NTHU MATH 2810, 2011 Lecture Notes

Nd"e," OWW‘C”( . . p.5-1
datm,, aluas M@tmuous Random Variables

. e random variables, only arccountabl
rniteyiumber of possible values with positive Hity’>0)

» Often, there is interest in random variables that can take (at |east
(theoretically) on an[uncountablg umber of possible values, e.g.,

(0,400)<the weight of arandomly selected person in a population,
(0, @)<the length of time that a randomly selected light bulb works,
(&, 2)<the error in experimentally measuring the speed of light.
ﬁ’(samgaéxample(Uniform Spinner, LNp.2-14):
« Q= (-x, 7] ange of X is (T, ]
« For (a, )], P((a, b]) Lb—gi2n) | g LY 3 (-, 0)
» Consider the random variables:
X:Q—=R, and X(n)=oformeQ,
Y. Q= R, and Y(o)=tan(o)for ®eQ.

Then, X and Y are random variables that takes on an
(uncountablelnumber of possible values.

« Notice that:_ P(§x3)=0 gﬁﬁm V:;; ¢ éo ( p.?b o
{ X (g})) O, forany z € R, @) Instedd, positive prob, Is

4Blut, for =1 g<52b<n assignad fo_anbitrany priforvel
e Py{X € (a, 0]})= P((a b]) (b~ c)/(2
>Q Can we still defineap
not, what can play asimilar rgle like pmf for X?
» Probability Density Function and Continuous Random Variable

» Definition. A function f: R—R is called a probability denSIty
function (pdf) if %\ a pdf

LN areou \,

pt-5| (1) f(x) > 0, for al z&(—o0, o), and ,

"““"") @ /7 fl@)de = 1. aras P(y——ocqf&g‘) g\
c? :ffx} dx .dfx%‘]\ dy Plaske)

> Defl nition: A random variable X is called conti nuéus if there
apdf f such that for any set B of real numbers

NpU-E (D) <, P (U X € B}) = [, f(z) dz<>area
= For example, Py (a < X < b) = f; f(x)dx
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Lecture Notes
Theorem. If fisapdf, then there must exist a continuous P&
andom variable with pdf f. poaf: Lt A=

AL fwﬁ;){a‘t( ,then show

s F(exencise
Some pl‘OpeI"[IeS " M,b ma-/'-ﬁm m WP ¢_q>
Tlv.cgr b ({sz})sz f( dy—Oforanya:eR

es not matter if the intervals are open or closg, i.e
&th € la,b]) = P(X € (a,b]) = P(X € [a,b)) = P(X € (a,b)).
[, no &mfy? t isimportant to remember that tlz/e adueapdf f(z) isNOT

a probability itself ?Mﬁx) % not é__{j5 pme F
= It isquite possible for a pdf to have value greater than 1<

Q:Howtoi nterpret the value of apdf f(x)? For small dx

o P (z -2 <X <a+%)=[""2 fy)dy ~ f(z) - dz.
N = f) |sameasureof how likely it is that X will be near z
A i

\We can characterize the distribution of a continuous random
Nl variable in terms of its

he. Fif fa >E0)
Nae. caf<3.Probability Density Function (pdf) Thow X s more (rkely

mulative Distribution Function (cdf) Wd,a‘ ’,,, reard @
.Moment Generating Function (mgf, Chapter 7)

 Relation between the pdf and the cdf

p.5-4

heorem. If F'y and f are the cdf and the pdf of 4 continuous

random varra&g)g’br%pggvely, then
= Fx(x ) (X < xz [* fX )dy for all —oco<x<oo
éfr fiﬁ at continuity points of f

WMO&”&“’“"’& ’s Fnown
* Hes ot D

O

mrxea{
r—oo<a<b< o0 P(Xé(ﬂ/b]>
) i

D[Pl <X<b) Fx(b) — Fx(a)= [ fx(z dx_}‘m
= T he cdf for continuous random variables has

pro Zem
pesane naycgionar pomicsaon 2 67
the discrete case s (Np.4-3~9

0.40 H)PWL>O
=« The only differenceisin plotting F'y. Inthe  °
discrete case, there argjump3 In the I
continuous case, F, is ggontinuous non- o NT poob.
decreasing function. ( abso{m‘e@a) T N
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» Example (Uniform Distributions) : . "
m |f —OO<O(,<B<OO, then

f(w)z{ ﬁTlou if o <x<g,

o <a<b<B

0, otherwise, %, ’ > b
o * f(x)dx-g‘-(b—a)
isapdf since @memnzc(«,a)o?mkw
1. f(x) > 0fordlz € R Kauce sama

@ p [ O,
2. [ f(z)de = [ S do - TZ‘(E"%T—? .

