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(a) Find the divergence of the function v=(r cos &) r + (7 sin 6’)9 + (r sin @ cos gﬁ);ﬁ. (7%)

(b) Test the divergence theorem for this function, using as your volume the mnverted hemispherical

bowl of radius R, resting on the xy plane and center at the origin. (7%)

() Find the curl of v. (6%) Griffiths1.40+1.43 (exercise)
_ 1o
V.v_r—zﬁr(r Vr) rSIneag(SanVQ) rsin€a¢(V¢)
:iz (r cosé’) rsinaag(rsinze) By 8¢(rsm6’cos¢) 3c0s6+2c0sH —sing =5cos @ —sin ¢
- 3
IV-Vdr=I: N IR(Scose—sin¢)r2drd¢d(—cosH)=%R3(107z)(%j=57[3R
zJo Jo 3 ; Avg :15.9 Stdev. :4.2
(j)v.da = J-OZﬁ:grcoerz sinddod ¢ +_‘-027[J.0R rsin Hrdrdqﬁe_” = 7R3+ 2nR” _ 5”3R
r=R T2
_ 1 1 2 . o A _ . A
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Electromagnetism 2022 Fall Chap. 4 Supplement by Tien-Fu Yang (TA) Emazil: yang168@gapp.nthu.edu.tw



Problem 2

Midterm exam ..Il

2. Consider a thick spherical shell with the charge density:

N
= LY
a
p=<pa2
% , a<r<b
L r

and a perfect conducting shell with surface charge density & 1splaced at » =5, making E=0
for r > b . Find the electric field in the three regions:

,} 4 po
r*:a::-r‘EraD:&Ierr’:F Po 45.{1"?{&
< T, 4a . —E, =1 39 2 (r _a) , also, E, (r>b) =0 (Given)
5 2 2 a a \r—a
ae:re:b:}r‘EraD:Hpﬂ+poa‘Idr’:apD+poa‘(r—a) pﬂ,}+pﬂ ——.b<r<a
L 4 dgpr” EqF~
3 2
a“(b-a
o= ﬂ}f:g_l_pﬂ (ﬁ )
4b° b*

Griffiths2.15+Gauss Law (exercise)

Avg. :10.9 Stdev. :6.3
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3. Two spherical cavities, of radii a and b, are hollowed out from the interior of a (neutral)

conducting sphere of radius R (See the figure). At the center of each cavity a point charge 1s
placed — call these charge g, and ¢g5.

(a) Find the surface charge densities & ,, 65, and 65 . (5%) £ .
(b) What 1s the field outside the conductor? (5%) @

(¢) What 1s the field within each cavity? (5%)
(d) What 1s the force on g, and g3? (5%)
Ja Ob Ja + Ja b .
a)o, =— , O = — ,op =——— (D)Eqjteige = ——F
( ) | 473’ ° 47rh? " 47R? ( ) outside 47zgor2 o _
dre 0 raz dre 0 rb2

Avg. :11.4 Stdev. :5.9
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4. A point charge ¢ 1s situated at distance a from the center of a conducting spherical shell of radius
R. The spherical shell i1s grounded 7'=0.
(a) Find the position and value of the image charge (outside the sphere). (10%)
(b) Find the electric field on the (inner) surface of the metal sphere. (10%)
(¢) Find the (1nner) surface charge density on the metal sphere. (5%)

[Hint: 1. Use the notations shown below. 2. Assume ¢ lays on the z-axis]

Griffiths Ex3.2
+Prob 3.8

. Avg. :11.6
= ~ Stdev. ;7.0
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Midterm exam

Example 3.2 A point charge is situated a distance a from the
center of a grounded conducting sphere of radius R. Find the

potential outside the sphere. Problem 3.8

(a) Using the law of cosines, show that Eq. 3.17 can be written as follows:

V(. 0) = 9 _ g
’ 4reo | /r2+a* —2ra cos® J/R?+ (ra/R)? —2ra cosf |
(3.19)

where r and 0 are the usual spherical polar coordinates, with the z axis along the
line through ¢. In this form, it is obvious that V' = 0 on the sphere, r = R.

