —00<x,<00, 1=1,...,n
(b) when X, ..., X,, are continuousr.v.’s with joint pdf f,,
fx(xy, ooy ) < gy(x) X - Xg,(x,), —00<x,<00, 1=1,...,n
Sketch of proof for (b).
JXlktbl) —Jl JI JXKULI:-LQ:---)‘LTL) axrs ALy
x 2(3:2) - gn(zy) dog - - - dxyy < g1 (21).

p. 6-22

SlmilarlYa sz (3?2) X 92(332)3 sy an (mn) X gn(mn)
= fxi(z1) - fx,(zn) < g1(z1) - - gn(n)
= fx(z1,...,@n) < fx,(21) - fx, (Tn)

= fx(@1,..,z0) = ¢ fx, (1) - fx,, (%n)
for some constant c.
Because
/ / fx(z1,22,...,2,) dzy - =1, and

fx. (-T?n) dzy - =c=1.

/ / fx, (-‘131),\—/ :

»Example.
= If thejoint pdf of (X, 7Y) is g

f(;c,y)oc 0<zx<o0,0<y<oo,
and f(z, y)=0, otherwise, i.e., product

1p00-3gy) 7(*Y) “f’iy(o,oo)(y), s

/gthen X and Y are independent. Note that the region in which

the joint pdf is nonzero can be expressed in the form
(z,y): z€A, yeB} .
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-Supposethat thejoint pdf of (X, Y) is o
flx,y) x Ty, I<zr<l,0<y<,0<x+y <1,
F . and f(z, y)= 0, otherwise, i €., f(z,y) x zy - 1p(x,y),
4 XandYarenot independent. m%i?g:(g :

W= =l >| Q: For independent X and Y, how should their joint pdf/pmf

ook like? me Wt pl ki(g)
W LA/ pp—

1&(7)

% Reading: textbook, Sec62

Transfor mati onf mnsﬁrmﬂl'mn for
univanialle rv. (CNp. ‘/"10

* Q: Giventhejoint distribution of X=(X4, ..., X,), hOWtOfIndS

~f0
the distribution Y=(Y7, ..., ¥), whereurcd
_ F o‘nz'cd Y-’7
Y1=g1(Xy, -, Xn) M °
2
Y=9(X) v
Yi=g.(Xy, - X)

denoted by Y—g(X) 4010

p. 6-24

» The following methods are useful:
1.Method of Events
2.Method of Cumulative Distribution Function
3.Method of Probability Density Function
4.Method of Moment Generating Function (chapter 7)
»Method of Events e}
» Theorem. Thedistributionof Y is  x, .

determined by the distribution of A x P
X asfollows: for any event BCRF, Y=¢(X)
where A = g }(B) C R™.

« Example. Let X be a discrete random vector taking values
X, =(x1;, T --r T,), 1=1, 2, ..., With joint pmf py. Then,

Y =g(X) is aso adiscrete random vector. Suppose that Y
takesvaluesony,, j=1, 2, .... To determine the joint pmf of
Y, by taking B= {7 i}, we have

A={x1g(x;)=y;}
and hence, the joint pmf of Y is

py(y;) = Py({y;}) = Px(A) = > . ca Px(Xi)-
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=« Example. Let X and Y be random variables with the @ o

frswiz ©@MDp(z, y). Find the distribution of Z=X+Y.

TS nj,Z..—. L={(X,Y) e{(z,9): zty=2}} A o
NI B opz(2)=Ps({z}) =P(X+Y =2) = Z p(z,z — z).
x oWhen X and Y are independent,
=3

xe%

p(z, y) = px(z)pAy), = range % X
Z px(z)py (2 — ).

which isreferred to as tﬁm%ﬁ {ition of Py and py.
o (Exercise) Z=X-Y
» Theorem. If X and Y areindependent, and X ~ Poisson(},),
v444 1 Y ~Poisson(i,) , then
x Z = X + Y~ Poisson(A;+1,).
> ~ Proof. For 2=0, 1, 2, ..., the pmf p(2) of Zis

Z
—o—o—o—o> z xf,—Ap )\ 2—T
0123 pz(z) _ ZPX(m)pY(z "\ O
=0

(z —x)!