= Its corresponding cdf is

T 0, ifIESO{,
-/ Sy = 5= Ha<z<p
1, if x > (.

= (exercise) Conversaly, it can be easily checked thal F'is a cdf|
and f(z)=F (x) except at x=o. and = (Derlvatlve does no
exist when z=a and z=, but it does not matter.)

e e \SE4H
z)(3)c
« An example of Uniform distribution isther.v. X in the D

we can Aassign ﬁd)-o,-f(p):o oraher positive v@[q_(
Uniform Spinner example where o=—n and 3=mr.

4 Transformations pm¢ caae, N, ¢-10 "
1 » Q:Y=¢(X), how to find the distribution of Y7

__~"= Suppose that X is a continuous random)varlable with cdf F'y

>490).if a>
él' and pdf f %\e@é@?w
X Consider Y=¢(X), where g is dstrictly monotone (increasing

or decreasing) function. Let@be the range of g.

= Note. Any strictly monotone function has an inverse function,
i.e, glexistson

914) > The cdf of Y, denoted by Fy

/Suppose that g isastrictly increasing function, For ye R,
Fyly) = P(Y<y) @uﬁ# g@

= P(9(X)<y)=P(X <g '(y)

= Fx(g'(¥)).
2.Suppose that g is astrictly decreasing function. For ye R,

Fy(y) = P(Y <vy) P(xe(w,gty)) ”/’(3@‘)
Gxsa\ = PX) <y =PX29(y) =1 “PX < g ()
Cok®s®s [ Y1 (g (y)). RS Y
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[strondectersg-N€OrEM. Let X be a continuous random variable whose cdf "™
pOSSEesses a unique inver . Let Z3F,J(X), then Z
ﬁ auniform distribution on [0, 1]. 2> g6-R
0,’'fz<o

oof. For 0<z2<1, Fz(z) = Fx(Fx'(2)) %z

heorem. Let U be a uniform random variable c;ﬁ 1[6,Zi]’and

_L/__/ Fis acdf which possesses a unique inverse F-1. Let f
' @Ul then the cdf of X is F. i

KA no j(LVnpj
:

J

[ret—26% X <
4- - —  Proof. FX%x) = Fy(F(z)) = P(U < F(x)) = F(x).
[= ] = The?2 theoremsare useful for pseudo-random number
generation in computer simulation.

* o X isrv.= F(X)isr.v.
f onXy, ..., X, rv.swith cdf F

Slope F = F(X 1) e F(Xn)_: AVAES
=pdf p¢ \ with distribution Uniform(0, 1)

-CQ*"*--* > more )((‘,’5 . y .

e smlley slope BU1L -y Uyt LV swith
co%. || > ) distribution Uniform(0, 1)
UL \ o = FYU), ..., FYU,): rv.'s

—

with cdf F’

p.5-8

»The pdf of Y, denoted by f,
1.Suppose that g is ddifferentiabld strictly increasing function:

(2 or ye Ry, ﬁ_l i3 also strickl
d d . ¢
£7 fr(y) = d—yFy(y) = @Fx(g (y)) Maeasmg .
1 dg—* —1 dg~!
= Y e | Y.
2.Suppose that g is aldifferentiablg strictly decreasing functicp
For yeR,, ] ] 97" rs abko strizty
WL w0 = R = (- Fx(g () derommg I
P X = —fx(g_l(y))—dg;y(y) = fx(97'(¥)) ‘—dg;y(y) ‘

(w)Theorem. Let X be a continuous random variable with pdf
cfi/7 fy. Let Y=¢(X), where g is differentiable and strictly

uonotone. Then, the pdf of Y, denoted by f,, is
m fr(y) = fx (gl(y)),
-

for y such that y=g(z) for some z, and f,(y)=0 otherwise.

7
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= Q: What istherole of [dg—*(y)/dy|? How to interpret it?

Tt
Bt » Y

» Some Examples. Given he df f, of random variable X,
= find the pdf f, of Y£a X+, Where a+O0. ‘f"‘t‘%’ monafore.

