NTHU MATH 2810, 2011 Lecture Notes

| ntroduction to Probability
 Uncertainty/Randomness (R 7§ & t4/BE4#% t4) in our life

»Many events are random in that‘ their result is unknowabl e‘
before the event happens.

= Will it rain tomorrow?
» How many wins can % i K. achieve this season?
= What numberswill | roll on two dice?

» Q: Isyour height/weight measure random?

»\We often want to how likely)are the outcomes of such
events. Probability is that measurement.

» Distinction between Discovery (4% 38) and Invention (4£88), e.g.,
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Combinatorial Analysis ﬁ\ﬁ p-1:2
* An example: y \

» A communication system is to consist of n@eemi ngly ide@
antennasthat are to be lined up in alinear order

» A resulting system will be functional aslong as no two
consecutive antennas are defective

»>|f it turns out m (=2) of the n (=4) antennas are defective, what is
the probability that the resulting systemn will be functiopal ?
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* Many problems in probability theory can be solved simply by
counting the number of different ways that a certain event can occur

» The mathematical theory of counting isformally known as
combinatorial analysis

» What to Count? (i) Lists, (ii) Permutations, (iii) Combination,
(iv) Partition, (v) Number of integer solutions.

made by Shao-Wei Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2011 Lecture Notes

. Lists Q@@ @
> Definition ( E—LM, a\,)

1 Rorder Pairs: (@, y)={uw, 2) i#f w=z and 2=

?Mf.\(w Ordered Triples: (z, vy, 2)=(u, v, w) iff u=z, v=y, and w=z.
List of Length ri(z, ..., z,)=(y,,
i=1, .

>Examp|e (Llcense Plates): A license pl ate has the form
LMNwa:yz where

oy y,) Iff s=r and x,=y, for

ok 200 3 a7 FH C‘/;
BADooo | L M, N € {A,B,..., Z}, ' <
BADI000 w, x,y, z €{0,1,..., 9}, S 2<;

and, so, isalist of length seven. <
» The basic principle of counting - nulti pllcatfbn principle
» For Two: If there are m choices far = and for each choice of

x, n choicefor y, then there ar choicesfor (z, y).

= For severdl: If there are n, choicesfor z,, ¢=1, ..., r, then
there are ning - - Ny
choicesfor (x,, ..., z,).

= Example: "
Asl wasgoingto St. Ives, | met a man with seven wives
Every wife had seven sacks, Every sack had seven cats
Every cat had seven Kits, Kits, cats, sacks, wives
How many were going to St. 1ves?

o Ans: none

o However, how many were going the other way?
> 7 Wives, 7><7@ sacks, 49><7 cats, 343x @ Kits

by Total=7+49+343+2401=2800

W ample (license plates): A license hes the forry
prone! LMNwzyz, where 6 a
b/Pg L,M,N e{A,B,. Z}

A\fz w:cy,ze{Ol T aanS
B2

N\

There are 263>< *=175, 760 000 license pl ates f th 3
Ox9x8x = 78,624,080 0% .

h |letter and digit etit |naa
ave@@ er an |g|s(norep ition). Z}]N W“
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p.1-5

* Permutation

» Definition: A permutation of length r is @hl, x@with
distinct components (no repetition); that is z=x; when z';tj

»Example: (1, 2, 3) isapermutation of three el ents ( R,1)is
not a permutation

» Counting Formulas. From n. objects, there are oo

n"=nx---xn (rfactors) .
lists of length » and \/

(n)r = Toby m&#mgwpn@ﬁén —r+1) H—k,
permutatlons of length » may be formed. st

> Example: There are 103=1000\three digit numbers, of which
(10)5=10x9x8=720 lists{with distinct digits)— pewmititions

» Some notations
» Factorials. For positive integersn and r, when r=n, write

nl=(n),=nxn—-—1)x---x2x1
\"¥/jT1 \ /

= Conventions: (n),=1 and 0!=1

= Some Notes P
o The tex}book only consider r=n. o & ﬂ%

o(n),=0if r>n. P vp s

o lf r<n, then n!=(n),(n—r)! 15t 2od 3n(
Example: A group of 9 people may choose

officers (P VP S in(9),= 3024,_v_vgy§ g = _\é
>Example: ;“ "/§¢ Cpomdlitms i3 ath
= 7 books may be arranged in, 7128040 ways s, o, 53

« If thereare 4[math books and 3(science book

@@ 288 arrangements in which the mat

e Combinations "M

= 5:7
» Definition: Acombinationofsizeris 5 2 (Y'0f r

distinct elements. Two combinations are equal |f they ave the
Same elements, possibly written in dlfferent or

123232\ % N
>Example: {1, 2, 3}={3, 2, 1} inﬁﬁ;n \/ grore
but (1, 2, 3) = (3, 2, 1 ~

- $+z~(33¢( ) M
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ample: How many committees of size 4 may be chosen fronT "’
9 people? Choose officersin two steps.

5/ . P& Choose acommitteein ?7? Ways.
(.}
mNp1-b. Choose officers from the committee in 4! Ways
From the Basic principle
/
» S0, 77=(9),/4! = 126=£%-¢,
» Combinations Formula
n P
r) ol

=« Fromn > 1 objects,
combinations of sizer <n may be formed

» Example (bridge): A bridge hand is a combination of =13
cards drawn from a standard deck of n=52. Theyeare

p.1-8

* Binomial coefficients
> Alternatively,

X (z +y).
IS expanded, then x""y” " will appear as often as x can be
chosen from r of then factorS' e, in (”) way's

« Example, When n=3, 2y +By? .