9'4:3-1- o

—()\1+A2) 3-26

2a7(7vm 2! Z ¢ zl(z — x)')\ A2 2! Q1+ 22)"
by Binomrad

S n LNp.6
Thm (LNp. #20)

:I:_

Yy +Xn-¢ %%rollary If X,, ..., X, areindependent, and

~Rissn)vt +./{'(k)Pmsszon(k) 1= 1 , 1, then
Xo ~Poisson () Xt +X ~ Poisson(i,+:--+A,).

Proof. By induction (exerC| se). Xa: #ofx¢
X( #O'Px X:#of X

Y~ Pl
&Brzm(kaz |[XL~P(xm| VI E ,f)l ot

# of Y APQ(ti -+
\f @Method of cumulatlve)gy ribution function )

MP"% 1.Inthe (X, ..., X,) space, find the region that corresponds to
method of {V <y, ..., Y, <y;}—p A

N> 2. Find By (ys, ..., y,)=PY;<y,, ..., Y;<y,) by summing the
ML igint pmf or integrating the joint pdf of Xy ..., X, over the
B b Yegionidentifiedin 1.

l< \y™° Y
(et Y 8 or continuous case) Find the joint pdf of Y by differentiating
Fy(yp, - ), 1€, .
fY(yh IR yk) - dylc.i..dyk FY(y17 SRR yk)
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= Example. X and Y are random variableswit p. 627

Y f(x, y). Find the distribution of Z=X+Y. X.Y continuous rs
o{Z <z} ={(X, Y) €{(z, y): 2ty <z}}. S0,
f(z,y) dydz
z oo r = S8
Jr_oo Jr—oo f( t }u.au.o (Set { y — t—S )

o0 Sz%
and fz(z) = LFz(2)= [~ f(z,z—x)dx Et=3+%

o When X and Y are independent, e Dy | °l
f (,9) = fx(@) fly). | “s )T\~
=0, Fy( fz me ) fy (y) dydx dxdy =dsdt.

bﬁmtf [ " fr(y) dy] fx (@) da
> _ d] Fe ()
(2 Ra-ofdf = [ Fr(z - offx@)dr &
which is referred to as the convolution of F'y and Fy, and
fz(z) = f fx(x)fy(z —x) dazé—') onvo\ wlon of

which isreferred to as the convolution of f and fy- (E'npz,.zg
o (exercise) Z=X-Y.

= Theorem. If X and Y are independent, and -
X ~ Gamma(ocl, A), Y ~ Gamma(o.,, A) , then NSRS

Proof. For z>0,

@ [o" /l(’)é+( -76)
Z(Z) — A 1t foz m051_]_(Z_ g — 1 @ S )

F(al)l"(ag)
A21taz2e—Az ol o1 — oo — o1 — a2
S T (1)l (02) Jo Zlea= b 1)“(?1 H1-vy) de

)‘Ql+022’(al+a2)_16_)‘z W d;b
Mo ae) X Tlartas) - fsta. fundlron
(WNp.§-21)

and f7(z) =0, forz<O.
o Corollary. If X3, ..., X, areindependent, and
X, ~ Gamma(a;, 1), i=1, ..., n, then
X+ -+ X ~Gamma(o,+--- +a,,, A).
Proof. By induction (exercise).

o (exercise) Corollary. If X3, ..., X, areindependent, and
X, ~ Exponential(), :=1, ..., n, then

4 >
Gana{ 10 X+ - + )= Gamme{p) ).

I|\~’
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o (exercise) Theorem. If X, ..., X, areindependent,and ™™
tesdhool X~ Normal(l/lw ), 1=1, ..., n, then
p.256 -+ X, ~Norma|(ul+.-.+u G 24+ ).

