NTHU MATH 2810, 2011 Lecture Notes

& Sample Space and Events
» Sample Space Q2: th of aII possible outcomes in arandom
phenomenon. Examples: S known, G oitzome is not

1.Sex of anewborn child: Q ={qirl, boy} prdictzble
2.The order of finishin araceamongthe 7 horses 1, 2, ..., 7.
Q ={al 7' Permutationsof (1, 2, 3,4, 5, 6, 7)}
3.Flipping two coins: Q ={(H, H), (H, T), (T, H), (T, T)}
4.Lifetime of atransistor: Q = [0, «) ATO L
« Event: Any (measurable)(@ubse of Q is an event. Examples

1. A={qirl}: theevent - childisadgirl.

4 2. A={adll outcomesin Q starting with a3}: the event - horse 3 wins
the race. S wn], 22 5p, (0, T3 o, ~«}
3. A={(H, H), (H, T)}: the event - head appears on the 1st coin.

4. A=[0, 5]: the event - transistor does not |ast longer than 5 hours.
« an event occurs: outcome e the event 2 calledion of all subsets in 2.

« Q: How many different eventsif #Q=n < 0?Ans: 2" = 42"

* Set Operations of Events
»Union.C = Au B = C: either A or B occurs
»Intersection.C = An B = C: both A and B occur
»Complement.C = A°= (. A does not occur e
»Mutually Exclusive. An B =0= A and B haven <
outcomesin commﬁﬁ\d%omf @W’
> Definitions of union and intersection for more than twd’ f
events can be defined in a similar manner T
» Some Simple Rules of Set Operations
»CommutativeLaws. AUB=BUA and ANB=BNA
»AssociativeLaws. (AUB)UC =AU (BUC)
(ANB)NC =ANn(BNC).

» Distributive Laws. (AUB)NC = (ANC)U(BNC)
(ANB)UC = (AUC)N(BUC)

»DeMorgan’'s Laws.

(UP, 4,)° = NI AS and (N7 A0)° = UP | AS ‘avons “
ol 0]

+» Reading: textbook, Sec 2.2 (b) Shaded regon: EF.
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Probability M easur e {481
» The Classical Approach S a function : 2 (0,17

Sample Space Q is afinite set f This explams why combinatorial Thm.

rwf. more

|
Probability: For aneventA play an. mporiaiC roe mWM/’?
P(A) @—)FO{ elemeifs o A
Exampl e (Roulette): ik
« 0 ={0,00,1,2,3,4,...,35, 36}
» P({Red Outcome}) = 18/38 9/19.

» Example (Birthday Problem): n people gather ‘at a party. What
is the probability that they all have different birthlgys? f
by
R)

©@-=listsof n from{1, 2, 3, ..., 365}
(@4} 40 ﬂ\,
247 .

NN

P(A) | 926 | .716 | 462785 109 (\? 2, E)
— > Smaller
> |nadequacy of the Classical Approach P
#A
P(A)

. Itrequ_ires: re. ol calopmas in J2 e
Netol @B diinite O fegua&/:l [ikely to occur
4 5 o Symmetric Outcomes 3 1

wWeSL , PW)=

» Example (Sampling Proportlonal to S|ze)

o N invVoices. moie (2 / (of —_\|
nSampIen < N O (0o 20 30 laow ead,do/w\//woan/ | o[ 0oe0
o Pick large ones with higher probabllltﬂ %’“‘ é:’;’?

a Note|Finitd Q, but non equally-likely outcomes.  mvorces.

» Example (Waiting for a success):

o Play roulette until
a0 = {1 2,3, ...} > |mfmite, countablé Spacl

onP= P 2:2. - CO, l]
. Example (Uniform Spinner):
o Random Angle (in radians). comtinious Sam
= (-m, n]=> Qﬁ"h‘e UNCOUT L Space.
|:|P 7? P ¢-field = (o]
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 The Modern Approach ot he

&’@(L}A probability measure on QQ isafunction Pfronﬁubsets of Q)to
the real numbey that satisfies the followi no(axioms; 2\ #8

check £ | (Ax1) Non-negativity. For any event A, A(A)>0. :f‘z"‘”] EW f"‘*"f
the 3 aiofg p x 2) Total one. P(Q)=1 uiTably many. gensnally %ﬂj

hold, rn L : A0
classicad) (Ax3) Additivity. 1f(4,, A,, ...)isasequence of mutually

opproach.” exclusive events, i.e., A,NA=0 whenizj, then (5 o5 | N

I\Ta{;‘%‘MP(Al UAyU--) = P(A)) + P(A)) +---. |253 0

= NOLES:

9ko © These axioms restrict probabilities, but do no them.
V o Probability is a property of events. G P ¥A

» Define Probability Measures in a Discrete Sample Space.