, i 1,y Y—b ld _,, | 1
X _ -b\ 1 <0,
ong-to-on2 W =Ix\ =" ) o] R~ =P(¥<4)
+find thepaf o VUX) - B~ Rl
RRLCEFRE L= aew| ==
Y dyg y?
1\ 1 97 N=P( <
fr(y) = ( ) 2 -P(a{:«o} u{xggé'))
< Flo)+1- F( 3
c&@find the cdf Fyand pdf f,, o 3=X2 piecemwisa
Bample N Fr(y) = P(Y < y) P( VI <X <VY) no+om~\-o
m Wp D = P( —PXG( 00, =1/¥))
= _ if y >0,
if y <O0. | 3:
o For y > 0, mweasm dmffé’l’i ‘ [ -

= (\/_) TQfX( \/—) 29\/1@ _ X(\/?j)Q fx(—\/@
J A W
For y <0, fy(y) = 0. 4 AN
¢ 1 < Plecewiz
« Expectation, Mean, and Variance Sdu X  Monotong
Definition. If X has a pdf fX, then the expectation of X is

medby C/’r,\rpob +hal X nean X
v uxlg ‘H\ ‘ f x () dx \xlfx(x)dx <o

provided that the mtegral converges absol utgly
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c& @Example (Uniform Distributions). If P51

ifa<x <0, 0

otherwise,

dr— 1. z?_|° .
2 ﬁ—a|a ) ’

a+f B
g TTT—— 2

» Some properties of expectation
: Expectation of Transformation. If Y=¢(X), then

ds0de | piyy = %y fey) dy = [ g(x) - fx(x) da,
Wp 5 provided that the integral converges absolutely.
proof. (homework) (Y= ax.@

ok Expectation of Linear Functior? E(a X+b)=a-E(X)+b, since
E(aX +b) = [ (ax+0b)fx(z)dz
= affooo z- fx(x)dr + bffom fx(x) dx
= a-E(X)+0.

p.5-12

C8,@Definition. If X hasapdf f,, then the expectation of X isalso
aled the mean of X or f, and denoted by s, S0 that

D px = BX) = [, @ [x(z) da.
ariance of X isdefined as
Var(X) = B(X — pa)?] = [T, (@ — px)? - fx (2) da,
and denoted by o3 . The oy iscalled the standard deviation.

»=Some properties of mean and variance
@The mean and variance for continuous random variables
r/ have the same intuitive interpretation as in the discrete case.

Lt = Var(X) = B(X?) - [E(X)]%==> Wb, disnddy cacg. @t
E@nmanriance of Linear Function. Var(aX+b):a2-Va7“(X)<-c—‘—e) LNpg-5
04 % Theorem. For a nonnegative %%t'a us random variable X

0
T BRI p(x) = (21— EYa)dr = [ PIX 7o) ool

—-areall

Proof. E(X) = [a- fx(z)de e, /Recty. (o)
4 1~ H) fooo ( wa 1 dt) fx (:%) do EX'VE,P(X’"/

////////%{m heicd€of X @"g%oo ¥ fx(z) dt de W ﬁ

(o P

O x @ J.° )7 fx(x)dr dt = [,° 1 — Fx(t)dt.

made by Shao-Wei Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2011 Lecture Notes
p.5-13

»Example (Uniform Distributions)

T/ rQ roo 7:2 7 1 w3 |ﬁ o ,63—0:3 o ,32‘!‘@;8—!-(_22
B(X?) = [ B—a = 3B—a|,” 30B—a) 3 '
Var(X) = E(X?) - [B(X)]? = £eftel _ (=48

_ 4(B’+aB+a®)-3(8°+2aB+a®) _ (6 a) e?&p.a
12

UM( 717

% Reading: textbook, Sec 5.1, 5.2, 5.3, 5.7
Some Common Continuous Distributio

« Uniform Distribution mfﬂ-‘{&mw?feg [ Yigod, Y""""@
el)={ " P(r>g)dy

»Summary for X ~ Uniform(a, )

L :{ 1/(8—a), ifa<z<p, S"’P(@cx»g)dg
0, otherwise, g”’ { }ﬂ
« Cdf: 0, if 7 < a, 0 P4 Mg
Flz)=¢ (z-a)/(B-a), Ta<z<f 40
L ' =17 P oadaae
» Parameters. —oo< a< ff<oo I ;
« Mean: B(X)=(a+/)/2 = o 3095

p.5-14

AV,

» Exponential Distribution
) Xmore(:kd
»For 2.>0, the function D b TN =5 (solid)
. e , ifxz >0, { A =1 (dotted),
f(w) — 0, if £ <0, H A = 2 (dashed

isapdf since (1) f(x) > Oforadl z € R, and (2)

de | S f@) de= [P Ae ™ de = —e| =1 ”%mmé;s“
I - The distribution of arandom variable X with this pdf i l“wtx

dx
(eeeisg)  called the exponential distribution with parameter . & doesn-’f’
> The cdf of an exponential r.v. is F(z)=0 for = < 0, and for ;r;>f)“(s