(b) Find the induced surface charge on the sphere, as a function of 8. Integrate this
to get the total induced charge. (What should it be?)
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Midterm exam

4. A point charge ¢ 1s situated at distance a from the center of a conducting spherical shell of radius

R. The spherical shell 1s grounded 7=0.
(a) Find the position and value of the image charge (outside the sphere). (10%)

. _ . |a'=—q- f(R/a)
a) Dimensional Analysis: . - R- - _R-
r-R=q —>-gb-a(orR) _|f(x>1)->1 = ( L ):0 1 ( @ . 9 ):O
With the limits: ’ — drso \R—a Db-R drso \R+a b+R
rLo=0q—->0b-0 f(x—>1)—>1 , ,
N 9 __ 49 9 ___9
q':_q.B R-a b-R R+a b+R
The answer is therefore reached to be < o2 a :>R+a:b+R:> a _ R :b:R_qur:_ﬁ
b= — R-a b-R R-a b-R a a
a
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Midterm exam

(b) Find the electric field on the (inner) surface of the metal sphere. (10%)

(¢) Find the (inner) surface charge density on the metal sphere. (5%)

(b) Before going to the electric field, first we solve for the electric potential. (c) Induced Surface Charge & =+, Z_V

[tz

V(r)=— (q qj:E——VV— 1 (v, 9 v, -
drgg\ 4 4 4rreg \ 42 22 2a°
) i q ——-2R 2 .2
V¢=V(a2+r2—2arcose)j/ = L (r—acos&)f+asin8€)} oV 1 1 R — (R @ )

Ja2 +r? —2arcos 6 n 32 9~ 47[R(
! [(r—bcos@)ﬂbsinéé]

\/b2 +r2_-2brcosé

r=R B 47[80 2 (

3/2
R? + a2 —2aR cos 9) R2 +a2 —2aRcos 9)

Va'= V(b2 +r? —2brcos 9)1/2 =

~E(r=R)= 47_;0 (aZ - _zqaR C059)3/2 [(R—acos@)ﬂasin 6@]+ (b2 - _szCOSQ)3/2 [(R—bcos@)hbsin 9@}
(Rz—az) A
B 472'20R '

3/2
(R2 +a? —2aRcos€) /
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Problem 5

Midterm exam .I..I

5. Suppose the potential on the surface of a hollow hemisphere 1s specified, as shown 1n the figure,
where T(a,0)=7, cos> @ , Vo(b,0)=0, V3(,7/2)=0. T is a
constant.

(a) Show the general solution in the region b <r<a. (5%)

(b) Determine the potential in the region b<r<a ., using the
boundary conditions. (10%)

(¢) Calculate the electric field on the surface of the inner shell
E(r=5).(10%)

[Hint: P(x)=1, P(x)=x, P(x)=Gx*-1)/2, and P,(x)=(5x"-3x)/2]

Griffiths 3.19, 3.23, 97midterm (Website) Avg. :13.4
Stdev. :7.4
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Midterm exam

Problem 3.19 The potential at the surface of a sphere (radius R) is given by

Vo = k cos 360,

V(R,8)=kcos30

Azimuthal symmetry ®

Laplace equation: V&V =0 = V(r,0)= Z(Ag
¢=0

Given: V (R,0) =k cos36 = k(4cos3 6 —3cos 9) = k| aP3(cos @)+ BR (cosd) | < -+ Odd function!

{Recall: P (x)=0, P (x)=x, Pz(x):gx -, P3(x):gx3—%x}

¢, By
r +WJP3(COS(9)

~V(R,0)= %[8% (cos0)-3P; (cosd) | =V (r,0) = (Alr +%) F?L(cosﬁ)+(A3r3 +rB—j’j P;(cos9)

Vi, should be finite when r — 0 = Vi, = ArP; (cos 8) + Agr°P; (cos 0)

. B Based on physics!
V¢ should be finite when r — oo = V¢ = % Pl(cose)+—2P3(cos 6) ( physics!
r r

e ( _ 3
Ale%zgsk Vin=53—FtrP1(cose)+&(—rsP3(cose)
Continuous constraint on the surface: Vi, |r_R =V0ut|r_R => R => SR s
_ _ A3R3=i2§k V —ﬂP(cosé?)+8kR P;(coso)
| R 5 \ out — 52 1 504 3
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Midterm exam

Problem 3.23 A spherical shell of radius R carries a uniform surface charge oy
on the “northern” hemisphere and a uniform surface charge —oy on the “southern™
hemisphere. Find the potential inside and outside the sphere, calculating the coeffi-
cients explicitly up to Ag and Bg.