'L 0 Isit required to define probabilities on every events? (e.g.,
A n possible outcomesin Q(2"—1)possible events) « FEL=1

a -uuppose Q ={w,, o, ...}, finite or countably infinite, let
B‘2 —)RQCEUQ _, R satisfy
p(w) >0 foralweQ and ) .op(w)=1.

Let p. 2-6
P(A) = > eapWw) _—examne Asxc|~3

for ACQ, then Pisaprobability m re. lexerc@
‘h . ?fpasee-éhgx « Msabje)at’m .94
(Q-how to define p?)  ppiefrve mitepretalion (LNp.2~(S~1F)

#4 = Example: In the classical approach, p(w) = 1/#0. For
P (A)sﬁ/ example, throw afair dice, Q={1, ..., 6}, =...=p(6)=1/6

£_and Kodd)={1, 3, 5})=p(1)+p(3)+p(5) /2.

= Example (non equally-likely events): Throwing an unfair dice
might have p(1)=3/8, p(2)=p(3)=...=p(6)=1/8, and
Podd)=P({ 1, 3, 5})=p(1)+p(3)+p(5)= 5/8. (c.f., Example
in LNp.2-4)

» Example (Waiting for Success — Play Roulette Until aWin):
Q): whot i oletr=9/19 and ¢=1-r=10/19
we drreﬂ(f aQ={1, 2 3, ..} mfmite, courlable
defoe. B @ntuitively, p(1)=r, p(2)=¢r, p(3)=¢?r, ..., p(n)=¢"*r, ... >0,

9
w2 and - -
n— Tr
> op) = St = g =
n=1 n=1

l—gq
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o For an event ACQ, let .27
P(A) =3 ,cap(n).
For example, Odd={1, 3,5, 7, ...}

P(0Odd) = Zp(2k: +1) Z (2k+1)—1 _ Tiq%
k=0

k=0
= T/(l—q ) =19/29.

» Some Consequences of the 3 Axioms (/,%é RGB—>any w@

» Proposition: If A isaneventin asampl—spaceQand ACIStheﬁ
complement of A, then S

P(A%) =1- P(A).
proof: ACVA=L , ANA=¢
1=P(D) = PE)+P(A)

»Proposition: For any sample space €2, the probability, of the
empty set is zero, i. CD—p (0) — P(n.) P(.Q)+§’ )

prmrF: T (A3) Let AL, P An‘ ~~<b 13 P@)"

p.2-8

n

P(AjUAyU---UA,) = P(A;) + P(43) + - - + P(4,).—2)
}W‘{f: In (4:3), Ll AwnzPnt2=- =@, Then., "\ P@)=0

» Proposition: If A and B are events in a sample space QQ and

X @Proportion: For any finite sequence of mutually exclusive
fte\S events A, A,, ..., A,
of Powrom 3

ACB, then
P(4)< P(B) and P(B-A)=P(BNA°)=P(B)-P(4).
Pt B=pAuv(BIA) by B
P(B)= p(A)+ P(BnA‘) = P(A) @
\M_t})
@Proposmo ﬁflls an event |n a sample space 2, then
s 15 o) A)<1=P(R) & AcS
»Proposition: If A and B are two eventsin a sample space Q,
then  pauB) = P(a)+ P(B) -@(an B)—~ n
pooft AuB-= Iuy.éum b LI T mdhally exclusive | A~ —8
PR (M
z + s P(O _
P <pimy pmy [P
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> Proposition: If A;, A,, ..., A, areeventsin asample spaceQ, "