. Example X and Y are random variables with joint pdf
f(x, y). Find the distribution of Z=Y/X.

o ole QP (o) iyia < )
| = {(z,y):x <0,y > zzx}
“lu ¥h=¥ U{(a: y) x>0,y <zx}

EPthen, F (2 fo z,y) dzdy

ﬁf——w =3 - f I f(a,y) dyda
= 7.”'{. i 0 Z S, St) o
) \ JJ \Y y, @

/ (2 = s \ =
kset iy _ o
S=%x, ts= 9/x !
d¥s M| 110y oo
ld,,,ds ot%,t,-lrs (= 77 IsIfx (s) f (st) dsdE
dxcla—s dsat: when X and Y are independent)

p. 6-30

and, fz(z) = j—zFZ(z) = [7_|z|f(z, zz) dx

(= /7 |zl fx(2) fy (z2) dx
when X and Y are independent)

o(exercise) Z=XY

olf X and Y areindependent, X ~ exponential (A,),
Y ~ exponential(1,), and Z=Y/X. The pdf of Z is

YJ:_;. fz(z = fooo( )()\16_:‘133) [)\) 6_>\2(mz)} dx
[ _ A1 A2T(2 f A14Xoz2)? 2 _()\1_|_)\2z)g; dx
A1+X22)2J0 (2
- B (A1+X22)? 1>\1>\22) l-Pd(p) _J
p > = Datrez)? ‘é éamm(,?,/ )q-r)v_s.)
for >0, and O for z <O.
And, thecdf of Zis
2 Ao
:fo fz(t) dt:fo (A +Aat)2 dt
—222 (N + Xot) T =1 —

for z>0, and O for z < 0.
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©Method of probability density function P63t
a speetel , Theorem. Let X=(X, .. e[continuous random
cma2 7f) variableswith the joint pdf
ruthod of pif- Y=(Y;, - Y 90X),
5ee pmm‘

q Wﬁ;m)Where gis l-to-i), so that itsinverse exists and is denoted by

X=g7(y) = w(y) = (wy(y), wy(y), --., w,(¥))-
Assume{w have contintous partial derivatives, and let

ow ow ow N
81()’) 81(3’) Byl;iy) Nﬂ"‘éi LQJCO”LZ
_2 Y) _2 (ZY) .. 81132(50
7 _ dyy dya dy,
[;-_5’— : : . 33/ BKC
Jacobm dwn(y) Ownly) .. OSwn(y)
dyq Oy2 5911 nxn

Then
Fe) = f(g 1)) % 11655 Thm oo UNp.5-8

fory st. y=g(x) for somex, and £, (y)=0, otherwise.

: palf:
: ?

S. \;Vhat iIstheroleof |J]?) W
oof. J—‘ﬁ—

FY(yla . ayﬂ):ffl fyn fY(tla .. p632
f f (-51 T ) fX(mla" mn) den ”dxl'

Y =91(=1, mn)£y1
Yﬁ;’gn (T1,--» wn)Syn

It then follows from an exercise in advanced cal culus that

i) = ayla 5Py (Y1, Yn)
= fx(wi(y), .., wa(y)) x |J].

o Remark. When the dimensionality of Y (denoted by k) is
less than n, we can choose another n—k transformations Z
such that (Y, Z)=g(X) satisfy the assumptionsin above
theorem. By integrating out the last n—k argumentsin the
pdf of (Y, Z), the pdf of Y can be obtained.

» Example. X, and X, are random variables with joint pdf
fx(@q, ). Find the distribution of Y;=X/(X+X5)=4(x, %)

W then

Yy1Yy2 = wl(yla ?J2)
To = Y2 —y1y2 = wa(y1,Y2)-
. ow owy ows ows
SINCe 5.~ =Y2, G2 =Y, 5,0 = Y2, G0 =11,
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p. 6-33

42 4 | = Y2 — Y1Y2 + Y1Y2 = Y2, an = |ya|.

—y 1l—y
Therefore, fy(y1,y2) = fx(y1y2, Y2 — y1y2)|y2|,

and, fv, (y1) = [ fy(y1, y2) dyo
= [T fx Y1Y2, Y2 — Y1y2)|y2| dy2.
= [T fxa (hv2) fxo (y2 — y1y2) 2| dy2
when X; and X, are independent)
» Theorem. If X,and X, are independent, and
~ Gamma(a,, A), X, ~ Gamma(a.,, A), then
Y, =X,/(X,+X,) ~ Beta(a,, a.,).
Proof. For z,, x, > 0, thejoint pdf of X is

