NTHU MATH 2810, 2011 Lecture Notes

Re"“”( preé. 5;““ (M2 Bhndom Varlables-l
. AII\77I otivating Example J~% ¢ f%: M@i
swwey samplm

periment: Sample k students wﬂhoutqepl acement from the
population of all n students (labeled as 1, 2, ..., n, respectively)
In our class.

>(Q)= {al|, combinations} = {{iy, ..., i,}: 1<i;<---<i,<n}

> A prgbz’ability measure P can be defined on Q, e.g, when thereis
an equally likely chance of being chosen for each students,

P({ir, .., i}) = 1/(}) - #8
» For an outcome meQ), the experimenter may be more interested
In some quantitative attributes of o, rather than the o itself, e.g.,

e average weight of the £ sampled students

e maximum of their midterm scores

e number of male studentsin the sample

mathemz_:\tic_al structure would be useful to characterize

. Deflr'nitﬁm A random varlable XIis afunctlon which maps the¢ pros
sample space Q to the real nuMbersR, i.€.mzzsuable. c— (s
X: QR X(W) rondow
» The P defined on Q would be transformed into a new
probability measure defined on R through the mapping X
= the outcome of X israndom, but the map X i3 deterministid
» Example (Coin Tossing): Toss @ coin 3 times, and let
= X, = the total number of heads

X, = the number of heads on the first toss

X3 = the number of heads minus the number of tail

« Q={hhfy, hhy, hith, thly, htt, tht, tth, tti
J}s v8 VB VB v v& v /%9P
X,: 3 2 2 2 1 1,1, 0.

X,: 14, 1, 1, 0 1, 0O, 0, O.
X;: 03 1, 1, 1, -1, -1,-1, 3. L
» Q: Why particularly interested in functions that map to ?
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> Q: How to define the probability measure of X (Py) from P? **
Ans: For a set (an event) ACR, Ea <

. ¢ 3
Px(X e A) = P({w: X(w) € A)).
The Py is often called the distribution of X. ‘

ABE
R ort a.TMQ new

P '
A occurs & 0 h
. bl
Px(A)ZP(EA) \\/ X Px(A) =77

A < (Discretd Random VariableseS®s | dsofe

* Definition: For arandom variable (r.v.) X, let ;“’”iz%
X ={X(w):we N}, J
be the(fangg of X. Then, X is called discreteif x isafiniteor
countably infinite sef, i.e., Xi: %:{0,1.2.3}<R
X ={x1,...,2n} or X = {21, 72,...}. Kot X0/}
»Example. The X, X,, X;in the Coin Tossihg exampl e&*ﬁfe,—‘,t,ﬂ
» Q: The sample space of ar.v. isthereal Iin@ Are there some

particular ways to depict a probability measure (p.m.) onR?[c.f.,
for general sample space Q2, ap.m. isdefined on (all) subsets of Q]

Ans: 3 commonly used toolsto depict the QHLQT%%#%"\“
robability mass function (pmf) 7@@? em IS Cnown,
Cumulative distribution function (cdf) the rat 2 can “Qf’l’wm’ﬁ
Moment generating function (mgf, Chapter 7)

»Definition: If X isadiscreter.v., then the probability mass
function of X isdefined by
fx(x)=Px{X =2})=PH{we: X(w) =x})
for zeR. (c.f., the p:_@_ﬁ.g{ azle%'sNaBp%zé}a <.
» Example. For the X in the Coin Tossing example,
o X =1{0,1,2,3}¢x% Wp2s  pmf
o le(O) - fX1(1) 3/ ‘SL—%IR 2
fx,(2) = fx,(3) 1/8\jj
and fx,(z) =0, forz @&&" 3@ )?/8
/o Graphical display AN VD
y(z)(yﬂzxample(Committees).Acommittee of size =4 s selected

s fnite

&
from 5 men gnd E.Swomen. Then, each o 7s %m//r/&e}
o Q={combination of 4}, #0 = () = 210 , {A)=H#AHQ

/R
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@ ‘«'/» o Let X be the number of women on the committee, then "
W« Ix(@) = Px(X =2) LQ ) G RB)_ 4o 10

g2 O4% er(0) = fx@) = 55, fx(l) = fx<>=%, fx(2) = 38

% ‘z {0//:)—,344’}
(%, %)Q: What should apmf look like? [Eioras ¥

Theorem. If f isthe pmf of r.v. X withtange i,

only fmite. . . .

iy ) .z;f(z))z 0 :(c)):allgxe R s
(W Twie X )=V, €T , lc ‘ ‘
SLS6>0, (i) Y, fx(x) =1. St

ivYymoreover, for ACR, Px(X € A) =3 canx fx(
preof-. ()(ii) by pmf- clefmiton, (" )= P({wen. X(w)= x))
(M) For ACR, let AOX={X(. %, -~}
R(A)= R(Xe Anae) &(xeA(\x")
= 3 R(x= 70<) THw) = 2 Sxx)
(itt) -Fpllow(v) by Jettmg m(.v) he 3 XEANX
= Theorem. Any functlon f’(hatPégxszfs)Q ilq gnd (iii) for

some finite or countably infinite set x isthe pmf of some
random variable X.