L—F( )=P(X <z —fO Ae N dy = — _Aylo A
» Theorem. The mean and varlancejf expon tial distribution

with parameter A are
=1/X and o2 = 1/>\2

ous

. PFOOI'-_/E(X) = fo zAe o dy ¥ |
Y= 3 X 1 = L [®yevdy = 1 ,
dx 1 dx-1d
> JEX2 = foo 2)\6 M"d:vh/ =
- _2'f0 6 ydy (3) _
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> Some properties P
= The exponential distribution is often used to model the length
of time until an event occurs or [ifelime,

A R o The parameter A is called the rate and is the average

5] number of event cur in unit time. This gives an
| | M%ﬂtuitiveinﬁerpretation of E(X)=1/\.
A % N._@

arssavpzmss(%.¢-32~33) ' nial (0

Sk 5 s
=
T oy fays X )

\ 72

_ﬂ LAS \ x‘ N ) —_— T T
I S~
77+73.=5},,:: > X (# of eveiils occanm
TieTatT5=3 g (B, 30D B
0 ~Har—— ot bmate———tay (M@t
r ? ir 3t wngtl ond. ull/ (n_tz .
.. TS {
( y o n2
# of 'L =4*=O+O-t¢ - L+o0+0
ooy = of U S 0
@ petween 2.1

p. 5-16

» Theorem (relationship between exponential, gamma, and
Poisson distributions, Sec. 9.1). Let

1.7y, T, Ts, ..., beindependent and ~ exponential (A),
2. Sk:T1+' * '+Tk, k:]., 2, 3, saay

4 %= 3. X, bethe number of S,'sthat fallsin the timeinterva
t £ 'b),”’ (ti—l’ ti],’l::]_, vy TN (éx“)(z')% -
Then, (i) X,, ..., X, are independent, defre Sk >Te
(if) X,~Poisson(A(t,—t, 1)), Xt dep RBrsson

(iii) S, ~ Gamma(k, 1.). (prove m d@fwb) > TDWWJ
(iv) Thereverse statement is also true: ‘
o The rate parameter A is the same for both the Poisson and
exponential random variable.
lfetm=X o Theexponential distribution can be thought of as the
Na,;wm& continuous analogue of the geometric distribution.

= Theorem. The exponential distribution (like the geometric
distribution) is memoryless, i.e, for s, t > 0O,
P(X >s+tX >s)=P(X >t).
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€ p.5-17
2nd ﬁ: > PrOOf r > S—i—ﬁ}ﬂ{X > }} rnX '>3+$_U
P(X t X _
& | o LN (X>s+X >s)= P{X > s}) P({X > s})
¥, — 1 [
0 S ¢ st _ 1-—Fx(s+1) Q At =eM=PX>t)
P(X:>s+8X;>s8)=P(X;>1t). |  1—Fx(s) e M
cd-Fw LA/ SHY,

o This means that the distribution of the waiti ng time to the
next event remains the same regardless of how long we
have already been waiting.

connelion é/»

random, i.e., independent of past history<s exponitinl &
o Notice that it does not mean the two events { X > s+t}

and { X > t} are independent. Q: Why ngg mhﬂmw
> Summary for X Exponentlal(l does nmL/»ssags e

S

= Pdf: B —A o if g >0, memory less mpa,t
fz) = { if z < 0. I P

» Cdf: 1—e M ifx>0, {X>S+t}befx >t
F(x) = { 0. o< mdzpendul‘

s Parameters: A > 0.

Note: P
- a @ x =Y / (=
= Variance: Var(X)= 1U\2. @ Wdrst =Y dist

(X>set| x>t )
"‘P()(>S+t)

« Mean: E(X)= VA.
 Gamma Distribution p.518
» Gamma Function

= Definition. For o, > O the gamma function is defined as

fo e " dx.
check texttook ,p228

«» (1) =1and F(1/2) f (EXErCisE)  eyercrse S.21,
a [(0tl) = al'(a) ;
Proof. By integration by parts— /
Pla+1) = [T ?
= —z% | + [, ax*te™® dz = ol ().
» ['(a)=(a—1)! if o IS an integer

P(@) = (@ - Dl(a—1) = - = (a— (@ —2)---T(1) {{a - 1))

«[(a/2) = 37 V(o _1)! |fa|sanodd|nteger

a—l(azl)l o«-| /
r(§) = (520(5 ~ 1) =+ = (452 2)(%_2@(-3-- ir(3)
=« Gamma function is a generalization o’? the factorial function
»For o, A>0, the function .
A—xo‘_le_m, if £ >0,

