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Problem 5.6

(a) A phonograph record carries a uniform density of “static electricity” o. If it rotates at
angular velocity w, what is the surface current density K at a distance r from the center?

(b) A uniformly charged solid sphere, of radius R and total charge Q, is centered at the ongin

and spinning at a constant angular velocity w about the z axis. Find the current density J at
any point (r, 6, ¢) within the sphere.

A .~ 30rwsinf »

(a) K(r):o'V:a(u)xr):O'ra)(l) (b) J = pv = porsin G = 2 3 )

47 R

Infinite Planes

Z

Example 5.8 Find the magnetic field  Shectefeont K
of an infinite uniform surface //

current K = Kx, flowing over the xy % 5
plane. / SE8 N

(= Amperian loop
l
%

Solution: Why no z-component? - Rotational symmetry
Why no x-component? - Biot-Savart Law

p=Htok

B-dl = B2l = uoKI .
$ Ho B_{,uOK/2y for z < 0
2

—u,K/2y forz>0
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Solenoid

Example 5.9 An ideal infinite solenoid has » turns per unit
length and carries a current /. Find its magnetic field inside.

Solution: . *1'_ D
$B-a e 7 < -
| B hY
-, "“f e g / oooooooo - e
Bl . = o e _-: ib - e X Amperian loop
ab _:UOnLabI =B e - — N
— CRRRRRRRER K

Why no radial part? - Reversing the current direction is not consistent with the upside-down solenoid
Why no circumferential part? - Amperian loop encloses no current

Comment: the solenoid is to magnetostatics what the
parallel-pater capacitor is to electrostatics: a simple

device for producing strong uniform fields.

g | monl z, inside the solenoid,
0, outside the solenoid.
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Toroid i
Z7

g Example 5.10 A toroidal coil (shaped like a doughnut) is
tightly wound with ~ turns and carries a current 1. We

: 3 assume that it has a rectangular cross section, as shown
below. Find the field strength within the toroid.

Solution:

$B-dl = NI

B=— Ho NI
27y

The field is not uniform; it varies
as 1/r. The toroidal fields are
used in research on fusion power.

Why only phi component? X y z
- Go back to Biot-Savart Law Ix2= I; cos ¢’ I;sing’ I
| e = s'cos@’) (—s'sing’) (z—27)) J

r' = (s'cos¢’, s"sin¢’, 7)
2 = (_x — S’ COS ¢’ —S, Sin 4)’ Z — Z' = [Sin ¢/ (IS(Z == Zl) + S’Iz)] X - [Iz(x — s’ cos ¢’) o Is COS ¢,(Z = Z./)] 3’

I=(lcos¢, I sing, L) +[—Lxsing'] 2.
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Problem 5.14 A steady current / flows down a long cylindrical wire of radius a
(Fig. 5.40). Find the magnetic field, both inside and outside the wire, if T
a

(a) The current is uniformly distributed over the outside surface of the wire.

(b) The current is distributed in such a way that J is proportional to s, the distance

from the axis.

#ol g s>a Holenc n MO A(S C,uos2 A s 3 ,uols2 A
(a) B(S) = 27s (b) Bin = 0= —OI Cs2rxs'ds' = 0 I Cs2ns'ds' =1 = C = I .Bi= 0
27s 27zs 0 3 0 2ra’ 2ra’
0, s<a
And of course, By = —'Lﬂé <
27 /
Problem 5.15 A thick slab extending from z = —a to z = +a (and infinite in the
x and y directions) carries a uniform volume current J = J X (Fig. 5.41). Find the = —— ----- :,Ii """" '—5‘;
magnetic field, as a function of z, both inside and outside the slab. +a p :
Convince yourself that the magnetic field —a '/J/ ‘
only has y-component! _ _ X
With Amperian's loop, one obtains
(B=—uJzy, -a<z<a
«B=—upJay, Z>a
kB = /J()Jay’ Z<—d
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5.3.4 Comparison of Magnetostatics and Electrostatics

vV.E=F

&

Gauss’s law

VxE=0 (- G_B) No name (Faraday’s law)

V-B=0 Gauss’s law for magnetic field
) e

VxB=ud (+4,¢, ) Ampere’s law (Ampere-Maxwell law)

.

F=¢g(E+vxB) Lorentz's force law

Y

(a) Electrostatic field

(b) Magnetostatic field
of a point charge of a long wire 45

More on Magnetic Vector Potential

5.4 Magnetic Vector Potential
5.4.1 The Vector Potential

VxE=0oE=-VV and V-E=L=vy=-_£
V.B=0=B=VxA and VxB:,qu:iOV(V A)—V%ioz Lo
Is it possible forustoset V- A=0 ? Yes.