PTDO)C' Fprgavu %&f /e,tﬂ_ For VAC%,P(A) x%Af()() p.4-6

then. (JL.iAY ,P) i pmb $pa, Lef X: N>R, Xwy=w .,
Sorls of Than X.is aﬁ‘@@bﬁmﬂ; XeR, 5x()=R, (“3) F).
‘%’“"'e' the (o Henceforth, we can define “pmf” as any f“unctlo that

P’Db spal satisfies (i), (i), and (iii).
(11, F P) @We can specify adistribution by giving y and f, subject
<) to the three conditions (i), (ii), (iii). med on, J2

go e B Q0 Suppose that X and Y are two r.v.’s with same pmf. Is
-o'-—p* it always true that X(o) = Y(w) for cer’? Ans. No,

>E‘?mltlon A function F'y is called the cumul ative distri
Ction of arandom varlabIeX if 'A"" restricied +o
50!2:(& 1 614
fx I X(x) P(X <x),z €R) ‘
..L_(.,R(Note The definition of cdf can be applied tcX;

L » Example. For the X in the Coin Tossing example,
( 07 T < O, 1 pmf ER o —
1/8, 0<z<1, N\
Fx,(z)=3 4/8, 1<z<2, %k e |
7/8, 2< <3, B %))
L1, 3 <z I I I %
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= Q: What should a cdf look like?

Theorem. If F'y isthe cdf of ar.v. X, then it must satisfy the
L following properties: S 9& not specified, prove for
()0 < Fy(z) < 1 any . (dhsosle, cmtnuos, mied)
- o= y&(éwzlj)

QfOOf. 0< Fx(z)=P({w e Q: X(w) € (—o0,z|}) <1.
(2) Fx(x) isnondecreasing, i.e., Fy(a)<Fx(b) for a<b.
proof. For a<b, (—o0,a] C (—o0,b), % EX R

Fx(a) = Px((—00,a]) < Px((—o0,b]) = Fx(b).
(3) For any z€R, F(x) iscontinuoys from theright, i.e.,
Fx(z) = Fx(o+) = ling o) x(t),

|:_)roof. Let z,, be a sequence st/q?;ﬁiﬁz -N;)

Let E,, = (—o0,z,], then En@—— NEn (‘x'Eh G@CMS@

10 TO 02 04 06 o8
i | 1 i 1

i
7

zf[ N
. .

v

x & Fx(z) = Px((—00,z])=Px ( lim E,

Recall: ELT, BE x@ B l.X b (ED)_ f (T}jc’f( )

P(Im&)=m P = 50, Px(Ba) = Jimg (00,2
U\IPZ”'U = nli_)ngoFX(;cn)

(4) lim Fx(z)=1 and lim Fx(z)=0, "
xTr—r 00

Tr—r— 00

%ﬂj’groof. Let z,, | —oo, then E,, = (—o0, z,] é’ Nén.
1i_>m Fx(z,) = li_)m Px ((—00,x,])
> = Px(lim E,) = Px(0) =0.
e =—UG&n,
Similarly, if z,, 1 0o, then E,, = (—o0, z,] T@ and
li_>m Fx(z,) = li_)m Px ((—00, z,])
— Py (nliiﬂo En) — Px(R) = 1.
:P(B}'KQ) | _ _
0% (5) Py(X>2)=1-Fy(x) and Py (a<Xsh)=Fy(b)-Fy(a).
T_L\/ /'?c CCQ/ }Dj

= l—Px(Xém):l—FX :B)

oA For a < b, (—00,a] C (—o0,b], and

< 7) proof. Px(X >z) = 1-Px({X >z} =R<(Xe(a,bj)
T} - (

e

<

: a(_é“ PX(G<XSb)ZPX((—OO,b]\(—oo,aD
7 = Px((~00,b]) — Px((~0,a]) = Fx(b) — Fx(a).
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mm? oreover |fX1&d,$L@tBWIth pmf fX’ then for z€R, "~
. Z‘fX z;), and fx(x) = Fx(z) — Fx(x—).

i )f,&',) f\_—_\

T Qroof Fx(z) = € (=00, Ix ().

R o) B
%dﬁ For z,, 1 Ta,i 00, Tn TM_Q\H/U& ,E

bylw }— Iim I'Y[.Enl—PX{:[:—OO,.’L‘:}/ 5—_ "Fx('ﬁ

n—00 —R
Lo pf so, o) = Pellie)) — Prl(cooal\ (—oosa))s
Q: almost _ . = Px((—o00,z]) — Px((—o0, x))—Fx($) Fx(z—)
ow man
h d 3(7? F', has at most countably many discontinuity points.
g T T.ot 1) bhe the collection of Hiqﬂnn’r; 1’rv nn]nfq
! proof. Let D be the collection of discontinuity ol b
’\ For z € D, let T, = (Fx(z—), Fx(z)). ve—oaa-{me
A l Because Fx(z—) # Fx(z),> E((x-)< Fdx) QGQ
L - 1 a rational number denoted by 7, in T},. e (%
Because the set of rational numbers is a countable set,
% X4

. D is either finite or countably infinite. _

L«ﬁHTm WNp &~
Theorem. If afunction FsatlsfleiZ) (3), and (4), then Flsa
cumulative distri butlon function of some random variable.