_ ) T
/(@) {m if 2 <0,
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f since (1) f(a:) > 0foralz €R, and (2)

oooo flx = foo F?;) e dr

/’_l_( F(a) Jo y eV dy=1.
= The distribution of a random variabIeX with thispdf is

called the gamma distribution with parameters o and A.
» The cdf of gamma distribution can be expressed in terms of the

mcomjglete ‘gamma function, \l_e__ﬂ_LO for <0, and for x > 0,
T

Y -1 — Y% AT o —p _gga;AmP
i) fo T Y temMdy = F(Of)@),i‘—&l—_’&i@_ T(a)
d—neﬁﬁ

eorem. The mean and vq\rlance of agamma distribution with
mkparametera (LA are “>\) E{w EYJ
7-100 |-Fy(a-1)

1S

LI 4

Yoo =

dy
agv)%) 4)6=)J;d

, a/A and o° = a/)\?
V\P ) X AO‘ a—1 —)\:I:
)Proof E(X) = 0 & dx
_ F(Oé+1) oo Ao+l o -z _ o«
csuwl‘eﬁmzvmn_ e f L(a—l—l)x( +1)-1, " dr = 5.
fﬁﬁ binowisd 2 A A PAf of; Qﬂmm(ow X)
wp, HPPE fo T e 0
N F(a—|—22) 00 A>H2 A2 (a42)-1, _ a(a+1)
P(x’") TN T o (et JPdFGFQamq(M;X)
Ty (exeruse) E(X*) = f,fli%)l, for 0 < k, and P20
“% NTD(a—k)
EJ’I,-L ta > for 0 <k <a. w\w‘;\:l

>Some properties

The gamma distribution can be used to
ﬁ &C model the waiting time until anumber of
random events occurs ‘nf(%pv S0

o When oc 1, it is exponential (1)

PChnp‘!’M o 1}, : independent exponential (L) e
Uaing mgf r.v.’s:>T1+---+7@€~\G;aM L) &x" '

= I

o Gamma distribution can be thought of as a continuous
analogue of the negative binomial distribution

«A summary Discrete Time Continuous Time
Version Version
number of events binomial Poisson
Wf' g\?egnt“ &%&gﬂ | geometric exponential
Wf'gv%%ttgg%cﬂ;m negative binomial gamma
TS called shape parameter and 2. scale parameter (Q: bow-ts

(o) and(}) Trom the viewpoint 0

PR Fined
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= A specia case of the gamma distribution occurs when o
o=n/2 and A=1/2 for some positive integer n. Thisis known

as the Chi-sguared distribution with n degrees of freedom
(Chapter 6) S Sum ofy (Normallo. 1))
»Summary for X ~ Gamma(a, A)
= Pdf: A_go—le=Ar if 4> (),
)~ >

I'(a)
0, if x < 0.

« Cdf: F(z) =v(a, \x) /T (). '

« Parameters: o, A > 0. YU

= Mean: E(X) = a/A. N

=« Variance: Var(X) = a/A?. « = e

+ Beta Distribution o z |
»Beta Function: B(a fo 2711 — 2)P ! dz = L()T'(B)
JFora,p>0, thefunctlon ‘@"”w“@ P‘d)w?) =S ““"QW%SJUW&* a0
pinomt - &L u=2t, u-—z,(,,b.)
prn* xﬁ_if( - e ge1(1 —2)07), if0<z <1,
(”‘)Px("f’) 0, s | otherwise,
F(Ol.F)

Isapdf (exercise).

p.5-22

= The distribution of arandom variable X with this pdf is
called the beta distribution with parameters o. and 3.

» The cdf of beta distribution can be expressed in terms of the
incomplete beta function, i.e., F(x)=0 for <0, F(z)=1for z>1,

andfor0< z <1,
Bota (o, P  Tla+p8) |[F o B—1 :;—
P(f F(z) = T(a)0(B) I/, L Ly B(a, B)

_P(Y< @) (exermse) oz-|-zﬁ: 1 (a + 8- ) t(l )a+3_1_g
41( ) meactm et foToipl Yo
Biom X, X fol?l integer values of o and %}: ( &+$E:“£1 (1 —(I-Z))
» Theorem. The mean and variance oj a beta, disfibution Witheeg-1)
parameters o. and B are E/ ) (Ew] ~(tp-0)
_ o 2 _ aB
a+p and o7 = agnaaa
Proof.
E(X) = [ errrig b (1 — )7 do

PW) F(a+1 ) o0 F(Cx+ﬁ+1) at+1)—1 . 8-1
Rl T(argi]) LF(ole)_(,B)x( M1 - 2)7 7 da

=3 (at}) P(‘Lt\‘-) pdFf of sza(du,m
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9 50 T'(a+3 B p.5-23
E(X ) 0 Q#Q)TL[&] L )6 1 d:l?