then P(A;U---UA,) < P(A))+---+ P(A, H@&@
Pwof' P((A.u -UAn-1) UAn> < P(A/U (/,40-1)"' P(A'n)
Geranralizatron by)”s <P(Av--vhn-)t Pr)+PAn) < -

o@@Proposmon (inclusion- exclusmnldentlty) If A, A, .. A are

/\ "
any n events, let . Z P(A)),
i i=1

Q: For an outcome w contained in

m out of the n events, how many P P(A; N Ay)

times is its probability repetitively A<i<i<n) > % :,:

counted inoy, ..., 5,? (2:4)6{ 4, Ig""a)
A ieitve proo¥ Jov disoule M&Sfaa - Z P(AiN Aj N Ap),
Pw) counted. m tines in Sy

X o
! ( ) : 6 o = Ay M-
- (K) = &(

l'(m e, +( f(-l)mﬁ) = P(A;NAyN- ( " i)

bk *(n“*‘a(”‘) 0
P(Alu"‘UAn):Ul—02+03— +( 1>k+10k+““|’(_1)n+10n.

1<i<j<k<n

p.2-10

proof prove B\/ indudtion .
n=2., it holds eéy@ (AinAs) v (Aa-/\As)

n=3, P(avAUA3)¥P(AUAY+PAs)-P( (A:UA:.)(\ Az)
||e <iv@)
P(ﬂf)w*P(Az)-P(A.MJ P(A'"ABHP(&Ms) P(in A=043)
= PlAi)t plAoYtP(A3) - PlAiN A=) - PP As) P NASY PN A N AS)
for >3, by mattematical mdudiion,,
= Notes.
o There are (Z) summandsin o,

nlg sz_) P(A'IAA'A’) P(A’(/,(\Al})b .-
Uk:(:) (Alﬂ---ﬂAk;)
It can be shown that 2

P(A1U---U A, g 55&
fogrt T D e
See tadhook . ! n

g1 —
P(AjU---UA,) 01—02+‘

IAN IV IA
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=« Example (The Matching Problem). me
o Applications. (a) Taste Testing. (b) Gift Exchange.
\\, oLet Q beall permutations® = (¢4, ..., 7,) of 1, 2, .

- - nonZ o 'BAZ?Y\
Ef:no(” T Thus, # =nl. o mn(tg’r'z'«ét5;U h:s/iwi gﬁ%@d
st postron. * = | A A " pebleadton
<«>r{:emj‘ A;={ol=s} and A:uizlAf, m@&
Q: P(A)=?(What would you expect when n islarge?) =
o By symmetry,

oo (2)Pc )

o Here,
P4y = lx(n'—l)!:l’
n: n
~ (n=2 1
P(A1NAy) = nl = (n)2:
 (n=Kk}! 1
PAiN---NA) = —— o
fork=1, ..., n.
250, ak:(”)izi,.-, m IR o2
k) () kU IR AL
o P(A) =01 =0zt oo+ (=) oy = 3 (-
ex;:%xk ) k!
k=0 = k:l 1;;’,04631

/>

P(4) =1 = “)F Lo P(A°) ~ e L0348
o Note: approximation accurate to 3 decimal placesif n > 6.
»Proportion: If A;, A,, ..., isapartition of Q, i.e,,
1 UZdi =4,
2. Ay, A,, ..., aremutually exclusive,
then, for any event ACQ,

: P2
. - - ' w AN w ~
praaf. A=A0=An (bg/m ) =5‘=/, (.An A")vm(w(ly exdusive
P(A=P(  (Anad)- £ p(anad)

=1
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* Monaotone Sequences ;96&4: exnmple M u\/’,\ 2-(f »2¥

Q: How to define probability in acontinuous sample space?

o AjCcAyC---CA, CA 1 C---C[) ( NPT A2
e “Shd decreasing i @J"} o

Spa oA A “
Moze) o ADArD DA S A 0 gl T
he limit of an increasing sequence is defined as 4,
and the limit of an decreasing sequenceis
»Example: If Q=R and A, = (—o0,1/k), then A,’'s are decreasing
and lim Ay = {w:w<1/k forallk € Z,} = (—o0,0].
e s (eendse) A= (-] g (mén