B

Vin = Zf—fl P (COS 9) Recall the given surface condition
VAV =0= e T , < Finite fact of physics oo 7/2 r

Vout = ZA[r P, (COSH) :W I P, (cos&)sin 6d6 - J P, (cos@)sinodé | =

4 0 /2
0, ifZiseven “A=A = =0
B.C.L: Vip| _o =Vout|,_g = By = AR ) o ="
Nl v =TT R (x)d, it 2isodd T | A =, Ay =20
. J/ ) !
BC2 —M =M =T = o(0)= ) e (20 +1) AR'IP (cos0) RS 26 85R’
r r £
r=R r=R 0 ¢ 3 5 7
. . : . i R —-ogR R
Now, the coefficients can be determined by Fourier's trick: By =AR¥1 =g =20 B, ="20" g -0
1 1 280 880 1680
[ o (0)Py (cos0)d (cos0) = [ D 0 (2¢+1) AR Py (c0s0) Py (cos0)d (cos 0)
-1 -1 ¢
T
—p=t 1t 1 2“1[0(0) P, (cos0)sin 0d
g 20+1RL 2
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1. (6%, 7%, 7%) Suppose the potential at the surface of a hollow hemisphere is specified, as shown
in the figure, where V(a,0)=0, V,(b,0)=V,(2cosf —5cosfsin’*0), V,(r,x/2)=0. V; is a
constant.

(@) Show the general solution in the region b<r<a.

(b) Determine the potential in the region b< r< a, using the boundary conditions.
(c) Calculate the electric field in the region b<r<a.

[Hint: B(x)=1, B(X)=x, B(x)=(Bx"-1)/2, and B(x)=(5x-3x/2.]

Midterm exam

1.
(@)
M) V(ad)=0

Boundary condition 1 (i) V, (,#) = V,(2cosf —5cosfsin’* @) = V, (5¢cos* 0 —3cosf) = 2V, B

@) V,(r.0=7/2)=0

General solution V(r,d)= Z (Ar'+Br""")P(cosf)

=0

(b)

B.C.(i)) »V(a0)=) (Aa'+Ba “V)P(cos0)=0 = B =—Aa""

=0

B.C. (i) > V(b0)=) (Ab + Bb “")P(cost) = 2V, B (cost)
=0

Comparing the coefficiency = A5 + Bb* =2V,, A, =B, =0for(=0,1,2,4,5,...

B.C. (iii) > V(r@=2)=(Ar'+Br')B(0)=0

= A =B, =0except {=3,

2V _2yh'a
‘%_b?—a? and B, = b —a
V{r,()):{ ?21{3 : e TZI{J : b a 15(:05 0—3(:050]
b —a b —a 2
97midterm (\Website) ©
V(r,()]:[ 721/0 R TZVD bl ][Scos 0—3(:050)
b'—a b'—a 2
E-vy=-2Y 19V
- ér  rao
( 6v, .. 8V . _5] 5cos’@ —3cos |
=— b'rt— b'a'r ————r
b —a b —a 2
J{ ?ﬁlrﬁ, i b ?BVD : b.,STr_E){l5c05205in0—35in0 ]ﬁ
b'—a b'—a 2
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Midterm exam