F'(a+B) I'(a+2)I'(8) foo F(a+6+2) plat2)— (1 — )5 1 doe

T(@)I(B) T(afp+2) Jo T(af+2)T(H)
oz(oz—i—lj_——)

(at+B)(atp+1) " (otfg»«\)(ou(é)?(o(@ ‘O—OF Mdu‘rz F )

» Some properties oHD
=« When a=p=1, the beta distribution is | }
20 the same as the uniform(0, 1). s &3\ i
(525 tosayWhenever o= B, the beta distribution is \‘;/gf “_.;I N

(+5+0% foc-ofSymmetric about z=0.5, i.e,,
f(0.5-A)=f(0.5+A).

When %=§  , A the common value of o and B

_ A _1
Eb)= @fcl 2 |ﬂCi’%, the distribution becomes
Tanf¥)=

more peaked at £=0.5 and thereis
z,,l_.)l ess probability outside of the
Y whawat “central portion.

| skewed ! (:)When B>a, valuescloseto 0 becomeﬁno/rem than those
cioseto 1; when <o, values close to 1 are more IIKer than
those close to 0 (Q: How to connect it with (X ) y ——

»Summary for X ~ Beta(a, ) p.5-24
TR B L G L
0, otherwise,

« Cdf: F(z) = B(z;a,8)/B(a, B).
» Parameters:. a, 3 > 0.
= Mean: E(X) = o/(o + B).

= Variance: Var(X) ={fete—+HHe+Bita+H=+HT. o

o
« Normal Distribution stondmdr2alion) (epr e
»For neR and >0, the function => U=SY+t§
f(z) = 217706_ g , —oo <z <00, %‘%f;o-@dx--wdg

Isapdf since (1) f(x) > O0foradlx e R, and (2}~

o 7am5¢ = mm = T(*)

and 1% = ([ e d:z:) ( [ e dy) fé:.fﬁ’}.’ﬂ%dﬁgm

= [T [T e e drdy = fo e~ r dfdr
— 27Tfoor_§ dr = —2me™ %oo 2. %{%O;r
B 0 B 0o Y "o
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NTHU MATH 2810, 2011 Lecture Notes
' = Thedistribution of arandom variable X
'# 1th this pdf is called the normal @an) //@
A% | distribution with parameters p and o, 7 | 042
denoted by N(u, o2). oV |

= The normal pdf is abell-shaped curve.
o It is symmetric about the point p, i.e.,

f(utA)=f(u—A) and falls off in the :

g‘;iﬁg _ Yetermined by . \> :
ax =0 3% a pdf has a maximum at pn (can be

t%(ln)")Wg own by differentiation) and the

aximum height is 1/(ov/2n).

» The cdf of normal distribution does not have a close form.

» Theorem. The mean and variance ofza N(u, o?) distribution are
n and o?, respectively. E/Y’) 'CE(’C)J J

= ;. location parameter; ¢2: scale parameter
 (z—p)? r‘o‘o(*) ™ M/F.S—Iw_y_g

p. 5-25

PrOOf.E(X) — ffooogj\/;_ e 202 dx = f_ (O'y‘|‘,u) Wore z dy
. TO oo ™
'—%/Z 0 . ~ Je’s) _y_2 d *OC 1 —é d
€, Sy Ty [ e dy
= = 0+u-1=up paf- oz N(0: 1)
- _(az—u)Q . _ﬁ p. 5-26
E(Xz) — f—oo ;UZ 217”76 202 dx :ﬁ[‘_w(ay+ﬂ)2#6 2 dy
(o%e) _ﬁ o oo —ﬁ\
= o oo?f#e 2 dﬁ‘*‘%f—oo ye %dy)by:(;mwf"g’f
~ 2 X)= -(&

e 2
e O g No) @y 3
— 02'1+_L?/%'0+“2’1:U2+M2- , M M .

e o) o=y () (%)
& /

>Some propertlaés pdf of N(o.1)