A&l a1—1_—dzq A2 az—1_—dxs
fx (@1, @2) = Foye1" e X T(ag) T2 €

_ A¥1t2 ar1—1_az—1 —>\(£131—|—£C2)
=~ T(ayD(az)¥1 L2

So, for 0<y,< 1,

J =

fra(y) = [2o Fx (aye) Fxz (Y2 — vay2)|ye| dyo

o +a _ oo — _ n R4
} m(%m)m Hye — y1y2)*2 e 2 -y dys

(a1+a2) -1 ao—1
FaTay ¥t (L —y1)*
Y 2@tz (a1+ag) 1 o— vz

0 [Flartan ¥2 ¢ dys.

and fy, (y1) = 0 otherwise. \Mp 3L, Gamma(cl+atz, )
)Example Suppose that X and Y have auniform distribution
over theregion D={(z, y): x*+y?<1}, i.e., their joint pdf is

fxy(z,y) = +1p(z,y).
Find the joint distribution of (R, ®) and examine whether R
and ® are independent, where (R, ®) isthe polar coordinate

V/// representation of (X, Y), i.e,
// R X = Rcos(®) =wi(R,0
o 1 Y = Rsin(0) = wy(R,0).

aSince £ z = cos(#), ()
= sin(6), 85”92 = 1 cos(6),
cos( ) —rsin(6)
sin(f) 7 cos(0)
and |J| = |r| = 7.

N—"
~

= rcos?(0) + rsin®(0) = r,
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éigpggﬁaﬁogﬁgamammmﬂmua®ns o
et fro(r,0) = fx.y(rcos(6),rsin(8)) x |J] = Lr=—L.op
"“‘"%"‘“Q and fr o (r, ) = 0,0therwise.

l
~U%‘5’M”9§2/ the theorem in LNp.6-21, (R, ®) are independent: %0

MMXI, ..., X, be independent and identically ——
distributed exponential (). Let

Y=X,++X,i=1, .., n

Find the distribution of Y=(Y7, ..., Y.). WNp-6-28,
x4—— (Note. It has been shown that Y; ~ Gamma(i, A), i=1, ..., n.)
——x, oThejointpdf of X, ..., X is Note: not "x!

= not & produdt set.

Sfr¥a fx(x1,...zn) =1, fx, @) Note: not- Wy x!
A L

v, _ n —Xwi) _ ~\
“ % = JTr, (Ae=2®i) = Are= A ).
7 for 0<z;<o0,i=1, ..., n
Yl$Yz$-"fYn o Since r1T = Y = 'wl(yl, R ,yn),
To = Yo—y1=wa(y1,..-,Yn), [P G Iof
Tn = Yn —Yn-1= wn(yla . e ’yn)b
we have 1, ifj=i, P
Qui = ¢ —1, ifj=i-1,
Yj .
0, otherwise,
R
1
J = 0 -1 1 O zl,and@:l.

o For O<y,<- "Syilg Yir1 <o <Y, <00,

W, yn) = fx(yl,yz Yl Yn — Yn—1) X |J|
)\n yn GQ \(h /Yl\ m&P-?
and fy (y1,...,yn) = 0,0therwise.
o The marginal pdf of Y, is
fY(y)

= Jy fyyl' f; 2[[00 y+1 B yn 1\)\7@ A dyy, - dyiadyipadyi— - - - dyadiy

Jo - o QL‘_"idyz - dy,

: 1 ,— ~a wnslnn,t‘
= Ne ey
for y>0, and fy. (y) = 0,0therwise.
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»Method of moment generating function. P o7
ng = Based on the uniqueness theorem of moment generating
function to be explained later in Chapter 7

}K
”}; = Especially useful to identify the distribution of sum of

A
independent random variables. X, - X indep, 2 Y=X+-~+Xn
X X3

Order Statistics )>§5)>§( §¢ §(6 I 3 .
Wgﬂﬂﬁ@ - 02 03 06 - - R 3@“/\5{'
or hot?