9\’00{» Sk“)) o of the scope of the comsts

p. 4-10

» Transformation ) 9xw))
? Y(“’) Y: LR
N (xR

» Theorem. Let X be adiscreter.v. with range x an mf?er; let

Y= g(X) T %é)
then, the range of Yis — =t Yw): we :

wq;azb(gﬁ— {9(x) : x € X} m"l-'érligéq
l.e, Yisadiscreter.v., and the pmf of Yi%éae St g09=4
friv = @ rble

proof. sze"{w €eN:Y(w)= {w €N: X(w)= :1;}j
24 @ km‘m’“@g exclusive
fY( )= Y PlweQ:Xw)=z})= ) fx(ﬂ?)

g?me)iy g(xxe)xy _,:XZ
« Example. If Y=X72, then f/y(y) = f,;(\/ﬂ) + f)g(—\/ﬂ) L%X

% Reading: textbook, Sec 4.1, 4.2, 4.10 “[5 1'5
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p. 4-11

Expectation (M ean) and Variance

« Q: We often characterize ajpersonby his’her hei i ht| Wel i ht, hair

color, .... How can we “roughly” characterize adistribution?
* Definition: If X isadiscreter.v. with pmf f and range x, then the

w (or called expected value) of Xis
fo

prowded that the sum converges absol utelz > Qe Z l xlf(xkao

»Example. If dl valuein x are equally likely, then E(X)is
simply the average of the possible values of X. 35=521 %3
@Exampl e (Committees). In the committees example
P4 5 50 100 50
E(X)=0- s0 T U 3102 510 T3 210 T4 30 = 2
»Example (Indicator Function).

L u For an event AcQ), the indicator function of A isther.v.

A 1, ifweA, {]4 1} {Aoccwsj
W—)[R 1A(w):{ 0, 1fw§€§A {1"\"03 {A"‘*o“‘(ﬁ}

p. 4-12

= Itsrangeis{0, 1} anditspmf is» §()=o0, if o0& X={0,1}
f0)=H(A)=1-A(A) and [(1)= P(A)

for ap.m. Pdefined on Q. m
=S50, E(14)=0-[1— P(A)]+1-P(A we that-the

> I ntuitive Interpretation of Expectatlon e C"’L occan

= Expectation of ar.v. parallels the notion of a@vel ght tl xexfm
t

average, where more likely values are weighted higher
less likely values.

= It is helpful to think of the expectation as the “center” of
e~ mass of the pmf O =XX$6) -8X)- I5x) = T (%-8))-§;.00

! I %Rc/enter of gravity: If we have arod with weights f, at each
possible point x, then the point at which therod is

T balanced is called the center of gravity.
2e52 _1)=10, p(0)=25, p(1)=30, p(2)=35
%’é Z ® @ | p(- l\mlt—o%.g)? \msn_pﬂos;/ p

. 2
77 %E__,_ % ‘M -1 9&’{’_4 A = center of gravity = .9
= Expectation can bé Interpreted aé“ﬂ \‘OMOOUWt‘f’OfWNoj

along-run average (Chapter 8) as00 0\¢+erc

3000
3600
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p. 4-13

 Expectation of Transformation
» Theorem. If X isadiscreter.v. with range x and pmf
Y= g(X),
and y betherangeof Y, f bethe pmf of Y, then
EY)=>,cpufy () =2 cx9@) fx(
provided that the sum converges absol

z ’Q_,\pro_of. Yoa@fx@ =)y D 9@ fx(@) = Yy Y fx()

‘R xex yey Qfxe)iy gey Q?E)X'y
a%) ¢ QY Thm C . ¢10)
= EX ple E(X2)§xg:wex xzfx(x). = yfy (Y
. yey
>Theorem. For(a, e R, E(aX+b) = a-E(X)#b. |
proof. E(aX +b) =) (azF0)fx(x)=a[Yy _ zfx(@)]+b]>  fx(z)]
N zeX zeX ‘I‘E?L’}é\()
rot 2§ thexy X o 3X 3 3X+3 0y
gz (337 P e ——— N,
° Jhas ANY//A N |
/53¢ __ | _ | | ‘I‘ LR
1 , ) . —z . X
i3 Q‘:‘J}_q 3

* Mean and V. ‘-/1%)2 QHOM“4
/> Definition. The expectation of X isalso calledthof e
ed

and/or f, . The variance of X (and/or f) is defined by

Var(X) = E[(X — px)*] = X pex(z — px)* fx ().
provided that the sum converge€
Example (Committees)