The Coulomb gauge
Proof: IfV-A;#0,letA=A +Vi=B=VxA =VxA
IfV-A=0, then V21 =-V. A, < similiar to Poisson's equation

VW =—plegy V= 1 J.Edz"

{ 4r A
It is always possible to make the vector potential divergenceless.

What’s the physical picture of Vector potential?
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For more details, see
AJP 64, 1361 (1996)

More on Magnetic Vector Potential

‘Coulomb Gauge: V-A=0| <« \Why do we need “Gauge” (FR&E) here?

The term gauge refers to any specific
mathematical formalism to regulate
redundant degrees of freedom in the

Effect  Cause Lagrangian of a physical system.
Imply “Ampere’s law” for A
2 G, VxE=0=E=-V(Vo+C)
] " V-B=0=B=Vx(Ao+VA)
< > C Extra DOFs for potentials
NP N, o (make no harm to the fields)
- 2mr " 2mr _
(a) (b) Maxwell’s equations have a gauge symmetry.

(Invariant under gauge transformation!)
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More on Magnetic Vector Potential

‘Coulomb Gauge: V-A=0

A good gauge helps us to solve
problems efficiently.

WE:-QB=V><E:—§(V><A):>V><(E+8—Aj:0
Ot Ot Ot
:>E+6—A:—V¢:>E:—V¢—8—A
Ot Ot
IfV-A=0, then VZ1=-V-A, (A'=A-Vf
f For any scalar field f =1 %,
VW =—pley V=—— [£ar p=p+—f
Argy @ y !
] describes the same physical situation.
2 1 VA() ,
Vii=-V-Ay A=—]| dr P S
! 4 A V-E=L£ =V ¢——(V-A):>—V ¢ ="
o) Ot €0
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For more details, see
AJP 64, 1361 (1996)

More on Magnetic Vector Potential

= < Inside the wire
P { | —— B
2
CCID C‘ B-2W=ﬂ01£ﬂ—r2]332 mb;d)
¥ a 2ra Useful in QM
Naogd Na- g 2 or - Br; |1
i 2Tr A A
(@) ’ (b) ~ A-277r:d)£7r—r2]:>A= r2¢:_r¢:_er
$A-di=[B-da=a a 2rma I
] Known as symmetry gauge
B =p,Jdr _~ A = Bdr /
I I l I I I (Checked in Prob. 5.25)
" , | outside | | ouside Similarly, one can
i (FS— 7l —r imagine the A-field in
_ Q“"/ other common situations.
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More on Magnetic Vector Potential

Is Vector Potential no more than a math trick?

Maxwell-Thomson view
The vector potential can be seen as a “stored
momentum?” per unit charge in much the
same way that electric potential is the “stored
energy” per unit charge. One of Maxwell’s
several names for the vector potential was
“electromagnetic momentum.”
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v

22 More on Magnetic Vector Potential

Consider a charged particle INn an electromagnetic field.

. - - Generalized
VxE:——B:Vx(E+—j:O:>E+—=—V¢ momentum
Generalized ot Ot ot B oL
potential energy 2U=qp=q(V-A-v) L:%mv-v—q(V—A-V) pl:avi
= mv; + qA;
d aL—GL:ODmJ'c'+q dAer@V_@A.V 0 Missiesres
) dt ox Ox dt Ox Ox ) in the field
oV 04 0A, 04 (&4 aAj
Smi=q|| ————X |+| L ——L |y | =22 |z |=qlE+vxB
q( ox azj (8x v ) o e )7 |FHET VB
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W Z

%27 More on Magnetic Vector Potential

- S
- Feynman Lectures Vol. 2, Sec.15.5 -
| N “Because In classical mechanics, A did not
' = - appear to have any direct importance and
because i1t could be changed by adding a
gradient, people repeatedly said that the vector
; potential had no direct physical significance—
-l that only the magnetic and electric fields are
“right” even in quantum mechanics, ...... , It is
Interesting that something like this can be
}JS\\@ - = around for thirty years but, because of certain
\\ prejudices of what is and is not significant,
continues to be ignored.”