1

. = AeeT))) /\ ] ) - :
?0/ . c Al - ﬂ < - ( \C

Dede’C:VJ' ( lim An> = lim A; (b"" U> N A:C m A-(,.c

n— 00

p. 2-14

&2 > Proportion: If A, A,, ..., isincreasing or deci@ng, then

sabisty AxI NA3) 7 A,)=P( lim 4,). R
NP S AS SOk
LB s > i, S0 G
> '4'3 BF-AI @ pe )Q
P lmb)-pP( )P = 2 PG)=Im £ ey

g N Ax3)
@A—rb meg =) An mareasing . = [im PC,QB”):/!Z,"DPQAA)

- Plimhn)=]-P(Bam)-p((Baf) 22 ‘
*E P(A
- 0) P o pny T
= I 1-p(an) = 1= Imp(s.)

% %Exam le nif(Lnlipinner): Let :(c—o%%ug)se;ine 5

rn
,e(_)_;_{_';_]. —Play a role smilar, to
- o b Wi, W =~ mSmaééf

QL B ﬁrdm
2m 10r suU (a, b CCXThen, extend Pto other subsetsusin
the 3 axioms. For example, if -t <a <b <, E‘F[L%
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p. 2-15
P 1 Py 1
e k=1 k=1
1
k

Note (a,b] %(@,b]

; b] M Q) ga b

1 b o Al b1l Aeslab]
k—o0 47T k 2T . . i

= Some notes =P(ab]) € A/,ﬁ Zczﬁ)jw

) = P([a, b] = (a,b]) = P([a,b]) = P((a,b]) = 0. /D((a,b])

{®q, ©,, ...} CQ, then

PCY=Y PH{w})=0+0+,--=0.
(g{)wckizzl (i) a wurkable so .
he probability of arationalloutcomeis zero

 Objective vs. Subjective Interpretations of Probability

» Q: What do we mean if we say that the probability of rain

tomorrow (4096~ how o wherpret &7
Objective: Long run relative frequencies
Subjective: Chosen to reflect opinion

>The Objective (Freguency) Interpretation @a\gﬁ
» Through Experiment: |magine the experiment repeated N
times. For an event A, let
N ,=# occurrences of A.

P (a—

S P not dofmed, T 1M
fn Prew‘ous slhde. t b]}@ .
= lim 5 (b—a-+

p. 2-16

Then, o <~ Freéamc é]
» Example (Coin Tossing):
N 100 1000 10000 100000
Ny 55 493 5143 50329
Ny/N | (550 493 514 503 )+—>0.§
of an evedC = A&

. _ _ _nrc R odds
Theresult is consistent with P(H)=0.5. 0 (A)= P(a) _ P(R) Q%

> The Subjective Interpretation P(AS) " 1-P(A) ;ZTL

ouy=EB = Sateqy: Assess probabilities by imagining bets pya)- I.O_(O&l
AL Ekamples: o+ | +o(A)
=) Peter iswill ng to givetwo to onthat itwill raip-A

P(RZ 7‘\;(7:%7 orrow. His subjective probability for rain tomorrow is
7Bt Ieast§2/§
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oecy= PEY: 4:lgf‘aulﬁccepts the bet) His subjective probability for rain
o Bmorrow s a mosi2/3 preseals psonall degree. of belief*

> <2
A< /é Probabilities are simply personal measures of\how likely we
thinkitis that ta| n eveptj\'% occur

wivle &
@THI_S—E be |IM€H When thdrdea of repeat Ham/ei/'

Summany  EXperi ments is not feasible

setgperdtions — U
W'y 54 7xp) | swsdls 0
FS\T& camaf events (. 2%) U %&fm?t —EA°
o probabil rJymMéméf 250, ) mW _F‘ng%

«Ppwfv conseguanis E ‘.
=§% 3 axiomS — popostlron: P(Aw--UAn)=Ci-Ga+ - - -

deel‘nﬂ. vesndd P — disndde S0 —>1st, defme a small rv on wi,wa,Ws- -
5«?@“%{ Hen edend < PA)= Z, 7dw)

(st, defme P‘D’) on (a,b] a.be
) conl7nuous N tun edend é'monafml gamgz
¢ Reading: textbook, Sec. 2.3~2.7 01: s€ S‘
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