' Bell-{{@Normal distribution is one of the most widely used

3“0‘\*‘3}7&D distribution. It can be used to model the distribution of many

SR TCT) MET phenomena-~ eg. m@‘ﬂt,mt%% eV, - - lal< |

= Theorem. Suppose that X~N(u, 2). The random variabl
=aX+b, where a0, is aso normally distributed with
eters au+b and a?c?, i.e., Y~N(ap+b, a?c?). 'f'(" 136

m o Wp, 59 ‘ j!\ ‘l\
| _ y—’ 2
Sy (y) * fx (yT_b) al = 56'[ 2]’-'< 8@,«141
al

of
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NTHU MATH 2810, 2011 Lecture Notes

”ary If X~N(l«l, (52) then N(Oﬂ) - ) 625"27

z X holx-2 y\ﬂﬁw

Notz: 52)=2 )is anormal random variable with parametersOand 1, i.e )
VM(Z‘) I N/ﬂ 1\ which ic ru:nllarl dtandard normal dicgribhitinn

\\J, .I.} VVINuUIT IO UVUATUVU LU VUG U TTIVITT AL UTouLl TJULTLVIL .
for a4, TThe N(0, 1) distribution is very important since properties of

B:‘i\b/ X&' 7 y other normal distributions can be found from those of the
-~ X % Istandard normal. 10 close form.

he cdf of N(O, 1) is usually denoted by‘
heorem. Suppose that X~N(u, 02) Thecdf of X is
Picen)= Palfw; )
Proof . FX (=) = (—;‘i) .
o Example. Supggs)e that X~N(u, c2). For —oo<a<b<oo,
Pla< X <b) = ek < X0 < bon)
= P(St<z<t)=p(z<t) - P(7<E)

@(b—_‘i)—CI)(“—_‘i).

g (oa

fﬁvrm’y m

praad

.5-28

§: cae o¢ O TaDIE 5.1 (textbook, p.201) gives values of ®. To read thé

" mo.u) table:

9P\  1.Findthefirst value of % up to the first place of decimal
In the left hand column.

2.Find the second place of decimal across the top row.

3.The value of ®(x) is where the row from the first step

-z Z and the column from the second step intersect.
PAF%N(UI’)
THE ST
03 04 05 07 08 .09
@(o):y,_ 5120 5160 5199 5§39 5279 5319 3359
5517 5557 .5596 .5936 .5675 .5714 5753

5910 5948 5987  .6(26 .6064 .6103 .6141

9994 9994 .9994} 49995 9995 .9995
9996 99969996 (9996) .9996 .9996 .9997

9997 .9997 .9997 . 9997 9997 .9998

Qlo.22)-0.q
$(3.36)=0M1b

o+ For the values greater than 2=3.49, ®(z) =~ 1.
+ For negative values of z, use ®(—z)=1-D(z)

» Normal distribution plays a central role in the limit theorems
of probability (e.g., CLT, chapter 8)
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NTHU MATH 2810, 2011
Normal approximation to the Binomia

an examdle  Recall. Poisson approximation to Binomialltp-#-28, nt, pjo)

ol CLT « Theorem. Suppose that, X, ~binomial (n, p) Define *
Un=Ea)=np som, oV

n<Tanlo)=npt-p) Zn 't,ss- /\/np (1 —p). Bernodly "p)

Then, as n—o0, the dlstrlbu ionof Z convergeto the N(O, 1)
distribution, i.e., F'; (z) = P(Z, < z) = ®(2).
Proof. It isaspecial case of the CLT in Chapter 8.

ol ?Cm"ﬂ? ] :'ff/x,.jf%‘:) ] oPlot the pmf of X ~binomial(n, p)
] ouf I\ | o Superimpose the pdf of Y, ~N(u.,, 5, 2)
..|||”||. ,  with p, =np and ¢,*= np(1-p).
o When n is sufficiently large, the
normal pdf approximates the
bi nomial pmf.
d (Y un)/G N(O:l)

(D- }Paapu{ﬂqe Size of n to acﬁl’pévé"é'g'oé'd“ aﬁﬁ?om mati on depends on

B (®47)

cdfzcdghie value of p. Q: g'ﬁmﬁ %‘a )

+ For p near 0.5 = moderate n is eNOUGha ves . when . cs
« For p close to zero or one = require much 7arger n (o,

p. 5-30

= Continuity Correction
pmf=: o Q: Why need continuity correction? Ans. The

valuz > pob, binomial(n, p) is random variable and we are

PAE approximating it with'&continuoug random variable,(zg, /2)

P&mmb' + For example, suppose X~binomial (50, 0.4) and we
2 want to find P(X=18), which is larger than 0.
i + With the normal pdf, however, P(Y=18)=0 since we

Flielq 20 A€ using a continuous distribution
o I nstead, we make a continuity correction,
—(50-0.4)

P(X =18) = P(17.5 < X < 18.5) = (—1:“/%234) < Z, < 2288 )

17.5—(50-0.4) 18.5—(50-0.4)
P ( /500406 Z"'A<I( }()50 :0.4-0.6 )
_ 1.5 1.5 2.5
P(-25<z<-25)=P(2<-25)-P(2<-2%)

[ 7&§ lg‘g

- Viz
- o () o (35) = (-2 (2)) - (-# (38))
= ®(2.5/V12) — @ (1.5/V12).

g;’@é 7| and can obtain the approximate value from Table 5.1.