(é @ ¢
»Binomial identities ) G) é)
« Setting z=y=1, weget 2 = Z( )

+« Example: how many subsets are there of a set consisting
of n elements? n
S (B

= Letting x=—1 and y=1, weget O = r‘
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> A useful |dent|ty {7’ -n p. 19
()=o) ()

r)  \r—1 r conﬁml (
e Partitions ,,a+ wilam 4 -
» Example: How many distinct arrangementsformed from the

letters /W
MI,SSLSSERRBIg?
» There are 11 letters wh'\f(can be arranged w‘Ways

= But, thisleads to double counting. If the 4 “S’ are permuted,
then nothing is changed. Similarly, for the4“1”sand 2 “P’s.
= S0, the each config a 6n of letters

(4) x 21 = 1,152
!
times and the answer is 11! _ 34 650.
414121

» Definition: Let Z be aset with n elements. If » > 2 is an integer,
then, an ordered partition of Z into r subsetsisalist

(Z.,....Z)

where Z_, ..., Z, are mutually exclusive subsets of Z whose
unionis Z: i.e.,

{2 ---Nn 11
.ZiﬂZj:Q)aifZ#jpiE% ﬂp’\ p.1-10
ﬁl.-,u)

« 21U U2, Combmdi«wg
> Let n, = #Z,, the number of elemen sm’Z |Hen n,, ....n, >0,
and ny + -+ +n, =n. e Lﬂ [2s81] [7'07 LJ

I
. Exhe“MISSISSIPPI” example 11 pos 3
SEFE 2121 ___«55’
wére partitibned'into four groups of size (2] | CM:( ?

< w
n,=4“I"s, n,=1“M"s, n,=2“P’'s, n =4"S's
= INn abridge game, adeck of 52 cards is partitioned into four
hands of size 13 each, one for each of South, West, North, and
East.

» The Partitions Formula. Let n, r 21, and n, ..., n, 20 be integers
St.ny+---+n, =n. If Zisaset of n eements, then there are

(n,o fl'nl) n n! CP b,nomm,e
M) YL Koo = (nl,---,m) Tl X X gl

coeffrcten
(called multi oeffici

(LNp. 1-8),Y=2
ways to partition Z into r subsets
(Z,, ..., Z) forwhich#Z=n, for:=1, ..., r
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> The multinomial theoremg & binomi &l 7Thm ( wf./»<s>> p. 111
T = " nL ., .. phr

» Examples:

3 = 9children areto bed|V|ded|nto-3tegmsBof3@ch.
AR Y different divisions? diF R, /2314661 769
Qmc) ow many djfferent divisions: g )

A B C Ans: 333> %33, 4s6 123 +89

3 « 9 children are to be divided in

¥3 agame. How many different divisions? same
ﬂﬂﬂaom’mg?z/ nareaL yAn (3 /
Y, ﬁf,)( ly whens MNi=Naz= -- =Nr S \333/3!
. knockout tournament involvi ng n= =om players

champron. | pl player divided into n/2 pairs

CT +10sers of each pair eliminated; winner go next roung

{IE & 15 t‘ﬁe process repeated until asingle

123548 b’r How gnany po%l\:/)l ¢ outcomes
r\’/2', By -_‘_. TL_|-( ﬁ%) A

(J-\-)) \
«Q: How magyf&/oss ble outJomes hé’tournament ?

N~ =2 o
(E\)_, e%i'* \(\ !

GlteMitWe. a’a‘& p.1-12

Q: how towms m pz'zmm
mub‘/m/ Thm, (Np /’//7 él -- Om;/ ni "

* The Number of Integer ol utlons
If n and r are positive integers, how many integer solutions are
thereto the equations: n4,...,n. >0and n1+---+n, =n ?
»Example: How many arrangements from a A'sand b B’s, for
exampI/e\ABAAB are <a + b) _ (a + b)
b= @ na a b
such arrangements;'si n€e an arrangement is determined by the a
places occupied by A.
>Examp|e Suppose n=8 and r=4. Represent solutions by “o0” and
“+ by "
» For example, ooo|oo|looo meansn =3, n,=2, fn,3=0, n 4=3.
= Note: only r—1 (=3) “|"s are needed.
= There are as many solutions as there are ways to arrange “o”

and “|". By thelaste ample, thereare
e po
solutions.
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> A genera formula. For posmve integersn and r, thereare **

T ()

integer solutlonstoC n, >jan n1—|— 4 n, =n.
»>f n > r, thenthere are (n_ 1) I‘lo"l

nc’ao
r—1

[ +flr =N+--+Nr=1r=Nn-r
Iutlonswn_ (n, > 1, for i=1, .
(ummarq

19 & ks

¢s+, ED {D ~>

allou/cr refeﬂm" no repetrtion ! copetitay
orden maftr,  ordev maffor ordw narec{ gm : bd’u%m
a qroed wi
List Pm‘l?’ﬁo" Combyition L. i—f_n+
M ny S Sol
Ml Tor (n)r’(n Y ( r)-“,""f "

“+ Reading: textbook, Chapter 1
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