I
!
AN

&
I.__
7 |7/

SOURCE T T

7////////////////A'\

L
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Gaobiao Xiao

More on Magnetic Vector Potential

An interpretation for Aharonov-Bohm effect with classical <A common explanation is based on

electromagnetic theo - -
2 L guantum mechanics, which states that
the wavefunctions associated with the
Th tic Ah -Bohm effect sh that ch d particl be affected by th t tential - .
i reions witnout any elecric ormagnetc s 1) The Anaronov-anm efectvas epermentaty. CHATGES Will accumulate a phase  shift
confirmed [2-3] and has been found in many situations [4-6]. A common explanation is based on quantum due to the Vector potentlal ...... We

mechanics, which states that the wavefunctions associated with the charges will accumulate a phase shift

due to the vector potential. However, consensus about its nature and interpretation has not been achieved here prOpOse a SIm p I e but reaSOnab I e
[7-14]. We here propose a simple but reasonable interpretation based on the theory for electromagnetic

radiation and couplings [15]. The energy associated with a pulse radiator is divided into a Coulomb- I nterpretati on based on the theory Of
electromagnetic radiation and couplings.

Some are still trying to find It is derived directly from the Maxwell
evidence of the A-field in classical theory with no modification but only
mechanics. substitution and reorganization.”

https://arxiv.org/abs/2201.12292
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Spinning Charged Sphere

Example 5.11 A spherical shell, of radius R, carrying a

uniform surface charge o, is set spinning at angular velocity
. Find the vector potential it produce at point r.

o[> A First, let the observer is in the z axis and o Is tilted at an angle y
K /

)

v
The surface current density K(r’) = ov’

Vector potential is A(r) = Ho j
4r

Z
=
H

A la la)

X y Z
vV =oxXr'=| wsiny 0 W COoS Y
Rsin@'cos¢ Rsiné'sing’ Rcosé'

= Ro[—(cosy sin @'sin @)X + (cos sin &' cos @' —siny cos @)y + (siny sin &'sin ¢')z]

<y
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Spinning Charged Sphere Prob. 5.30 deals

with the case of a
solid sphere

Example 5.11 A spherical shell, of radius R, carrying a

uniform surface charge o, is set spinning at angular velocity
. Find the vector potential it produce at point r.

A

el A —R’owsinyu,y 1 —cosf’
v/ Ar) = (27 d(cosd’
N/ 4r ( )Il\/r2+R2—2ch056" ( )

(1R R L
A(r) = ,u03 O-(coxr) — £ wo_rsm(%, r <R
3
4 4 ’ : :
u,R o u,R wo sinf Magnetic Dipole
(;r3 (Oxr) == s 2 %728 Field outside!
v ) 9)

B=VxA-= 2 HoRowz = 3 toRow < Uniform B-field inside
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Spinning Charged Sphere

dq = 0'(27Z'R sin 9)Rd¢9

What is the scalar
potential of a “pure”
magnetic dipole?

d .
— 7= _ a’q-ﬂ = oR?wsin Od6
z dt 27T
$ Rsin®
> 2 dm = IdA = cR?wsin 6’d6’(7zR2 sin? 6’)
P (IG
N 4 .
R —m= O'C()7Z'R4ZJO sin3 0d0 = —ocwrR*7
1 3
Ho mXr Uy 4 4w
A = = ocwrx R™ sin o =
dip A 12 412 3 %

LoR*wo sin O
3 2

¢

v

Remark: 1. Pure dipole field is the exact solution outside!

2. Same as the uniformly-magnetized sphere.
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Spinning Charged Sphere

The analogy with the electrical case: p/é‘o < Hom

1 3(p-r)r- . 1 bt
Edip — (p ) P — —VV, with V = p-r
4re, r3 drey 12
3(m-r)r—m T
By, =10 (m-F) = VU, with U =021
Pan = Ar 72
( 4
UowT R™ cos @
. 3 > for » > R Discontinuity occurs on
U(r) = < , 4 the surface! WHY?
—g Ho@wo RrcosO, forr <R - Surface current

See Prob. 5.30, 5.54(c), 5.59, and 5.60 for discussing the rotating solid-sphere.
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Spinning Charged Sphere

Problem 5.57 A magnetic dipole m = —my Z is situated at the origin, in an other-
wise uniform magnetic field B = By z. Show that there exists a spherical surface,
centered at the origin, through which no magnetic field lines pass. Find the radius
of this sphere, and sketch the field lines, inside and out.

Mo 3(m-F)F-m I,
Bip = A 3 R (2 cos Or +sin %)
:BoszO(i-f)—ﬂOmO2cosé’: By—20™0 10050 =0 0
4rr3 27r3
1/3

. LM Can we model th_e spi_nni_ng
SR = of electrons by this spinning
charged sphere?
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Spinning Charged Sphere

. ArR%*c
‘m| = O'(()7Z'R4I7TSII]3 0d o = @R?
0 3

2 . 2 2

$ Rsin® QL r2 =227 R2[MKS] = 70 R2[cgs]
g Rd8 3 3 T 37c
i
R Rotation speed at the equator: 2R = _me 200c!
OR
L)
The spinning electron (particle?) is not “physically spinning” as the

charged sphere does...... It's an Intrinsic property like charge!