T

p5|  x XM f(x)  zf(x) (z—p)f(z)| =°f(z)
0 -2| 5/210  0/210 20/210 0/210

1 4| 50/210  50/210 50/210 50/210

2 0| 100/210 200/210 0/210 400/210

3 (| 50/210 150/210  50/210 | 450/210

4 2| 5/210  20/210 20/210 80/210

Totals 1 (2) (2/3) G4 /3)

S0, uA{Dand o® €283, 6= E =)
- The E(X) is often denoted by(z)and Var(X) by (03). Also,
ox = /0% Iiscaledthe standard deviation of X.
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p. 4-15

= Note.
o iy and 52 only dependson f. They are fixed constarﬁgijl
not random

olf X has units, then 2y and o have the same unit as X § !
and variance has unit squarecf(

> Intuitive Interpretatlon f Variance —>
= Varianceis théfaver%ée value of the&quar

’“Iﬂ”efuIOn nf X IIUIIIILLX

1l
\/\MMAWM
S>0 = Variance is related to how the pmf is spread out Li;

Am Some properties of variance. Tl >0 ?W\A}ﬂé\,
L = The variance of ar.v. is always non-negativ
= The only r.v. with variance equal to zero isar.v. which can
only take on as ngl evaue /—9 é"ﬂxf (D=0, ¥ XX
For d\‘Serﬂ\ % (76—,44,‘ :ﬁ(‘)l):o C‘) (X-Ux3=0 iF F)>0

WS
»Theorem. For a, b € R, Va
proof. Let Y =aX +b, then E(Y)=a-px ¥ b = py.
Var(Y) = E(Y —py)? = E[(aX +¥ — (apx +¥)]?
= E[a*(X — pux)?] = ®*E(X — px)? = a*Var(X)

p.4-16

0<a<| : T~ RSewuncd
PP L = o
0 / 12 a’b
/ 7

» Theorem. If X |sad|screterv with mean y, then for an

Mean %W r 5 5 %
- (}@}"E — =ox + (c— :
V'M, -[—b[ X ( /LX) R

Prool. E[(X —c)’] = E[(X — px +px —c)’| = Y _[(& — pux + px — oIfffm)

zeX le __)l
= Z[(-’B #X)2+2(55 px)(ux — C)"'(ﬂx;? o)’ fx(z)
- K- ux) 2 (o) + 20x — )Y (2 — ) fx(@) + (ux — 2 Y fx(a)

\eorollary. E[(X—c)?] isminimized by letting c=u; and the
Animum valueis o2 . peof: clean fom, 6¢)
KﬂCorollary 02~ E(X?) - (E(X))2. prot: Lek the ¢ m(X) be 2,
Recall: 5(X?) = 5, x(0)

o Example (Committees). Var(X)= 14/3—22—2/3

> E(X") is often called the nth moment of X Tan=(and momert,) )7-
% Reading: textbook, Sec 4.3, 4.4, 4.5 —( [s+ momgud;
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p. 4-17

Some Common Discrete Distributions

» Bernoulli and Binomial Distributions_ = 2R
» Experiment: A basic experiment with sample space QQ, is

%e{ repeatedn)times. RD
#l . Example. () Sampling with replacement (b) Coin Tossing
(C) Roulette  §2={w=(wi, wa, -~ wn): Wi €3

e‘ﬁ‘ = The sample space for the n trialsis T
‘Sg\ﬁ:—; ﬁr‘“ Q= Q X oo XQO 0 L‘S+

A R, ﬁs,éo,d?éég%e that events q?pmdl ng onLdlfferent tnalj.,g

B & ﬁsﬁ&ﬁ(féﬁ o, D Rox - JprRTox---xJW=A
endent ‘H"‘b” Bécj)o Sx- ~— - xBlem( <)), 2R’
= Q: Given an eVeltt4,CQ,, Vi 15 the probabllltyftha}b /E

occurs k timesin the n trials?

. Problem Formulation: Let A,CQ be [AiAciflor-—<Ml5) 1L s 3 ng

F\ ‘QIA X - X
N fr > {A OCCUFS on the ith tl’lal} . ox - <Jlo
! l ﬂ;

Schn S N SR T
Q: What is P(X=E)?p.g-1| A oS m the n trials,

(Note. 4,, ..., A, are assumed to be independent events.)

tha%ample(Roulate n=4,k=2,LNp.2-3). (1o = N3-p. "
Let W, ={Win oni" Game} 210

Wl,Wz, W3,Wg L. =W.e={Loseon i Game}.
lW« L | Then, POW;)=9/19 = p and P(L,)=10/19=1-p = ¢
B B3 &let X =1y, + 1w, + 1w, + Llw,, then
mwtua.% (X =2} =(WinWanNLgNLy)UWyNLyNW3N Ly)
(WlﬂLgﬂLgﬂW4) (L10W2HW3HL4)