7~ 29.5-(50-0.4)

Smllary,(X>30) (X >29.5) = P (n N )
"" Zﬁ>95/\/_)_1— $(9.5/V12).

30 31 32 -~ $0;
%5
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NTHU MATH 2810, 2011 Lecture Notes
P(10 < X < 30) = P(9.5 < X < 30.5) T

9.5—(50-0.4) 30.5—(50-0.4)
P ( iz << T )

ou 30 ) P(—10.5/12 < Z < 10.5//12)
s = ®(10.5/v12) — ®(-10.5/V12) = 2- $(10.5//12) — 1.

ns »Summary for X ~ Normal(u, 62) 3 - Q(f\;’l_ﬁf
[ Pdf _ 1 —Sw—%L
(@)= =€ 222", —oo0o <z <00,

» Cdf: no close form, but usually denoted by ®((z—u)/c).
» Parameters. ueR and >0.

« Mean: E(X) = . @@
= Variance: Var(X) = ¢2.
» Weibull Distribution q= (2 )ﬁ S%=0 g#ﬂ,
»For a, >0 and veR, the function dx okgp s e 2 F
3 _(w V)B di 8 3 ‘E’g d(‘]

flz) = 2 (zz2)? T
0’ M @
isapdf since (1) f(x) > Oforal 2z € R, and (2 )
ffooo f(x) dx =A°°§(w;v)ﬁ L (z=2)

[ eV dy= —e y|0 = 1.

p.5-32

= The distribution of arandom variable X with this pdf is
called the Weibull distribution with parametersa, 3, and v .

» (exercise) The cdf of Welbull distribution is

% F(a:):{ - (), itz
0, if x <.
> 1 heorem. The mean and variance of aWelbull distribution with

parameter a, B, and v are
,u:ozI’(l—Fl)—{—y and

E(Xz)—@‘fﬂl:az:a {P<1+ ) [P(1+%>r}.

Proof. E X) [Pz 8 (2z2) e (555)" ag

o

= Jo (ay!? e dy

= ozf ﬁ/ﬁeydynt,ufo eydy—aF(é—kl)qLu
B(X?) = [a? £ (£22)" e () da
Glonir ™

= o [R5 dy 4 20 [ Y dy 4 g Jo e ¥ dy

21“(B )+2a,uI‘(B )+u
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> Some properties P
=« Welbull dlstrlbutlon iIswidely used to
model Jifetimec®™ exponitial
« o scale paran parameter; [3: shape parameter;
v: location parameter
» Theorem. If X~exponential(A), then e ]
Y=« ()\X)l/ﬁ + 2, Nofe: AX ’\f&éPOMM(/)
Is distributed as Weibull with parameter o, 3, and v (exercise).
» Cauchy Distribution
»For ueR and >0, the function

1
flx) = =7 —3, —o00o<zx<o0,
+(z—p)

lsapdf since (1) f(x) > Oforal z € R, and (2)

PR _ [® g 1

] = Lt d
>x= o 1 1 g1 1 00
C&l__ _ = f_ _ﬁl-i—y Yy = —tan ‘_

e distribution of arandom variable X with this ndf IS

called the Cauchy distribution with parameters and o,
denoted by Cauchy(u, o).

p.5-34

» The cdf of Cauchy distribution is
F(x) = |- % gz W =5 + 7 tan™" (3*)

oo mo?+(y—p)?
for —oo<z<oo. (exercise)
» The mean and variance of Cauchy distribution do not exist
because the integral does not converge absolutely, j 1XF00dx = e
» Some properties
= Cauchy isah heavy tail ) dii stribution
» | location parameter; c: scale parameter
o) Theorem. If X~Cauchy(u, o), then
aX+b~Cauchy(au+b, |alo). (exercise)

Note: & po(f f()(.)WO . whon 2~ @
B £69V0 how fast? e

+ Reading: textbook, Sec 5.4, 5.5, 5.6
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