X(e)

4 XX X9 Lo X
(\l/ g4 AIE Iz \I
5. 53 Sq. 4 € Sn V4

»Definition. Let X, ..., X, berandom variables. We sort the
statistics. Using the notation,
eq. . . .
?’._,‘n,vmﬁm(a‘b) Xy =min( Xy, ..., X, ) isthe minimum,

X
a.bunknown,, X, = maX( Xy, ..., X, ) isthe maximum,

%Zﬁaf Re X, — X iscaled range,
=X~ X1 J=2, ..., n, A€ called spacings.

p. 6-38

Q: What are the joint distributions of various order statistics
and their marginal distributions?
» Definition. X, ..., X, arecaledi.i.d. (independent, identically
distributed) with cdf F/pdf f/pmf p if random variables
X3, ..., X, areindependent and have a common marginal
distribution with cdf Fi/pdf f/pmf p.
=« Remark. For order statistics, we only consider the case that
Q:WhichotX 1, ..., X, areii.d. miuibron, when Xoy=2, X2y > X

7"; "”‘“‘Z’f o Note. Although X, ..., X\ areindependent, their order
12,3 M PbHatistics Xy, X ), -+, X, arg(not independen) in general.

will goudtm
énd @Theorem. Supposethat X, ..., X, arei.i.d. with cdf F

%é%%e cdf of X,y is 1-[1-F(x)]" and the cdf of X, Is[F(x)]".
Xy ? 2.1f X are continuous and F'has a pdf f, then the pdf of X ;) is
© nf(z)[1-F(z)]"* and the pdf of X, is n f(x)[Flx)]" .
Proof. By the method of cumulative distribution function,
1-Fx,(z) = P(Xqg>z)=PX1>z,..., X, >1)

P(Xy>x)---P(X, >« 1 - F(x)]".
N v
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Fx,, (z) = PX@m <z)=PX1<w,...,X, z)"
= P(Xi<2) - -P(X,< zr:) [F'(x)]"
<L F(x)).

fxo (@) = f=Fx,, (x) =n[l = F(2)]" " (£ b

P (@) = P, (@) = 0[P @) (P (@) >

= Graphical interpretation for the pdfs of X ;) and X ,,,. c

3|/\

(x\d
) ax
Brodx S D5 s
Vi4 == > X 77/ winaty” dges
whak does 15T @i ~7° n fxzg 700 Wﬂ'o‘
the prob- & J-F—>s «FO—3 ¢k
mw? ){ -, Xn $~ QhODSQ. i +17 ?LCC {\'JC "“I,W(E X|," -, Xn ﬁ? c}\OOSQ l Jco F’(’ct (‘J\f— ";.’“:)Gf"_;":)
:1 t'nedmsb T (9:61 ?3) ;i_he RS (-r.f?,’x,:[
(1) Foodx[1- Foo]™ ™ (1) $09dx [F0)

« Example. n light bulbs are placed in service at time =0,
and allowed to burn continuously. Denote their lifetimes by
Xy, - , and suppose that they arei.i.d. with cdf F. If
burned out bulbs are not replaced, then the room goes dark at

r
Me Y=max(Xy, ..., X.).
oIf n=5and F'is exponential with A = 1 per month, then

p. 6-40

Nate, We cm deive | F(x) =1-e<, for z> 0, and O, for z< 0.

%p he cdf of Yis
drsh’ bulrons F(y) = (1-e¥)5, for y> 0, and O, for y< O,

:22%{2% and its pdf is 5(1-e¥)%e, for y> 0, and O, for y< 0. @
of Xuy,- - Xmyd 1 he probability that the room is still lighted after tW
Lo monthsis AY > 2) = 1-F(2) = 1-(1-e2)>.

jm"t> heorem. Suppose that X, ..., X, arei.i.d. with pdf f/pmf p.
pipmfa hen, the joint pmf/pdf of Xy, ..., X, is

\ pX(l), Xy (@150 oy mn) =0l X p(x1) X -+ X p(n),

X(l), X (X1, oy @) =nl X f(z1) X -+ X f(xn),
forz, <@,<---<z,}and 0 otherwise™ et o product s

Rroof. For z,<z,<---<z,,
PX (1) Ximy (X155, Tn) = P(X(1) = 21, ..., X(n) = Tn)
@ Z (i1 ,--rim): P(Xl :CEil,...,Xn :xzn)

permutations of

(1,...,n)