Azimuthal symmetry
=

V(r,9)=i

: B,
Laplace equation: VA =0 [Ag rf+ —] P, (cos @) (5pts)
r

=0
A&a+%jP1(cosH)=Vow Ala+ﬂ:§\/0
a 5 5
a
) 2P = B 2P
(i) V =V, (a,0) =V, cos® 6=V, 3(COS€);31(C089):>< A3a3+—2jP3(c030)=V0M:><A3a ) :gvo
a a’
A|<31'+i P;(cosf) =0 ,vI =13 Aia +— B =0 ,VI#13
aI+1 3 I ’ a
. l 21+1
(ii) V =V, (b,0)=0= Ab' + b+ =0= B =-Ab""
(i)  V=V3(r,z/2)=0= Ar' +% =0 ,I even (Extra boundary, do no affect the solution)
r
3 a’l 3 —a’b®
_-_ = , _Z_Z TV
Al 5a3 b3 0 Bl 5a3_b3 0
4 4,7 2 3 4 7
a 2 —a'b 3 a b 2 3
: =— By =— Vo=V (r,0)=Vy| ————=| r—-— |R (c0s8)+— r’—— |Py(cosé@) |(10pts
A = B|_ 1213
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Midterm exam

( 2 3 4 7
3.2 10 I31(cos¢9)+g a Vo ar? + 42 P;(cosd) |P
5a%-p3 s 5a’ -b’ r°

>
2 3 4 7N 2 . . . X
+1 3 a r_b_ (—sin9)+g a A r3_b_ 15c0s” #sin @ +3sin @ B
r|5a3_p3 (3 547 _b’ 4 2 J

E=-VV =—1

= E(r =b) = | B4Ry (cos) + Tb” APy (cos ) | F(10pts)

EM midterm

25

20

. Avg. :63.2
: Stdev. :21.1

1 2
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Chap.4 Supplement

For the EM Course Lectured by Prof. Tsun-Hsu Chang
Teaching Assistants: Hung-Chun Hsu, Yi-Wen Lin, and Tien-Fu Yang
2022 Fall at National Tsing Hua University
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Homework Exercises

Griffiths:
2, 9,10, 16, 21, 28, 33, 36, 39
0, 13, 14, 15, 18, 19, 22, 24, 26, 31, 32
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In Chap.3, we said...

Problem 3.2 In one sentence, justify Earnshaw’s Theorem: A charged particle q q
cannot be held in a stable equilibrium by electrostatic forces alone. As an example, /T /
consider the cubical arrangement of fixed charges in Fig. 3.4. It looks, off hand, 9 |

as though a positive charge at the center would be suspended in midair, since it :

1s repelled away from each corner. Where is the leak in this “electrostatic bottle™? q i __

-

[To harness nuclear fusion as a practical energy source it is necessary to heat a & 9
plasma (soup of charged particles) to fantastic temperatures—so hot that contact q q
would vaporize any ordinary pot. Earnshaw’s theorem says that electrostatic con-

tainment 1s also out of the question. Fortunately, it is possible to confine a hot plasma FIGURE 3.4

magnetically.]
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correctness
wreckage

Stable equilibrium Unstable equilibrium

Picture Credit: B. Danglot et al., Empir. Softw. Eng. 23, 2086 (2018).
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In Chap.3, we said...

Stable equilibrium: small perturbations ("pushes™) on the
particle in any direction should not break the equilibrium.

\

Particle "falls back" to Its previous position

\

Force field lines around the particle's equilibrium position
should all point inward, toward that position.

v

Divergence of the field at that point must be negative.

Gauss's law says that the divergence of any
h possible electric force field Is zero In free space.
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Prob 4.32 in Griffiths

Problem 4.32 Earnshaw’s theorem (Prob. 3.2) says that you cannot trap a charged
particle in an electrostatic field. Question: Could you trap a neutral (but polarizable)
atom 1n an electrostatic field?

(a) Show that the force on the atom is F = %:xV(E 2).