U(Ly "Wy N Ly NWy) U (Ly N Ly N W3 N Wy)
o S0, =) mw{'uaﬁ% exclusive

P{X=2}) = PWiNnWanNLsNLy)+---

—|—P(L1 N Ly N W3 N W4)
/} P(W1)P(W3)P(L3)P(Ly) + - -

+P(L1)P(L2) P(W3)P(Wa)

(4)
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» Probability Mass Function p. 419
«Let A, ..., A, beindependent events and A(A4,)=p, i=1, ..., n.
nlet X =14, +---+14,. ,FHH“lom

= Then, for k=0, 1, ..., n, '

n x
PX:k: k"l_ n—k?. ) "IA::ss.sqm
( ) <k>p ( p) " n=10an
QFOOf. We may choose k trials in (";:') ways.

Say, {1,2,3,...,k} is chosen.
O+1+1--40=X pra. A...A A N A° . N NA Pt

C
6 = p(/—l«}x...xP(‘A,\xp(A

o -,

= p*A-p*
= (exercise) Show that the following function is a pmf.

Oheckn(iny (i) "pF(l —p)"~k k=0,1,...,n,
o ARG ER I LA,
TFor i), wee A ’

= 1 hedistribution of ther.v. X is caled the binomis %ﬁm{ﬁ‘a&”?”

distribution with parameters n and p. In particular, when=+=1,
it is called the Bernoul I distribution with parameter-

p20

oNotice that abinomial r.v. can be regarded asthesum o

: S on. o mdp. rs
ndependent Bernoulli r.v. okt ﬁml ectung)

o The binomia distributionis caIIed after the Blnomlal
Theorem: (a+b)" =" (Ma kgn ko ___A

» Example (Bridge). Q: What isthe probablllty that South gets
|noAc@onatleastk =5 of n=9 hand 0> =N

oLet A.={noAceson thei" hand} ¢2 9, and
ﬁ&w 1 X . t +@’*"&/LW/ ligp)
':FThen P(A;) = (13)/(13) ~ 0.3058 = p.

&W'dm% for k= 01 9,
poc=1= (D)o prt

9
P(X >5)= Z (2) F(1—p)" % ~0.1035.
» Theorem. The mean and varlanc %

Binomial(n, p) distribution are <Wwitwn —
s v M A e T

nAnd,
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n @/YL' /x,/ g/Md-ﬂg
;{m 1-— pf@ (S%J

x.
I—l n—‘ x| !

)
( )P g(’”P) @ of
_p)(n 1) (z— 1)) 'n,p/ bfhoml‘ﬂ.@(n-—[)i))

n-2
NG, cha
/ljf@ @H \ Y)

N2 h_g*l
nU\’D‘> Q/OM

_ n(n—l)p L (fn—z\pm 4(1 p)kn 2)—(z— "—n(n—l)p Pm-Po,F
o -2) binomaf

Var(X) = BOC) ~ [BOF = [B(X?) ~ BGO] + B(X) ~ (80P (n-2,p)
— n(n—l)p +np — np = np(1l — p)

,...70

p. 4-22

Summary for X ~ Binomial(n, p)

W Range: & = {0,1,2,...,n} <
M&% o PMf: fx(z) = (7)p“(1 —p)" 7, foerDccP‘

@ Parameters: ne{1, 2, 3, ...} and 0<p< 1

ih
distvitiom Mean: E(X)=np
= Variance: Var(X)=np(1-p) 2= ;é\

» Geometric and Negative Bingmial/Distributions
. >rExgaetr . A bt:ﬁ] cesxperiment with sample space Q is
ep - m@ .'Q:{(AJ:(‘J/,WL)”‘) N w&em%
» The sample spaceis
» Assume that events depending on different trials are
Independent

= For agiven event A,CQ,, we continue performing the trials
until A, occurs exactly r times

» Q: What isthe probability that we need to perform k trials?

&
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nqn (\YN/
u EXarT]ple "'u’o 278 SCVCV[ 0 l p. 4-23

o A company must hire 3 engineers. *ee EG

o Each interview resultsin a hire with ‘«.t |ty 1/3

o Q: What isthe probability that 10 interviews are required?
o We need: (i) 2 hires on thefirst 9 interview (ii) Success on

he 10" interview
n;o,theprébabilityi@> (;_l@ﬂ (é) () (1) (\

\2/ \3)/

= Problem Formulation: Sbinomial pmf
alet 4, Az, .. C Qbe Ai=flor- - <Jlox Ao xJlo -
.={A4,occurson the it tria}, and {Xn>r}
Bim:aQ(nl?)\/“Xn —la, + 414, forn=1,2 3—{\(,.,,,}

oLet lesmallesthnthzl, 3 ’,<,= ; ,, )gx;
w#of tials Y, =smallestn with X > 2,

Il 0o
"'OP“AM i : (3] ‘6 coe
V{ADM=Y smallest n with X, > r, :&:@ E

o Q: What is (Y =k)? i Y, Y

p. 4-24

» Probability Mass Function
«Let A,, A, ... beindependent and P(A,)=p, =1, 2,3, ....
=« Then, for k=r, r+1, r+2, ...,
1