Xy ¥Xp) B Wen) @ > Grvin: p(x1) X - X p(Th)

permutations of

(1,...,n)
=l p(n) X - X plaw).
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p. 6-41
,,,,, Xy (X1, xp) dxy -+ -dzy

P(CBl—d—;]‘<X(1)<CB1—|—d—;L,...,

T — G < X < Tn + G2)

dx; dx;
= Z (i1, rim): P(a:ll — 21 < X3 <xi1+le---7

permutations of
(1,...,m)

Ti, — dx;" < X, <z, + dx;n)
b 2t J@0) e f(an) dey---day
?Z;:‘“’E) s ]‘szl)n)x oo X fzy) dzy - - dz,.
= Q: Examine whether X, , ..., X, areindependent using

the Theorem in LNp.6-21.
»Theorem. If X, ..., X, arei.i.d. with cdf F'and pdf f, then
ws 1 Thepdfor e d & A B 39T a7 X, - X

> K2
Feo~{ ;fdt o @) = (1t i) F(@)F (@)1 = F(ﬂf)]”"“‘-wt )

10 pove( 2 The cdf of X is )
(OB Py (@) = Sy (CIF@I™1 ~ F@)" ™ ooty

Proof. + prove (e »x

p. 6-42

Soodx S
Xy % X,y Xon > chouse. | 4o dace v (2% 2+
L l {% T k=l 5 & [-—a); x) 2

2K
e 2 s (e, @)

e (0 ) fordo [Redl DAl

' /
Q: what i) Fxg (2) = P(X(x) < ) * ‘z”_‘i
= P(at least k of the X;’s are < x) v
= > _, P(exact m of the X,’s are < z) "

= Yom=t () @)™ = F(z)]"™™ exclusnie

Theorem. If D ST X&ar 1.i.d. with cdf F"and pdf f, then
n

ca Wed from. the Yot —
1. Thefoint pafiof Xy, and X 16~ 4 PAEE X0 Ko
Xy X (8:8) = n(n = 1) f(s) F(O)[F () — F(s)]" 7,
for s<t, and O otherwise. exencise given LAIP,é.z:'L
2.The pdf of therange RS X ,,—X 4, IS

fR(T) — ffooo fX(l) X (n) (U, u + 7") du,
for r>0, and O otherwise.

<
S
H
¥
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p. 6-43
&) &n) (S it) $d5 + ‘S:&:}d;b X\,- Xn,—> Cj.\{)m 0.\_@_ o P acg Tn (5 dﬁd&j)
’ ﬂ?(s -2t
(A”M#;doeﬁ The ‘(ﬂ.f:'b e (s,t)
the PDL ;_ _— 2 (77 o) TesTterde (Fo- pfsj
mean  FB- Hs)..___i‘

n .
»Theorem. If X, ..., X, arei.i.d. with cdf Fand pdf f, then
1.Toi; X;(;.) and X, , where 1<i<j<n, is
can & doved ' XX 5
fomtle gortw | T G-DIG—i- 1>'(n =i/ (5)f(t) o .
PAH- G Kery, - Xom < [F(s)]'THF(t) = F(s)P L= F(O)" 7,
, and O otherwise,

2.The pdf of theﬂ%% X=X is
fS S) f fX(g 1) X()(u U’+S) du,
for s> 0, and zero otherwise.

——

{&%ﬁiﬂ Xi,-— Xn> drose. one o plcwa ™ (S%‘gif%’;t?

§(5‘>d—‘» one - - - ([-SEuE
Fraxip 6. 20k, e
L_v__/— % §i-t = - = (S.%€)
What dOGS % % er‘p&“ - (t, ©

+ @2
- 2Qn] L iy )I@mﬁt &
+He P‘d) (——F(S)—"‘—— é‘e) _ﬁS)__—;Lt ©_ (i . t;:m] ﬁLHt) r-(sﬁj - Rl

+ Reading: textbook, Sec 6.3, 6.6, 6.7

p. 6-44

Conditional Dlstrlbutlonfgﬁdmmcpmb.
N L (Mp3-1~13)
 Definition. Let Xe and Yebe discrete random vectors and (X, Y) have

ajoint pmf py (X, y), then the conditional joint pmf of Y given X=x
o isdefinedas (,P(a [AY=P(ANBY.
XY

pyix(yx) = ({Y y}I{X x}J

P({X:an:Y})