(b) The question becomes, therefore: Is it possible for E? to have a local maximum
(in a charge-free region)? In that case the force would push the atom back to its
equilibrium position. Show that the answer is no. [Hint: Use Prob. 3.4(a).]*
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Prob 4.32 in Griffiths

Optical trapping and manipulation of
neutral particles usinglasers

2-BEAM TRAP
LASER BEAM
A Fscat E {
. A < MIC.LENS >
a b
- o ®
1/25 F 4+0.0 MF Assist \ : / V
g O
= (O
LENS
Source: https://www.youtube.com/watch?v=tT9 QrrJzM ﬂ::]\ PZY
LEVITATION b a
TRAP TWEEZERS TRAP

https://doi.org/10.1073/pnas.94.10.4853
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https://www.youtube.com/watch?v=tT9e_QrrJzM
https://doi.org/10.1073/pnas.94.10.4853

Problem 4.2 According to quantum mechanics, the electron cloud for a hydrogen
atom in the ground state has a charge density

+ t4
,O(l’) _ 3 e 2r/a iy =P
zra o
where q is the charge of the electron and a is the Bohr radius. Find the atomic di_
polarizability of such an atom. [Hint: First calculate the electric field of the electron - 4
cloud, E, (r); then expand the exponential, assuming r < al . —______—_—_
p=aE,| Ruleof Thumb! Not a fundamental Law!
r r — r—r'
SBE da— Qenc:E (r)= 1 1 pdr = 1 1.4 e a 4zr'dr' = iiij e a r'dr
7[60 r2 0 472'80 r2 7z'a3 0 TTEY r2 a3 0
Feynman's Tr|ck of Integration: Introduct another parameter A to simply the calculation
r
Consider: | =I e My = 1(1—e"“)
0 A
) ) r ot -1 —ar), 1 —Ar
19,1 = %I Ydly = j Aoy = () My = — (1-e )+Z(1Me | Experiment

Hydrogen atom ~ 0.667e-30

2
r r
2.051 —6/1! e My = j 02 (e ’W)dy:j (—y)2 e_’lydyzi3 1-e M l+/1r+( ) <= Same form as required integration!
’ ’ 2 “am _ 353~ 0.09x10 P m’
1 g1 2 2 (2r/a)’ ad _p | 470
S Eo(r)= B s|1-¢€ 2l 14 (2/a)r + 2 ||~ T~ Qg 3 303
mEy 17 a” (2/a) 2 3ngpa® @ P ~0.12x10™"m
0

"
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Parallel Plate Method

N
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=

Dielectric 3
[ &1
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g

o

L

a

2
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Alr | L 1 L 1
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Dielectric thickness (mm)

Foil

[ \}‘ | B? C:ng—OA
T e

1 NDiefion 204 1 +(N _1)dd,f
= = +
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| | Air 1 NDeflon  2daf —dar
Crneasured Ey eff goA gA
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Polarizability and susceptibility

Emacro = Eself +Eext
In a linear dielectric, the polarization is said to be proportional to the filed P = goZeE < Macroscopic

If the material consists of atoms (or nonpolar molecules), the induced dipole moment P = oE «—— Microscopic

? N o
P=Np=NaoE= y, =—

€0
If the density of atoms is low, it’s not far off. However, the fields used are from different viewpoints!
—p —a Na P Na
Egelr = — 3= Emacro = ) Eext +Eext = (1_ _j Eext = = Eext
47teyR 471gyR 3&g €0Xe €0Xe
"y NO(/EO _380 Xe _36’0 Ey -1 ~3€0 n2 -1
S Xe = =

= — =>a R >
1-Na/3g N 3+7z N g+2 N pc42

7 ™~

What about polar substance? Clausius-Mossotti formula Lorentz-Lorenz relation
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Polarizability and susceptibility

Energy of a dipole in an external field u=-p-E=-pEcosé

Statistical mechanics says that for a material in equilibrium at absolute temperature, the probability of a given molecule
having energy is proportional to the Boltzmann factor

exp(—u/kT)
The average energy of the dipoles is therefore
E
J‘ue—U/deQ jp ue KT dy oPE/KT | o—PE/KT |

<U> Ie—U/deQ jpE _u/deu - kT B pE|:epE/kT _e—pE/kT

/\

= KT — pE coth( pE/KT)

pE ) KT
KT pE Langevin equation

Linear region |||:>|| — |\| || || —

= —Np% Np{coth

L
N

Np?
P~ E=coy.E
T - ores ] R —

sz
380kT .

pE/ET

Comment: For large fields/low temperatures, all the
molecules are lined up, and the material is nonlinear.

= e =
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