PG =k = (£ )ra-pr

proof. Ifr=1, P(Y; = k) = P({Xgz_1 = 0} N Ag)
= P({ Z0h-P Ak) 1-p)*'p

In general, P(Y, = k) = P({Xk— alno:u:'fﬁ f% Ayx) pPmf of genm‘ht
= P( =71 —1}) - P(Ax)

k1Y) ,_
- w,i/w(:o? na%atw Amom@

= (exercise) Show that the following function is a pmf.

For (i) tn WNp - F=1pr (1 — p)k— "o k=rr+1,...,
omy A fk) = { br)p (1 =2)

0, otherwise.

= The distribution of ther.v. Y, is called the negative binomial
distribution with parameters r and p. In particular, wher(r=))
it is called the geometric distribution with parameter p.
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p. 4-25

b ©)A negative binomial r.v. can be regarded as the sum of r
Benaullt mdependent ggpmetric r.v.’s @u—éu +€r =R o
3ﬂ\omm@ o 1”0 0
@ooo g@l.@ ) D@l ) ||Z| ceoo |:|

e © The negatlve bi nom|a| dlstrl bution is calcged after the

4 aibdon  Negative Binomial Theorem: (xta) 'é‘: ( ) -/)(&f -k

y Ptk T
e s a 2-- Z + té for [¢| < 1. _.t 1
i . ] lfee ()

>Theo mean angg\>ar|ance of negative binomial(r, p) is
iyt 3 7/p and o —p)/p”. ’\
TOOL. % > o

0 N /"*‘)-l o i°F
E(X) = gm(f: : i)p?‘(l —p z—r _ ° Z @Epr+1(1 p)x_,-

S (D e T\
/')U‘ p:r:—f' r

(%)
eﬁ% r i ( - ) f‘+1( )y (r+1 l
-D
P y=r+1 Llr +1) — JL o,( MgW é:»omkf(r#,@
E[X(X +1)] = E(X* + X) = E(X?) + E(X) p. 426
> rz—1
= T $+1 r 1-— T—r
2 )( l)p ( P e
_or(r+1) (‘:L 1)z {x\) r+2(1 - p)(m+2) (r+2)

P Z((jl)r@@ O 3y

_ 'r'(?" + 1) (( z + 2) \(H’j) 12(1(761—?) (:z|:+2) (r+2)

p? (r+2)—1
Y 2 r(r 1) > -1
‘a' ')a’ 1/ ( + Y r+2(1 _p)y—(r+2)
p? y;rz l((1" +2) - ) ﬁ
= r(r+1)/p? 517700')/ p‘+2, P)

Var(X) = E(X?) - [E(X)]? = [B(X?) + B(X)] - E(X) — [E(X)]?
_ r(r+1) _E_f:r(l—p)
p? p p? p?
»Summary for X ~ Negative Binomial(r, p)
« Rangee X ={r,r+1,r+2,...}
« Pmf: fx(z)= (*"))p" (1 —p)* ", forz € X
» Parameters. re{1, 2,3, ...} and 0<p< 1
» Mean: E(X)=rlp
= Variance: Var(X)=r(1-p)/p?
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» Poisson Distribution Xy ~bmomid(l, ply  EXL

P
> Recall: Expression for e*, e=2.7183-- Xonnbmomidl (s B, ) P

ﬁ\g « First Expression: €” = limp, o (1+ ) Ko = luye
Aﬂ_\\ « Second Expression: e€” = . ozgvxk )én

-

: L. B han
> The Derivation ‘ D O DW:
= Consider a sequence of binomial(n, p,,) distributions satisfying
(@) p, — Owhenn — oo i Pla=8)=2?

(b) n-p,, = A whenn — oo, where 0 <A < oo
« Then, p, = A/n when n |slarge enough.

L= =N ---(n-B+
(k)pn 1~ pn ‘/-h-,é‘ { n—k > n—k
09 ()" 30
k! n n k! k n '
i 2t AR 1

lim =1 and lim (1 — —) — e,

[mde e n— 00

= SoMwhen n large and n > k, %%1 o (1_%)”_’“%@‘A-

n

D ';LI n other words, wher[n largg,[n > k) and[p, ~ 0) e
Ss P”TF §r/mm t%r‘ é«n ( )pn (1— pn n%PW@ of BlSS‘on
bf'lf;m?of(fl ) aldtof o, rz/nz‘f
X = ‘(01—0—«9-1—01'0-4— o+]+0 © o o w©o{ltoto - D+a+<>
BBl BEREDE o o @@ﬁ@%
& 0
= A professor hits the wrong key with probabilit @b each
time he types a letter. Assume independence for the @
occurrence of errors between dlfIﬂ'ﬁDlﬁJﬁLygﬂﬂgs
« Q: P(5 or more errors ingr=250) letters)=2? >mdep. Bemoullitp)
= Ans. = lge g

o Let X be the number of errors, then X~binomial (2500,
0.001) and P(X>s)