Y 5umrbm pob. o f&’;; "2’ g
- Fu (2 o) T px(x) T maminal

If p,(X)>0. The probability is defined to be zero if p, (x)=0.
> Some Notes. <’\j"*” XY play Aot rolos m, P

= For each flxe@ leX(y|x) isajoint pmf for(§)Since
Zy Py x(y|x) = px(x) Zpr,Y(Xa y) = pxl(x) X px(x) = 1.
» For an event B of Y, the probability that Y € B given X=x is

P(Y € BIX = x) = ¥ ey Py x (ufx).

B=
= The conditional joint cdf of Y given X=x can be similarly
5‘ €4, Uqéf om the conditional joint pmf pyx(y[X), i.e.,

Fyix(yl%) = P(Y < /X = x) = X, pyix(ulx).
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»Theorem. Let X, ..., X,, beindependent and X;,~Poisson(.,)," "™

(Xy, ..., X,,|Y=n) ~ Multinomial(n, m, py, ..., P,,.),
where p, = L, /(A +---+4,) for i=1, ..., m.

)4 # %u)(// )(z:#OF“x’/ X! #of U

Xi~forsm (AL | XonPXER) (;4.~P(Ab. )z

Il ()

———
Y: #of x”é—F/xea((—n)
Proof. Thejoint pmf of (X, ..., X, ,Y) is
pxy(@1,...,m,n) =P{{X1 =21,..., Xpp =z} N{Y =n})
B { P(Xi=x1,...,Xmm = Tm), ifx1+---+xm:n,

0, ifxy +---+ 2, #n.
Furthermore, the distribution of Y'is Poisson(A,+:--+4, ), i€,
o Np 624,
py(n) = P(Y = n) = S0 Qe Am) P

Therefore, for x=(x4, ..., z,,) wheres z,€{0,1,2,...}, =1, ..., m
and z,+---+x,_=n, the conditional joint pmf of X given Y=n is

m Q;IX'A%' p. 6-46
X, Y(.CUl, 7mman) H

pxy (x|n) = Py (1) M(Al—{— o K-

| A Il )\ Tm
— n. 1 e _m
T !X Xay! X"(>\1+ 4 Am ) X X (>\1+ +Am ) )

o Definition. Let Xeﬂﬂ" d Ybe continuous random vectors and (X, Y)
have ajoint pdf fy (X, y), then the conditional JOI nt pdf of Y given

=X ISdef}Sle:;(a;’X) _ fXY(X y) goML'
mwa inaf,
if £,(x)>0,and 0 otherW|se
» Some Notes.

= P(X=x)=0 for a continuous random vector X { ax,
= The definition of fy(y|x) comes from

go‘&t <P (Y <ylx—(Ax/2) <X <x +LAX/2)}4\ Xn<74.+‘m‘
/-\;\MM Ax > N B
® @f"lx Fxe (,v) dudv ) } lj
{Yﬂﬂ‘, =, Ym¢ gw\s;/’ A% SP(ANB)
u\;’a’n W 1/ f A2x f:‘t) dt = P (;0() e 8'\0’#]34(72 '
" I¥ fx Y(x v) & dv fxx(x,y)
@ fx(x) A J"ZY fx(x)y dy
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p. 6-47

1
i,

N dy = 2 x fx(x)
VA L2 NTT)

event B of Y we can write
P(Y € BIX =x) = [, fyx(y[x) dy.