How exactly does an electron cause the magnetic moment?
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Classical Gyromagnetic ratio

4 M~
A VAN Ay

Classically, a magnetic moment of an electron in an atom is composed of

1. A moving electric charge of the electron forms a current = orbital motion of
an electron around a nucleus generates a magnetic moment by Ampere's
circuital law.

2. The inherent rotation, or spin, of the electron, has a spin magnetic moment.

; 1. Orbital angular momentum: J = mvr

4 2. Orbital magnetic moment: p =14 = gL a2 = I
27y o
9 —(e . The ratio is
i EJ —He= Je (electron orbit) jhdenendent of the
m.q 5 velocity or the

The electron also has a spin rotation about its own axis. radius!
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Classical Gyromagnetic ratio

Quantum mechanics: Ue =—¢ (ﬂjJ e
} 2m
a Experiments indicate g~2. Dirac’s relativistic electron theory

got the 2 right, and Feynman, Schwinger, and Tomonaga
later calculated tiny further corrections. Determining the
electron’s magnetic dipole moment remains the finest
achievement of quantum electrodynamics and exhibits
perhaps the most stunningly precise agreement between
theory and experiment in all of physics. Incidentally, the
guantity (ef/2m) is called the Bohr magneton.

This indicates that “All magnetic phenomena are NOT
due to electric charges in motion.”
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Misleading Concept in Chap. 6

6.1.1 @ Diamagnets, Paramagnets, Ferromagnets | pp. 266 in Griffiths, 4th edition

If you ask the average person what “magnetism” is, you will probably be told
about refrigerator decorations, compass needles, and the North Pole—none of
which has any obvious connection with moving charges or current-carrying wires.
Yet all magnetic phenomena are due to electric charges in motion, and in fact, if

you could examine a piece of magnetic material on an atomic scale you would
find tiny currents: electrons orbiting around nuclei and spinning about their axes.

For macroscopic
as magnetic dipo
orientation of thg

that we may treat them
ut because of the random
plied, a net alignment of
s magnetically polarized,

You should bear in mind that
this statement is correct only in
these magnetic d clas_S|caI electro_dynamlcsland
or magnetized. IS WRONG In general!
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Even Ampere and Maxwell appreciated that
something beyond their electromagnetism
was needed to understand magnetic materials.
Something beyond, of course, turned out to
be quantum mechanics and the intrinsic
magnetic moment of the electron.

See J. C. Maxwell, Electricity and Magnetism, Chap. XXII.
Electromagnetism 2022 Fall

Misleading Concept in Chap. 6

- Feynman Lectures Vol. 2, Sec.34.1 -
“It Is not possible to understand the magnetic
effects of materials in an honest way from the
point of view of classical physics. Such
magnetic effects are a completely quantum
mechanical phenomenon.”
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All magnetic phenomena are NOT due to electric charges in motion

Stephen Fahy and Colm O’Sullivan®
Department of Physics, University College Cork, Cork T12 K8AF, Ireland

(Received | October 2021; accepted 26 October 2021)
https://doi.org/10.1119/5.0073573

Reply to: All magnetic phenomena are NOT due to electric charges
in motion [Am. J. Phys. 90, 7-8 (2022)]

David Griffiths
(Received 25 October 2021; accepted 27 October 2021)
https://doi.org/10.1119/5.0076489
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Reply to: All magnetic phenomena are NOT due to electric charges
in motion [Am. J. Phys. 90, 7-8 (2022)]

David Griffiths

(Received 25 October 2021; accepted 27 October 2021)

https://doi.org/10.1119/5.0076489

Could the classical theories be extended to include point particles with
Intrinsic spin and permanent magnetic moments? Interesting question! Semi-
classical theories of spin were introduced in the 1940s (and perhaps earlier)
and are under active consideration to the present day*. They tend to be
awkward and esoteric, but never mind—they are certainly worth exploring.

Fahy and O’Sullivan make a valid and important point. The bald assertion
that “all magnetic phenomena are due to electric charges in motion”
should always be prefaced by “in classical electrodynamics” and
accompanied by a clear acknowledgment that the quantum story is quite
different, incorporating intrinsic spin (for which the naive classical picture
of a tiny rotating sphere is fundamentally defective).

*See, for instance, J. Barandes, “On magnetic forces and work,” Found. Phys. 51, 79-96 (2021).
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