P(5 or more errors),= 1 — P(X < 4) /\(k)

— RN may bo LfF;

] a('?
= 1- (2500) (0.001)*(0.999)*°°% V) 4o caleutizs
e ‘

k
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p. 4-29

o The probability can be approximated by Afe=*/k! with
A = 2500 x 0.001 = 2.5 times of errors,

where 2.5 is the expected number of the errors that would
occur in the 2500 typings. (Q: What should the A’s be for

592(5)_ typings, 75%9 %%pl ngs, and 199%).typi ngs?)
0 S0, P(X = k) ~ (2.5)*¢=23/k!, for k=0,1,2,3,4, and

4 k,—2.
1—P(_X§4)m1—zw = 0.1088.
k=0 L—_—_chl\k' ) N 7_8
o - (%) ™ W3-
> Probability Mass Function hich, 7 easiento obiarn,
= Theorem. Let b ot caloulate ?
f(k): %, k:0,1,2,...,
0, otherwise.

then, f(k) isapmf.
proof. LNp.4-5, (i) & (ii) are straightforward. For (iii),

o X k) [ o0 Nk
kz_of(k)=kz_0)\:! =e"A(Z%)=e"’\-eA=1.

k=0

p. 4-30

o The pmf is called the Poisson pmf with parameter A.. The
distribution is named after Simeon Poisson, who derived
the approximation of Poisson pmf to binomial pmf.

o The A can be interpreted as the average occurrence
frequency.

he mean and variance of Poisson(\) is
—~nL A and o =\

et =%
e A1 e AN
(z — 1)! _)"yz_{:] gy
BX(X ~D] =BX" = X) = B(X) - B(X) y=x2 bt of Bignp)
= 6_)\)@, ) X e ANE2 Z le= Y
= w{e—1) - = )\2. ¥ \2. — )2
; ,)){, /@! ; (x — 2)! yzz;] y!
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ar( XY — F(X2) _ [F(X)2 p-4-31
wur \11} LJ'\IL } I_LJ\JL)J
_ rmyf v 2y InTa 'Y BTN T e T/ vy12 _ v2 \2
= OA"T) LA+ LA)—|LDA) =A+FA—-A = A

Note: For X~binomial(n, p), where (i) n large; (ii) p small,
o distribution of X ~ Poisson(A=np)

o E(X) = np = mean of the Poisson = A

o Var(X)= @_Bgl_—sg) ~ variance of the Poisson = A

» Pojsson Processgv 1 a period of 4
=

uakes occurri ngwari ng{some fixed time sp

ﬁtﬁngm

‘ o O+L O ¥+¥0=
N - L 1 1 Oﬁle{-l +1‘O+nl_h 1(74;“1\-11)(
P(XILOBZ)-O(W) IOt ™ . =i
t 2t 3 st At X, ( * ¥ of timgg, t =
n mon ®hn v/ tha eveatt  n-1);
4 occw\.sm,w
To model them, we can e

a Divide the time period, say [0, ¢], into n gtrvnnﬁl intervaTs{a——

=Make the intervals so small (i.e. G is large) thet at Mbared?

one event can occur in each interval

p. 4

— Then, we can treat the number of eventsinasingle **
interval as aBernoulli r.v. with asmal(p,)=p(x,;=1)x2 £

@‘ ssume that the number of eventsto occur in
non-overlapping intervals are independent

= Now, the number of eventsin the whole period of time
[0, ¢] isbinomial(n, p,), where n is a quite large number

and p, isasmall probability2, VN Af =At
o The distribution for the number of events occurring i ,rgP[O, t]

can be approximated by Poisso @ =t D A= £
.@jﬁnition. A Poisson process withrat9 isafamily of r.v.’s

0<t<oo , for which —A

Ny,=0 and N,- N,~ Poisson(A-(t—s)),
for 0<s<t<oo , and vae

Ny =N, i=1,2,...,m Pk

(2

are independent whenever

OS S1 @@@< t2 S S Sm <tm'
Here, NV, denotes the # of events that oc Dy time
o A iSthe average # of events occurri "m
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Ne

Counf, proass

p. 4-33

4—" —
31 :
>4 - |
it I :
s XY [¥ N X ) — time
S te t B
( Nt —Ns p) 53
= Example. TS Ne-NS ™ NiggNss

raffic accidend occurs (at %4 % & 2 ¥ a, eq)

an WM

a
ot ttm&

half months? for a year?)
0 S0, P(N, = k) = 11%.e-Y/k! and

P(N;>3)=1-P(N2<2)=1-)

according to a Poisson process at arate of A=5.5 per month

Q: What is the probability of 3 or more accidents occur in
* 42 month pericds?
2od

oHere, At =5.5x2 =11. (Q: What should At be for one and

2 6_11 i 11k

k!

k=0

»Summary for X ~ Poisson(k)é—F) Q:whilts tha amlel "

«Range: X = {0,1,2,...} Spack behind the X 7
« Pmf: fx(2) = X\ /z!, for x € X T

= Parameter: O<\< 0o oA

« Mean: E(X)=\ binomiall (L

» Variance: Var(X)=A

—

%?V%Zéw

h w7/¢‘ A))?Om;‘qf jl

» Hypergeometric Distribution
77 » Experiment: Draw a sample of n (<N) balls without replacement

4B
ol » Q: What is (X=k)?