» The conditional joint cdf of Y given X=x can be similarly
defined from the conditional joint pdf fy(y[x), I.€.,

Fyix(ylx) = P(Y < y|[X =x) = [7_ fyx(ylx) d
»Example. If X and Y have ajoint pdf

f(zy) = (1_|_$+y)33
for 0<z, y<oo then

=Jo f,y) dy = (1+x+y)20 = @
for O§x< 0. So, ;
_ fl=y)  2(0+4w)
frix(Wl2) = £ty = Qrero®
oo 2(1+4+=x
and, P(Y>C‘X=LE) = f mdy
_ 4 |7 (4w)?
(It+z+y)? — (tztc)Z"

« Mixed Distribution: The definition of conditional distribution can”""
be(similarly generalizedJto the case in which some random variables

are dlscrete and the others continuous (see alater example). 9ot L

Laws m (Np 3-7~9, mang inaf
« Theoreni (Multiplication Law). Let X and Y be random vectors

and (X, Y) haveajoint pdf fy (X, y)/pmf py v(X, y), then
px,y(X,y) = pY|X(Y‘X) X px (x), Por
fxy(x,y)= fY|X(y]x) X fx(x). Xu xn(% %)
Proof. By the definition of conditional distribution. SR ) B, Ol )

* Theorem (Law of Total Probability). Let X and Y be rénxﬂé‘rﬁ‘ Oﬁ‘f )
vectors and (X, Y) have ajoint pdf fy (X, y)/pmf py (X, y), then

2 Ry 4) pY(Y)@ZiO:_oopr( X)px (X), OF {X=%} foem

o a povitition
— f fY|X Y‘X>fX( ) X. Y ] ;
Proof. By the deflnltlon of marginal distribution and thef -1 L
multiplication law. tx=23 L] \

« Theorem (Bayes Theorem). Let X and Y be random vectors % %
and (X, Y) haveajoint pdf fy (X, y)/or ajoint pmf py (X, y), then
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y1i.. E Py x (¥x)Dx(x) P 649
+— X|Y(X’y — ZOO % ()’ or
( oy x_m%

7 fY|x(Y|X)fX(X)

Rl\(ﬂ%§ K?Y'Y(gb‘) fX|Y(X‘Y) ~ f_oooo fyx (¥ 1x) fx(x) dx
Proof. By the definition of conditional distribution,
multiplication law, and the law of total probability.
GExample. e G (UVP.3~40)
: yppose that X ~ Uniform(0, 1), and

- ndti (Yy, ... Y, |X=z) arel.i.d. W|th Bernoulli(z),i. e )
\\,“‘,Yy\fd% CY|X(y]_, “ o yn|$) e a;yl+ +yn(1 _ :E)n (y1+-- _|_yn),

fory,, ..., y,€{0, 1}.

By the multiplication law, for y,, ..., y,€{0, 1} and O<z<1,

pY,X(y1, ey Yny ) = VY (L gyn e aketen),
= Suppose that we observed Y;=1, ..., Y =1. By the law of

total probability, P(Y; =1,....Y, =1) =py(1,...,1)
marginel o, 7= Jo PY|X( 1) fx (2 ) T

Yo, ¥n 1
LR _ n—+1 1
fox dr = —nHa: =

p. 6-50

« And, by Bayes Theorem, oWl
Py @Y= 1,... Y, = 1L/3W
— Py x (1, 1|9U)fX( (n+1)
py(]., .. .,1)
for 0<z<1,i.e, (X|V;=1, ..., Y,=1) ~ o Y 1 “‘3

«,gx

= If there were an (n+1)St Bernoulh trial Y, 8X( Yl i)
P(Yn+1 ].|Y1 Y — 1) = nﬂ
x|, g P(i= 1, ..,Yn+1 —1) 12 1
Gt PV =1,...,Y,=1) 1/(n+1) n+2

N+2 | (exercise) In general, it can be shown that
(X[Y1=ys, .o, Y =0,) ~ (yot---+y,)+1, n=(y, +---+y,)+1).

» Theorem (Independent). Let X and Y be random vectors and
(X, Y) haveajoint pdf fy (X, y)/pmf py (X, y). Then, X and Y are
independent, i.e.,
px, v (%,y) = px(x) x py(y), or

fxy(x,y) = fx(x) x fy(y),

if and only if
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p. 6-51

ook [Pyix(¥lx) =py(y), or
magreal | fyrx (y[%) = fr (y).
Proof. By the definition of conditional distribution.
»>intuition.
» the 2 graphsin LNp.6-23

" pyx(¥|x) (or fyx(y|x)) offers information of Y when X = x;

py(y) (or fy(y)) offers information of Y when X not observed.

“ Reading: textbook, Sec 6.4, 6.5
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