» Probability Mass Function

=« Example. The Committee Example& LA/p ¢'¢X(5

from abox containing R red balls and N-R white balI(ﬂuz balls
= Let X be the number of red ballsin the sample

m@/g
//ke/ éo be

l‘da/rv)

= (C.f.) If drawn with replacement, what |st ~ rlbut
O'l‘ 14'1"’“ a
/] 2] e e e TN m

= Theorem. For k=0, 1, 2, .
Blbes)
(n)

P(X =k) =

wd'h, Mb‘ﬂ&?w

i
(Noticethat () = 0 when either t<0 or r<t.) Ao m\/
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p. 4-35

QFOO . Label the N balls as r1,...,rg,w1,..., WN_R.
(2: combinations of size n from N different balls. = #Q = (N )
ngO§k<Rand(]<n—k:<N R,

k red balls may be chosen in ( ) ways.

. ;N — Ry
p "‘én — k white balls may be chosen in N ways.

= #{X =k} =R "=

e >2 ercise) Show that the following function is a pmf.
bt my Vg L DEC) k=0t

(i) Xfte)=| byAf k/\n—k

0, otherwise.

= The distribution of ther.v. X iscalled the hypergeometric
distribution with parametersn, N, and R.

o The hypergeometric distribution is called after the

g 1)) ) A

p. 4-36

L«O
on The mean and variance of hypergeometric(n, N, R) are
Tntu e
W @ and 0% = nR(szVQ&)—(]f) .
proof.

R 6@
E(X) 2 gg 6@‘7'( N", N
uv mr=1)) G (- )
:ﬂz (-1)-(z—1)) _nR (n-n)-y ) _nR
N z=1 (j’r\l.r—l) 1,—x4j N y=0 ( (ITY—:ll) J N
pmf- of hyp&;(?eom‘('r/‘c_
EX(X -1)]= E(X? - X)=E(X?) - ((X)) (n-1, N-1, R=1)
g BE o g v e
= r(r—1) F—g—" = I-@;——H 2
D G, G2 @ N2
_ —9)— - )
n(n—l)R(R—l)z”:(?_3)(((’,‘1_3_55_%)) R2 K>y NN
Y-S (00 o
YV n(n-1) R(R—l S5 nm-)RE-1)

N(N N(N —1)

h\( ﬁzm 77X
Var(X) = B(X?) - [B(X)]* = [E(X?) ~ B0+ B © B

n(n—1)R(R—1) i (@) _ nR(N — R)(N —n)
NN —1) N N NZ(N — 1)
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p. 4-37

» Theorem. Let N,—o00 and R,—oc in such away that
pi = Ri/N; = p,  ifuition; whon & of

where 0 < p <1, then red & white balls
(R gl
¢ of > k @—k _ ( )pk(l _p)n—kz. withoul regacement
p&?‘/‘ﬁ‘“‘*"‘ (%) A ) A with vedacenail
proof. pmf-of, bimomial .

(&) (i)

(Vi 1) R;! (N; — R,)! ()l N; — n)!
Ny @[R&/— K @ k(N: — R;) — (n— k)]l N

\T1n/
! .F(éﬁ., R. _ 1 D._ L1 1)

H e
i Lg i £ g

—_— _—_— . x R T XN — .

I

e %a D) —M SR T ' 7N P
|§E\f¢-—h’,?;‘ (N; —Ri)—1 _ (N;i—R;))—(n—k)+1
AT N AT, e

AL 3\.? N N

p. 4-38

»Summary for X ~ Hypergeometric(n, N, R)
« Range: X ={0,1,2,...,n}
« PMf: fx(z) = (B)(NZH) /), forz e &
« Parameters: n, N, R € {1, 2,3, ...} andn<N, R<N
=« Mean: E(X)=nRIN
Summany = Variance: Var(X)=nR(N-R)(N-n)/(N¥N-1))

Q
Y

1!
vadable ) pf S Npte=g oty 1)
( | & P2 cARLS (pu-7ee (xe)a)

(Q:how cocznae the dshiin, < a_dsaey .2 )
3. mgf

Baett)-aeft) th

averaq g
)

ow the distribidion 'U—m[méf'é)cqz' %}(x\
ko Tl

% Reading: textbook, Sec 4.6, 4.7, 4.8.1~4.8.3
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